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Let X be a smooth toric variety over a field k with Pic(X)-graded Cox ring
S and irrelevant ideal B. For example, when X is a product of projective spaces
Pn := Pn1×Pn2×· · ·×Pnr , then its Cox ring is k[xi,j | 1 ≤ i ≤ r, 0 ≤ j ≤ ni] and its
irrelevant ideal is

⋂r
i=1〈xi,0, xi,1, . . . , xi,ni

〉; in this case, we identify Zr ∼= Pic(Pn)
via the standard basis and write n := (n1, . . . ,nr) ∈ Zr, so Cox(Pn) has a natural
Zr-multigrading.

Definition 1. A free complex F := [F0 ← F1 ← F2 ← · · · ] of Pic(X)-graded
S-modules is called a virtual resolution of a Pic(X)-graded S-module M if the

corresponding complex F̃ of vector bundles on X is a locally free resolution of the

sheaf M̃ .

In other words, a virtual resolution is a free complex of S-modules whose higher
homology groups are supported on the irrelevant ideal of X.

Our results in [2] for products of projective spaces provide strong evidence
that, when seeking to understand geometric properties through a homological
lens, virtual resolutions for smooth toric varieties provide are the proper analogue
of minimal free resolutions for projective space. Here we survey a number of
constructions of virtual resolutions.

Resolution of the diagonal. The first construction arises in the proof of a
Hilbert Syzygy type theorem for virtual resolutions over a product of projective
spaces.

Theorem 2. [2] If M is a B-saturated finitely generated graded module over
Cox(Pn), then there is a virtual resolution of M of length at most dim(Pn) = |n|.

This proof is based on a minor variation of Beilinson’s resolution of the diagonal,
which uses Ωa

Pn := Ωa1

Pn1 � Ωa2

Pn2 � · · · � Ωar

Pnr , the external tensor product of the
exterior powers of the cotangent bundles on the factors of Pn. Choose d ∈ Zr

such that for any u ∈ Zr, Ωu
Pn(u + d) ⊗ M̃ has no higher cohomology; such a d

exists by the Fujita Vanishing Theorem [4, Theorem 1]. Then our proof produces
a virtual resolution of M , in which the i-th module is⊕

0≤u≤n
|u|=i

S(−u)⊗k H
q
(
Pn,Ωu

Pn ⊗ M̃(u + d)
)
.

While such a virtual resolution has the benefit of being somewhat short in ho-
mological length, it also has a large number of multidegrees appearing in each
homological degree.

Monomial ideals. For this construction, we return to working over an arbitrary
smooth complete toric variety X, and again observe that there is a Hilbert Syzygy
type result in the monomial ideal case.
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Theorem 3. [9] If I 6= S is a B-saturated monomial ideal, then there is a virtual
resolution of S/I of length at most dim(X).

In fact, the construction in the proof of this theorem produces a monomial
ideal J in S with I = J : B∞, so that the projective dimension of S/J is at most
dim(X). As such, the free resolution of S/J is a virtual resolution of S/I with the
desired short length.

Returning to products of projective spaces, a recent result provides a case in
which a squarefree monomial ideal I is “virtually Cohen–Macaulay.”

Theorem 4. [5] Let ∆ be a simplicial complex that is pure and balanced, meaning
that each of the vertices of every facet correspond to a different projective space in
Pn. If I∆ is a Stanley–Riesner squarefree monomial ideal in S = Cox(Pn), then
there is a virtual resolution of S/I∆ of length equal to the codimension of S/I∆.

As in the previous result, the virtual resolution constructed in this proof is
again a free resolution. This time, it resolves another squarefree monomial ideal
I∆′ , where ∆′ ⊇ ∆ is a pure, balanced simplicial complex that is shown to be
shellable, and hence Cohen–Macaulay.

Virtual resolution of a pair. The definition of multigraded regularity, as de-
fined in [7], provides an invariant that detects several virtual resolutions that are
subcomplexes of a free resolution.

Theorem 5. [2] Let X = Pn, fix a degree d ∈ Zr, and let M be a B-saturated
graded finitely generated S-module that is d-regular. If C(M,d+n) is the subcom-
plex of a minimal free resolution of M consisting of all free summands of degree
at most d + n, then C(M,d + n) is a virtual resolution for M .

The complex C(M,d+n) is called the virtual resolution of the pair (M,d+n).
Note that it can be computed without first computing an entire minimal free
resolution of M ; simply dispose of generators not within the degree bound at each
homological degree.

Mapping cone construction. Again working over an arbitrary smooth complete
toric variety X, let M be a finitely generated graded S-module, and suppose that

F : F0
ϕ1←− F1

ϕ2←− · · · ϕt←− Ft ← 0 is a virtual resolution of M and Extt(M,S)∼ = 0.
If G∗ is a free resolution of ϕ∗t , that is shifted with indexing reversed, as in the
diagram below, then there is an induced map α∗ to G∗ from HomS(F, S), i.e.,
from the projective to the acyclic complex.

· · · // 0 //

α∗0

��

F ∗
0

ϕ∗1 //

α∗1

��

F ∗
1

ϕ∗2 //

α∗2

��

· · ·
ϕ∗t−2 // F ∗

t−2

ϕ∗t−1 //

α∗t−2

��

F ∗
t−1

ϕ∗t //

α∗t−1

��

F ∗
t

//

α∗t

��

0

· · · // G∗
−1

ψ∗0

// G∗
0

ψ∗1

// G∗
1

ψ∗2

// · · ·
ψ∗t−2

// G∗
t−2

ψ∗t−1

// G∗
t−1

ψ∗t =ϕ∗t

// G∗
t

// 0
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Dualize this diagram to get:

· · · 0oo F0
oo F1

ϕ1oo · · ·
ϕ2oo Ft−2

ϕt−2oo Ft−1

ϕt−1oo Ft
ϕtoo 0oo

· · · G−1
ψ−1

oo

α−1

OO

G0
ψ0

oo

α0

OO

G1
ψ1

oo

α1

OO

· · ·
ψ2

oo Gt−2
ψt−2

oo

αt−2

OO

Gt−1
ψt−1

oo

αt−1

OO

Gt
ψt=ϕt

oo

αt

OO

0oo

When G−2 = 0, then the mapping cone cone(α) can be partially minimized to
the following virtual resolution of M , which is shorter than F :

F0

⊕
G−1

∂1←−−−
F1

⊕
G0

∂2←−−−
F2

⊕
G1

∂3←−−− · · · ←
Ft−2

⊕
Gt−3

← Gt−2 ← 0.

What makes a complex virtual. We conclude with a result that generalizes to
virtual resolutions the well-known exactness criterion of Buchsbaum and Eisenbud.

Theorem 6. [6] A graded free chain complex F : F0
ϕ1←− F1

ϕ2←− · · · ϕt←− Ft ← 0
over the Cox ring of a smooth complete toric variety is a virtual resolution if and
only if both of the following conditions are satisfied:

(a) rank(ϕi) + rank(ϕi+1) = rank(Fi) for each i = 1, 2, . . . , t, and
(b) depth(I(ϕi) : B∞) ≥ i.

A number of theorems here have been implemented in the VirtualResolutions
pacakage of Macaulay2 [8]. See [1] for more details.
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