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Discrepancy function

Consider Py C [0,1]9 with #Py = N:

_tx) e

DN(X) = ﬁ{’PN N [O,X)} - NX1X2 oo Xd

Dmitriy Bilyk Geometric Discrepancy and Harmonic Analysis



L estimates (star-discrepancy)

Theorem (Schmidt, 1972)
For d = 2 we have ||Dylls 2 log N
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For d = 2 we have ||Dylls 2 log N
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L estimates (star-discrepancy)

Theorem (Schmidt, 1972)
For d = 2 we have ||Dylls 2 log N

d = 2, Lerch (1904); van der Corput:
There exist Py C [0,1]? with ||Dy|oo = log N

d > 3, Halton (1960); Hammersely; Niederreiter; Faure
There exist Py C [0,1]¢ with ||Dy|leo < (log N)971
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L estimates (star-discrepancy)

Theorem (Schmidt, 1972)
For d = 2 we have ||Dylls 2 log N

d = 2, Lerch (1904); van der Corput:
There exist Py C [0,1]? with ||Dy|oo = log N

d > 3, Halton (1960); Hammersely; Niederreiter; Faure
There exist Py C [0,1]¢ with ||Dy|leo < (log N)971

Theorem (DB, Lacey, Vagharshakyan, 2007)

For d > 3 there exists 0 < g4 < % such that
1D oo Z (log N) 2 *2¢
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LP estimates, 1 < p < o0

d—1
1Dnllp Z (log N) 2
Roth (p = 2) 1954, Schmidt (p # 2) 1977
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LP estimates, 1 < p < o0

d—1
1Dnllp Z (log N) 2
Roth (p = 2) 1954, Schmidt (p # 2) 1977

There exist Py C [0,1]¢ with

d—1
IDnllp = (log N) 2

(Davenport; Roth; Halton, Zaremba; Chen, Skriganov)
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Van der Corput set

“Digit reversing” van der Corput set

Denote the binary expansion of x € [0,1) by

X = g xi -2~ = 0.x1%0... Xp...

1

The van der Corput set V,, with 2" points is defined as:

Vo ={(0.x1%2. .. Xp—1Xn, 0.XpXp—1...X2x1) : x; = 0,1}
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van der Corput set
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van der Corput set with N = 23 points
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van der Corput set
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van der Corput set with N = 24 points
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van der Corput set
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van der Corput set with N = 2° points

Dmitriy Bilyk Geometric Discrepancy and Harmonic Analysis



van der Corput set
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van der Corput set
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van der Corput set with N = 27 points
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van der Corput set
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van der Corput set with N = 28 points
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van der Corput set
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van der Corput set with N = 2° points
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van der Corput set
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van der Corput set with N = 219 points
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van der Corput set
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van der Corput set with N = 21 points
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Van der Corput set

“Digit reversing” van der Corput set

Denote the binary expansion of x € [0,1) by

X = g xi -2~ = 0.x1%0... Xp..

1

The van der Corput set V,, with 2" points is defined as:

Vo ={(0.x1x2 ... Xp—1Xn, 0.XpXp—1...X0x1) : x; = 0,1}

Theorem (van der Corput)

The set V, satisfies with ||Dy,||cc S n = log N
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Irrational lattice

Let a be an irrational number and let {x} denote the fractional

part of x.
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Irrational lattice

Let a be an irrational number and let {x} denote the fractional
part of x. Define Py = { (4. {ia})}:\l;ol
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Irrational lattice

Let a be an irrational number and let {x} denote the fractional
part of x. Define Py = { (4. {ia})}:v:ol

Theorem

\
| \

If the partial quotients of the continued fraction of o are bounded,
then the discrepancy function of this set satisfies | Dy||oo = log N.
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Irrational lattice

Let a be an irrational number and let {x} denote the fractional
part of x. Define Py = { (4. {ia})}:v:ol

Theorem

\
| \

If the partial quotients of the continued fraction of o are bounded,
then the discrepancy function of this set satisfies | Dy||oo = log N.

@ In particular works for quadratic irrationalities a« = u + +/v.
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Irrational lattice

Let a be an irrational number and let {x} denote the fractional
part of x. Define Py = { (4. {ia})}:v:ol

Theorem

\
| \

If the partial quotients of the continued fraction of o are bounded,
then the discrepancy function of this set satisfies | Dy||oo = log N.

@ In particular works for quadratic irrationalities « = u + +/v.
@ The idea goes as far back as 1904 (Lerch)
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Low discrepancy sets

0.2 0.4 0.6 0.8 1.0

The irrational (a = v/2) lattice with N = 2'2 points
Discrepancy = log N
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Low discrepancy sets

0.2 0.4 0.6 k 1.0

The van der Corput set with N = 212 points
Discrepancy = log N
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Low discrepancy sets

0.6

Random set with N = 22 points
Discrepancy ~ v'N
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Theorem (K. Roth)

In dimension d = 2, for any N-point set Py C [0, 1]2,

1Owll, 2 v/log N
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Theorem (K. Roth)

In dimension d = 2, for any N-point set Py C [0, 1]2,

0wl % viog |

For the van der Corput set and the irrational lattice, we have

HDNH2 ~ log N
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e 1. Davenport's reflection (symmetrization)
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e 1. Davenport's reflection (symmetrization)
e 2. Digital shifts (digit-scrambling)
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e 1. Davenport's reflection (symmetrization)
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e 3. Cyclic shifts (mod 1)

Dmitriy Bilyk Geometric Discrepancy and Harmonic Analysis



e 1. Davenport's reflection (symmetrization)
e 2. Digital shifts (digit-scrambling)
e 3. Cyclic shifts (mod 1)
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Remedy: Cyclic shifts

Define Vg = {((x+ a) mod 1,y) : (x,y) € Vn}

1ok
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van der Corput set with N = 28 points
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Remedy: Cyclic shifts

Define Vg = {((x+ a) mod 1,y) : (x,y) € Vn}
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van der Corput set with N = 28 points
translated (mod 1) by 1/8

Dmitriy Bilyk Geometric Discrepancy and Harmonic Analysis



Remedy: Cyclic shifts

Define Vg = {((x+ a) mod 1,y) : (x,y) € Vn}
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van der Corput set with N = 28 points
translated (mod 1) by 2/8
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Remedy: Cyclic shifts

Define Vg = {((x+ a) mod 1,y) : (x,y) € Vn}

1ok
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van der Corput set with N = 28 points
translated (mod 1) by 3/8
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Remedy: Cyclic shifts

Define Vg = {((x+ a) mod 1,y) : (x,y) € Vn}
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van der Corput set with N = 28 points
translated (mod 1) by 4/8
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Remedy: Cyclic shifts

Define Vg = {((x + a) mod 1,y) : (x,y) € Va}

Theorem (K. Roth, 1979)

B[Oy |, < VioB N
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Remedy: Cyclic shifts

Define Vg = {((x + a) mod 1,y) : (x,y) € Va}
Theorem (K. Roth, 1979)

B[Oy |, < VioB N

Theorem (D.B., 2008)
k

Fora=1— S where
k = (000111 ...000111 00001111 ...00001111) Z—; = %
ny digits ny digits
we have
[Dvgl, S Vlog N
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The integral

The integral of discrepancy is big
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The integral

The integral of discrepancy is big

/01 /01 Dy, (x)dx = g +0@Q)

/[0 . #{PyN[0,x)}dx =Y (1-p1)(1 - p2)

pPEVn
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The integral

The integral of discrepancy is big

/01 /01 Dy, (x)dx = g +0@Q)

/[0 . #{PyN[0,x)}dx =Y (1-p1)(1 - p2)

pPEVn

=2E(1-) X-27K) (1= X271
k=1 j=1
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The integral

The integral of discrepancy is big

/01 /01 Dy, (x)dx = g + 0(1)

/[0 . #{PyN[0,x)}dx =Y (1-p1)(1 - p2)

pPEVn

=2E(1-) X-27K) (1= X271
k=1 j=1

where X; are i.i.d with Pr(X; = 0) = Pr(X;) =

N
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The integral

The integral of discrepancy is big

/01 /01 Dy, (x)dx = g +0@Q)

/[0 . #{PyN[0,x)}dx =Y (1-p1)(1 - p2)

pPEVn

=2E(1-) X-27K) (1= X271
k=1 j=1

where X; are i.i.d with Pr(X; = 0) = Pr(X;) = %
EX; - Xj = . but EX? = 3

Dmitriy Bilyk Geometric Discrepancy and Harmonic Analysis



The integral

The integral of discrepancy is big

/01 /01 Dy, (x)dx = & + O(1)
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The integral

The integral of discrepancy is big
1 p1 n
/ / Dy,(x)dx = - + O(1)
0 Jo 8

Theorem (Halton and Zaremba, 1968)
2 n?
2 8

+ O(n)

H Dy,

\
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The integral

The integral of discrepancy is big
1 p1 n
/ / Dy,(x)dx = - + O(1)
0 Jo 8

Theorem (Halton and Zaremba, 1968)
2 n?
2 8

HDV” + O(n)

\

/Dvg’fb’/Dvn—g‘i‘ >

PEVL: p1<k/2n

\
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Z p2 = Zz_lfl(k)a
=1

PEVL: p1<k/2n
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Z p2 = Zz_lfl(k)7
=1

PEVL: p1<k/2n

@ where
fi(k) =#{0<j<k: j=(nfa-1-..J2j1)2 and jy =1}
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Z p2 = Zz_lfl(k)a
=1

PEVL: p1<k/2n
@ where

fitk) =#{0<j<k: j=(njn-1---j21)2 and jy =1}

(k) = 2=tm it k=2m+r, 0<r<2t
MU 2 g1 4r if k=2m+2-14r 0<r<2t
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fi(k) =

2-1m if k=2'm+r, 0<r<21
2t mr+1 if k=2m+214+r 0<r<21
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(k) = 2-1m if k=2'm+r, 0<r<21
U7 2 g r+1 if k=2'm+214r 0<r< 2t

k=) ki-27t= (k,,k,,l ki ki kg kzkl)
i=1 2

Dmitriy Bilyk Geometric Discrepancy and Harmonic Analysis



(k) = 2-1m if k=2'm+r, 0<r<21
U7 2 g r+1 if k=2'm+214r 0<r< 2t

k=) ki-27t= (k,,k,,l ki ki ki kzkl)
. ~— 2
i=1

m
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(k) = 2-1m if k=2'm+r, 0<r<21
U7 2 g r+1 if k=2'm+214r 0<r< 2t

k=) ki-27t= (k,,k,,l ki ki ke /le)
i=1 2

m r
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(k) = 2-1m if k=2'm+r, 0<r<21
U7 2 g r+1 if k=2'm+214r 0<r< 2t

k_Zk 2 = (kk,,l k,+1k,k,_1...k2k1)

m r

2

Zk 212 4 gy Zk 24k

i=I+1
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Z p2 = ZQ_If/(k)
=1

PEVn: p1<k/2"

n -1
filk)=> ki-27% + k- Y k-2 4k
i=I+1 i=1
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Z p2 = ZQ_If/(k)
=1

pEVL: p1<k/2n

n -1
= Z ki-272 + kl‘zki'2i_1+kl
i—1

i=/+1

Z po = ZZk 2”2+Zk,2 +ZH:Z/< k- 211

p1<k/2" I=1 i=I+1 =2 i=1
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Z p2 = ZQ_If/(k)
=1

pEVL: p1<k/2n

n -1
= Z ki-272 + kl‘zki'2i_1+kl
i—1

i=/+1

Z po = ZZk 2”2+Zk,2 +ZH:Z/< k- 211

p1<k/2" I=1 i=I+1 =2 i=1

5("* > k)
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Z p2 = ZQ_If/(k)
=1

pEVL: p1<k/2n

n -1
= Z ki-272 + kl‘zki'2i_1+kl
i—1

i=/+1

Z po = ZZk 2”2+Zk,2 +ZH:Z/< k- 211

p1<k/2" I=1 i=I+1 =2 i=1

n
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Z p2 = ZQ_If/(k)
=1

pEVL: p1<k/2n

n -1
= Z ki-272 + kl‘zki'2i_1+kl
i—1

i=/+1

Z po = ZZk 2”2+Zk,2 +ZH:Z/< k- 211

p1<k/2" I=1 i=I+1 =2 i=1

~ E(kfg) +00)
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Z p2 = ZQ_If/(k)
=1

pEVL: p1<k/2n

n -1
= Z ki-272 + kl‘zki'2i_1+kl
i—1

i=/+1

Z po = ZZk 2”2+Zk,2 +ZH:Z/< k- 211

p1<k/2" I=1 i=I+1 =2 i=1

~ E(k—g) + o1 +
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Z p2 = ZQ_If/(k)
=1

pEVL: p1<k/2n

n -1
= Z ki-272 + kl‘zki'2i_1+kl
i—1

i=/+1

Z po = ZZk 2”2+Zk,2 +ZH:Z/< k- 211

p1<k/2" I=1 i=I+1 =2 i=1
n
~~ —(k — = o(1 77
2( 2) * L+

/Dv,?%/Dvnng Z p2

PEVs: p1<k/2n
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Z p2 = ZQ_If/(k)
=1

pEVL: p1<k/2n

n -1
= Z ki-272 + kl‘zki'2i_1+kl
i—1

i=/+1

Z po = ZZk 2”2+Zk,2 +ZH:Z/< k- 211

p1<k/2" I=1 i=I+1 =2 i=1
n
~~ —(k — = o(1 77
2( 2) * L+

form § e X

pPEVn: p1<k/2"
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Z p2 = ZQ_If/(k)
=1

pEVL: p1<k/2n

n -1
= Z ki-272 + kl‘zki'2i_1+kl
i—1

=141
n
Y k= ZZkQ”2+Zk,2 +ZZ/<,/<2"1
p1<k/2" I=1 i=I+1 =2 i=1
~ T M 277
2(k 5+ 0+ 5 7

form § e X

pPEVn: p1<k/2"
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We want:
n n n [-1 n
== = ki-k2771 = —4+0(1
;k, ;0 and S ;; , 50
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We want:
n n n [-1 . n
> ki= >TO()  and  S= ki-k-21 =171 = g o)
i=1 1=2 i=1
e k= (000111...000111),: N fen
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We want:
n n n [-1 . n
> ki= >+0(1) and S = ki-kp-27~171 = g o)
i=1 1=2 i=1
o k= (000111...000111)y: S~&En 1 ~01203..
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We want:
n n n [-1 . n
> ki= >TO()  and  S= ki-k-21 =171 = g o)
i =2 i=1
@ k= (000111...000111),: S~ 108n

@ k=(00001111...00001111): S = 136n
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We want:
n n n [-1 .
> ki= >TO()  and  S= kiki-2717t = —+0O(1)
i=1 1=2 i=1
o k= (000111 ...000111)y: S~ in
o k =(00001111...00001111),: S~ £n
° k= (000111 ...000111 00001111 ...00001111 n =2
ny digits ny digits
n
S=-4+0(1
gt (1)
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Fourier coefficients Dya(ny, no): (n1, m) # 0

@en #00R N =0 n=0 mod?2"

‘@(0, )

— ‘Bv\n(o, o)
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Fourier coefficients Dya(ny, no): (n1, m) # 0

@en #00R N =0 n=0 mod?2"

‘@(0, )

— ‘Bv\n(o, o)

en =0 nmn=2"m s<n, m- odd

< 2s+1 B 1
~27tny, ™M

\@(o,nz) ~ By, (0,m2)
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Fourier coefficients Dya(ny, no): (n1, m) # 0

@en #00R N =0 n=0 mod?2"

‘@(0, )

— ‘Bv\n(o, o)

en =0 nmn=2"m s<n, m- odd

< 2s+1 B 1
~27tny, ™M

\@(o,nz) ~ By, (0,m2)

@ Thus,

H<Dvgo — >{n1 0n2¢0}H Z Z Sn=logh

odd
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Remedy: Davenport's reflection

Davenport's reflection principle
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Remedy: Davenport's reflection

Davenport's reflection principle

o Py — PU{(1-x,y): (x,y) € Py}
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Remedy: Davenport's reflection

Davenport's reflection principle

o Py — PU{(l—x,y) : (x,y) 673/\/}
@ Irrational lattice: Davenport (1956)
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Remedy: Davenport's reflection

Davenport's reflection principle

o Py — PU{(l—x,y) : (x,y) 673/\/}
o Irrational lattice: Davenport (1956)
@ van der Corput set: Chen, Skriganov (2003)
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Let {b,}52; be the Fibonacci numbers.
=il
Define 7, = { (£, {k%=2})}~
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Let {b,}52; be the Fibonacci numbers.
=il
Define 7, = { (£, {k%=2})}~

o ||Dg,|lcc = n=logN
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Let {b,}52; be the Fibonacci numbers.
=il
Define 7, = { (£, {k%=2})}~

o ||Dg,|lcc = n=logN
@ Define the symmetrization of F:
Flh={(p1,p2) U (p1,1 = p2) : (p1.p2) € Fn}
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Let {b,}52; be the Fibonacci numbers.

bp—1

Define F, = {(bin» {kb'];;l })}

k=0

o ||Dg,|lcc = n=logN
@ Define the symmetrization of F:
Flh={(p1,p2) U (p1,1 = p2) : (p1.p2) € Fn}

Theorem (DB, V.Temlyakov, R.Yu)

For a symmetrized set F),

107 |2 = (log N)Y/2.
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Fibonacci set

Theorem (DB, Temlyakov, Yu)

bp—1

17 1
2 - =
D735 = bz > (m 1r>‘ 5 (L) 36 3602
r=1 sin bn sin bn "
when b, is odd,
bn—1 17 7

+ =t

1073 = 8,)22;5”1 <ngn1,> ot () % TR

when by, is even.
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Fibonacci set

Theorem (DB, Temlyakov, Yu)

i 17 1
D75 = + 2~ 2
8b2 rz; sin (ﬂbZnU) . sin2 (7[;7:) 36 36b,2,
when b, is odd,
by—1
< 17 7
ID7I5 = + 2
8b2 rz; A (ngn1f> . <bn> 36 72b2
when by, is even.
bn—1
1 ¢ 1
72 ~ 0.1193n.
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accl set

~ 0.1193n.

4.5 T T T T T T

25t * R
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Remedy: Digital shift

Digital shift
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Remedy: Digital shift

Digital shift

@ Define

Vio = {<O.X1X2...X,,,1X,,, 0.(xp ® 0p)...(x2 ® 02)(x1 ® 01) )}
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Remedy: Digital shift

Digital shift

@ Define
Voo = { <O.X1X2...X,,,1X,7 , 0.(xn ® 0p)...(32 ® 02)(x1 ® 01) ) }

e 0,=0,1, k=1,..n
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Remedy: Digital shift

Digital shift

@ Define

Vio = {<O.X1X2...X,,,1X,,, 0.(xp ® 0p)...(x2 ® 02)(x1 ® 01) )}

e 0,=0,1, k=1,..n
@ "@" is addition mod 2

Dmitriy Bilyk Geometric Discrepancy and Harmonic Analysis



Remedy: Digital shift

Digital shift

@ Define
Voo = { <O.X1X2...X,,,1X,7 , 0.(xn ® 0p)...(32 ® 02)(x1 ® 01) ) }

e 0,=0,1, k=1,..n
@ "@" is addition mod 2

e > ox~n/2
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Remedy: Digital shift

Digital shift

@ Define
Voo = { <O.X1X2...X,,,1X,7 , 0.(xn ® 0p)...(32 ® 02)(x1 ® 01) ) }

ox=0,1, k=1,...,n

"@" is addition mod 2

ZO’k ~ n/2

Chen & Skriganov; Niederreiter; Pillichshammer, Larcher,
Faure, Kritzer, etc
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exp(L®) estimates: B., Lacey, Parissis, Vagharshakyan

Theorem (DB, Lacey, Parissis, Vagharshakyan 2008)
For any N-point set Py C [0,1]* we have

D llexp(zey 2 (log N)! 7Y, 2<a<oo.
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exp(L®) estimates: B., Lacey, Parissis, Vagharshakyan

Theorem (DB, Lacey, Parissis, Vagharshakyan 2008)
For any N-point set Py C [0,1]* we have

D llexp(zey 2 (log N)! 7Y, 2<a<oo.

Theorem (Faure, Pillichshammer 2008; DB, Lacey, Parissis,

Vagharshakyan 2008)
For 1 < p < oo, the digit-shifted van der Corput set satisfies

1Dn | S p'/3(log N)*2,
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exp(L®) estimates: B., Lacey, Parissis, Vagharshakyan

Theorem (DB, Lacey, Parissis, Vagharshakyan 2008)
For any N-point set Py C [0,1]* we have

D llexp(zey 2 (log N)! 7Y, 2<a<oo.

Theorem (Faure, Pillichshammer 2008; DB, Lacey, Parissis,
Vagharshakyan 2008)
For 1 < p < oo, the digit-shifted van der Corput set satisfies

1Dn | S p'/3(log N)*2,

The digit-scrambled van der Corput set satisfies

HDNHexp(LO‘) SJ (Iog N)l_l/a, 2<a< 0.
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BMO estimates: B., Lacey, Parissis, Vagharshakyan

o Dyadic Chang-Fefferman BMOj »: functions f on [0, 1]? for

which
L (R
Ifllovo = sup [jut 32 LR
uclo,1]? ReD? ‘ |
RCU

For any N-point set Py C [0,1]* we have

1
IDnllemo % (log N)2
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BMO estimates: B., Lacey, Parissis, Vagharshakyan

o Dyadic Chang-Fefferman BMOj »: functions f on [0, 1]? for

which
L (R
Ifllovo = sup [jut 32 LR
uclo,1]? ReD? ‘ |
RCU

For any N-point set Py C [0,1]* we have

1
IDnllemo % (log N)2

Theorem

The van der Corput set satisfies

1
|Dnl|lemo S (log N)>2
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