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Math 4567. Homework Set # VI

April 2, 2010

Chapter 5, page 113, problem 1), (page 122, problem 1), (page 128, problem
2), (page 133, problem 4), (page 136, problem 1). (page 146, problem 1),
Chapter 8 (page 209, problem 1)

Chapter 5 page 113, Problem 1 The initial temperature of a slab 0 <
x < m is everywhere 0 and the face x = 0 is kept at that temperature.
Heat is supplied through the face x = 7 at a constant rate ku,(m,t) =
A > 0. Write u(z,t) = U(x,t) + ®(x) and use the solution to the
problem

(%) Uy =kUy, 0<z<mt>0,

(

U0,t) =0, Uy(m,t) =0, 0<zx<m,
and U(z,0) = F(x) where

] f(2) when 0 <z <7
Fla) = { f(2m —xz) when 7 <z < 2m,
which is . 2y
Ulz,t) =Y B, exp(—n—t) sin %,
n=1

1— (=1)" =
B, = ()/ f(x) sin% dx.

0

7r
to derive the final solution u(z,t)

Solution: We first find a function u = ®(z) that satisfies the non-

homogeneous condition ku,(m,t) = A and the homogeneous condition

u(0,t) = 0. The differential equation is ®”(x) = 0, so ®(x) = Bz + C.

The nonhomogeneous boundary condition says KB = A and the ho-
A

mogeneous condition says C' = 0 thus ®(z) = £x. Then, setting
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u(z,t) = U(x,t) + ®(x) we see that u(z,t) will be a solution of our
original problem, provided U (x, t) satisfies problem (x) where U(x,0) =
f(z) = —®(z) = =4z for 0 < 2 < 7. Thus

A > ’k
u(z,t) = R +> B, exp(—nTt) sin %,

n=1

where 41 [y
Bn:—k(_;ﬂ)/o xsin% dx.
Note that B,, = 0 unless n = 2m — 1 is odd. Since
/7r ™ g 2{ nx\”—l—/ﬂ nxd} 2[ n7r+2 : mr]
rsin — dxr = —{ —x cos — cos— dx p = —|—mcos ——+—sin —
0 2 n 2 107 Jy T A R
2

2 m—+1
—1

=

we get the solution

(1) ;1 {.75 + i;:l (2(”;1_)12 exp l—(zm - I)th] sin (2m2_ ”x} |

Chapter 5, page 122, Problem 1 The faces and edges x = 0 and x = 7,
(0 < y < ) of a square plate 0 < z < 7, 0 < y < 7 are insulated.
The edges y = 0 and y = 7, (0 < & < 7) are kept at temperatures
0 and f(z), respectively. Let u(z,y) be the steady state temperature
distribution in the plate. Show that

u(z,y) = Agy + >_ A, sinhny cos nz,
n=1

1 = 2

Ay = flz)dz, A, = /ﬂf(:c)cosm: de, n=12---
0

72 Jo 7 sinh nm

Find u(z,y) if f(z) = uo.
Solution: The problem is

Upe + Uy =0, O<z <7 O0<y<m,
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uz(0,y) = 0, ua(my) =0, 0<y<m,
u(z,0) =0, 0<z<m
u(z,m) = f(z), O0<z<m.

We use separation of variables © = X(z)Y (y) to find solutions sat-
isfying the homogeneous conditions. The Sturm-Liouville eigenvalue
problem is

X"(x) + AX (z) = 0, X'(0) = X'(r) = 0.

From past work we know that the eigenvalues are A\, = n?, n=1,2,---
with eigenfunctions X,,(x) = cosnz, and A\g = 0 with eigenfunction
Xo(z) = 1. The corresponding equations for Y (y) are

Y"(y) =AY (y) =0, Y(0) = 0.

As has been shown earlier, for \, = n? we have Y, (y) = sinhny and
for Ay = 0 we have Y;(y) = y. Thus we can write

u(z,y) = Agy + >_ A, cosnz sinhny,

n=1

where .
u(z,m) = f(z) = Agm + Y _ A, cos na sinh nr.
n=1

Thus

2 ™
Ansinhmrz—/ f(x)cosnx de, n=1,2---,
w Jo

Ao = 71T/07r f(x)dx.

If f(x) = uo then A, =0 Agm = o, so the solution is u(z,y) = “y.

Chapter 5, page 128, Problem 2 Let the faces of a wedge shaped plate
0 <p<a,0<¢<abeinsulated Find the steady temperature u(p, ¢)
in the plate when v = 0 on the rays ¢ =0, ¢ = a (0 < p < a) and
u = f(¢) on the arc p =a (0 < ¢ < ). Assume f is piecewise smooth
and u is bounded.



Solution: Our problem in polar coordinates is to find a function u(p, ¢)
for
PPy, + pu, +ugs =0, 0<p<a, 0<¢<a,

u(p,0) =u(p,a) =0, 0<p<a,
u(a, ¢) = f(¢), 0<¢<a,
where f is piecewise smooth and |u| < M, i.e., u is bounded.

Separating variables, u = R(p)®(¢) satisfies the homogeneous condi-
tions if @ satisfies the Sturm-Liouville problem

" + A\ =0, ®(0) = &(a) =0,

and R satisfies
P*R" +pR — AR =0

and R is bounded. It is straightforward to show that the eigenvalues
are A\, = ";’{2 with eigenfunctions ®,(¢) = sin ””¢ ,n=12---.. The
change of variable p = e* gives the correspondlng equation for R as
R, — Ay R = 0. The general solutions are

Ry (p) = Ap"™* + Bp "/,

and the boundedness requirement yields R, (p) = p"™/®. Thus

- nrja . VT
u(p7¢>:ZBnp / S ——,

n=1
and
u(a, @) Z Ba"™e smn;rCZS
where 5
Bpa"™ = —/ f(%)sin nry di).
a Jo o
Thus
2. p / anb/ nm
— nm Oé d .
wp.0) = (0) Jsin " dy



Chapter 5, page 133, Problem 4 A string is stretched between points 0
and 7 on z-axis and, initially at rest, is released from the position
y = f(z). The equation of motion is

ytt:yxa:_Zﬁyta 0<17<7T,t>0,

where 0 < # < 1 and /3 is constant. Show that

n

y(x,t) = e Pt Z B, <cos ant + ﬁ sin ant> sinnz,
a

n=1

2 ™
a, = \/n? — (32, Bn:—/ f(z)sinnx de, n=1,2---.
0

7r
Solution: Set z(x,t) = e’y(x,t). Then z(x,t) satisfies

2w = 2o + 22, 0<m, t>0,

2(0,t) = 2(m,t) =0, t>0
z(x,0) = Bf(z), 2(2,0) = f(z), O0<z<m,.

where f(0) = f(m) = 0. We look for a solution of the form

oo 2 s
2(z,t) = > Au(t) sinnz, A,(t) = —/0 z(x,t) sinnz dx.
n=1

™

Then
" 2 T : 2 T 2 .
AN(t) = —/ zy(x,t) sinne dr = —/ (zpe(z,t) + B2(2,t)) sinnx dz
7 Jo mJo
2

2 (m 2 ™
= —/ Zpz(x, ) sinne dx + ﬁ/ z(x,t) sinnz dx.
7 Jo m Jo

2 T
= —[z,(z, t) sinnz|f — n/ z(2,t) cosnx dx] + 32 A, (t)
T 0

2 us
= —[—nz(z.t) cosnz|j — n2/ 2(z,t) sinnx dr) + 32 A,(t)
T 0

= (—n® + 57) Au(t).



Thus
An(t) + (n* — %) An(t) =0,
SO
A, (t) = By cosa,t + Csinapt

where a,, = v/n?> — 3%, n =1,2,---. The condition

2(z,0) = f(z) = i B, sinnx

n=1

gives
2 T
Bn:—/ f(z)sinnx de, n=1,2,---
7 Jo

The condition o
z(2,0) = Bf(z) =) Chaysinz
n=1
gives C,, = BB,/a,. (Here we are assuming that it is permissible to
differentiate the sum term-by-term. This assumption could be avoided
by taking z;(z,t) = Y02, E(t) sin nz and obtaining FE,, (t) by integration

by parts, just as we did for A, (¢).) Thus we obtain the formal solution

y(z,t) = e Pz(x,t) = "> B, (COS ant + s sin ant> sinnx,

n=1 n

Chapter 5, page 136, Problem 1 Solve the problem

Y = a2ym + Axsinwt, 0<z<c t>0,

y(ovt) = y(C, t) =0, y(l', O) = yt<x7 O) =0.
Show that resonance occurs for w = w,,, where
nma

Wp = , n=1,2---
C

Solution: We look for a solution in the form

nnx

y(x,t) = 2 B, (t) sin —,

C

(@)



2 c
B,(t) = —/0 y(x,t) sin? dx.

c
Then
2 rc 2 c
Bit) = 7/ Yue(w, ¢) sin == dr = */ [@2ym(x>t)+Ax sin wt] sin@ dx
2A(—1)nt1 2,2 2
= (7)sinwt _¢ n27r B, (t),
nmw c

Where we have integrated by parts several times and applied the bound-
ary conditions. Thus
a’n?m? 2A(—1)7+1

CQ Bn<t) = T sin wt.

(+) B, (1) +

This is a nonhomogeneous equation. We need only find one solution
and then add to it the general solution H, cos **™ + K, sin #** of
the homogeneous equation to get the general solution. We look for a
solution of the form B, (t) = C,, sinwt. Substituting this into equation
(%) and setting w, = anm/c we find a solution if C,, = 2A(—1)""! /(w2 —
w?). Thus

2A(_1)n+1 )
Bn(t) = W Slnwt,
and the general solution is
t t  2A(—1)"*!
B,(t) = A, cos anm + C), sin anm + (1) sin wt.

2 _ 2
w2 —w

The boundary conditions are B, (0) = B/, (0) = 0, and these are satisfied

for A, =0 and C, = 2(—1)"w/[w,(w? — w?)]. Thus the final solution
1s
—1)" t . 2A(-1)"
Bo(t) = 2(-1)"w . anm N (—1) ,

 wp(w? — w?) c w2 —w?

unless w = w,, for some n. In that case we have resonance and the
solution becomes unbounded.

To see this, we look for a particular solution of () in the case w = wy,.
Take the trial solution B, (t) = Dptcosw,t. Then we find a solution
provided D,, = (—=1)"A/nnw,:

(1) By(t) = <;71T2:At coS wpt.



To this solution we can add a general solution of the homogeneous
equation, but the resonant solution quickly dominates the bounded
solution of the wave equation as t gets large.

Chapter 5, page 146, Problem 1 Write A = —a?, a > 0 and show that
the Sturm-Liouville problem

X"+ AX =0, X(—7) = X(n), X'(—7) = X'(n),
has no solutions.
Solution: The general solution of the differential equation is
X(x) = Ae®*® + Be %,
SO
X'(z) = a(Ae®® — Be™ ).
The conditions X (—7n) = X (), X'(—n) = X'(7) can be written as

Asinh ar = Bsinh am, Asinham = —Bsinh ar,

respectively. Since sinh ar # 0 for a # 0, we have A = —B = B, so
A = B = 0. Thus there are no negative eigenvalues.

Chapter 8, page 209, Problem 1 Find the eigenvalues and eigenfunc-
tions:

X"+ AX =0, X(0) =0, X'(1) = 0.
Solution: If A = 0 then X(z) = Az + B and X'(z) = A. Thus the

boundary conditions are B =0, A = 0 and A = 0 is not an eigenvalue.

If A\ = —a? a > 0 then X(x) = Ae™® + Be ", X'(z) = a(Ae*® —
Be=*). Thus the boundary conditions are A+ B =0 and Ae* — e™?,
or B = —A where Acosha = 0. Since cosha # 0 we have A =B =0
and A = —a? is not an eigenvalue.

If A = a? a > 0then X(z) = Acosaz+Bsinar, X'(z) = a(—Asin az+
B cos ax), and the boundary conditions can be read as

A=0, «a(Bcosa)=0,
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or cosa =0, so \, = a2 where

a, =2n—1)=, X, (z) =sina,z n=1,2---.

SIE

Since [y X2(x)dr =
eigenfunctions are ¢,

(1 — cosm(2n — 1)z)dz = 1 the normalized

3k
(z) = v/2sin ayz.



