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Weyl Group g-Kreweras Numbers and Cyclic
Sieving

Victor Reiner and Eric Sommers

Abstract. Catalan numbers are known to count noncrossing set partitions,
while Narayana and Kreweras numbers refine this count according to the
number of blocks in the set partition, and by its collection of block sizes.
Motivated by reflection group generalizations of Catalan numbers and
their g-analogues, this paper concerns a definition of g-Kreweras numbers
for finite Weyl groups W, refining the g-Catalan numbers for W, and aris-
ing from work of the second author. We give explicit formulas in all types
for the g-Kreweras numbers. In the classical types A, B, C, we also record
formulas for the ¢g-Narayana numbers and in the process show that the
formulas depend only on the Weyl group (that is, they coincide in types
B and C). In addition, we verify that in the classical types A, B, C, D the
g-Kreweras numbers obey the expected cyclic sieving phenomena when
evaluated at appropriate roots of unity.
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1. Introduction

This paper examines polynomials in ¢, generalizing what are sometimes called
the Kreweras numbers, as refinements of the Catalan numbers. The ¢-Kreweras
numbers arose as by-products of work of the second author [43] on nilpotent
orbits in a simple Lie algebra g over C under the action of the associated con-
nected algebraic group G. Their definition, using the Lusztig-Shoji algorithm
in Springer theory, is reviewed in Sect. 2 below. One of our main motivations
was that these ¢g-Kreweras numbers turn out to answer a question of the first
author and Bessis from [8, Sect. 6]; see Sect. 1.2 and Theorem 1.7 below.
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Development plan.
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More specifically, one has polynomials in ¢ defined for certain positive
integral parameters m (see below) and for each nilpotent orbit O in g and each
local system on O that arises in the Springer correspondence. Let ® be the root
system of g relative to a Cartan subalgebra fj. What we call here the ¢- Kreweras
numbers Krew(®, O, m; q) correspond to the trivial local system on O. In this
paper, we show three new results about the polynomials Krew(®, O, m;q),
namely Theorems 1.5, 1.6, 1.7 below, which will be proven in Sects. 3, 4, and
6, respectively. In types A, B, C, we also discuss a definition of the g-Narayana
numbers Nar(®, m, k; ¢), which are sums of the ¢g-Kreweras numbers depending
on a statistic on O, and establish Theorem 1.10 in Sect. 5. We will take up the
g-Narayana numbers for other types in a sequel paper.

The further parameter m in the definitions of Krew(®,O,m;q) and
Nar(®,m, k;q) is a positive integer that is very good for ® in the terminol-
ogy of [43, Sect. 5]; this amounts to m being relatively prime to the Cozeter
number h in types A, E, F, G, and the (weaker) condition of m being odd in the
classical types B, C, D. See Ito and Okada [23] for further characterizations of
this condition.

Let W be the Weyl group of ®. Since g is simple, W acts irreducibly on
h, which is called the reflection representation of W and denoted by V. Let
r = dimV, the rank of g. Let d; < --- < d,. be the degrees of any set of
fundamental invariants for the action of W on the polynomials S := Sym(V*)
on V. The Coxeter number h of ® is equal to d,.. Define

Cat(W,m; q) := H m = 1+ dilg (1.1)

i=1 [di]q ’

where [n], :==1+¢+¢*+---+¢"'. This is known to be a polynomial in N]g]
for all very good m. Results from [43, Sect. 5.3] imply a summation formula

Cat(W,m;q) = ZKrew(@,(’),m;q) (1.2)
o
as O runs through the nilpotent orbits in g, which is a generalization of known
results for the specialization at ¢ = 1, as we now recall.

In type A, _1, so that m is very good if ged(m, n) = 1, this Cat(W, m; q) is
the rational ¢-Catalan number considered, for example, by Armstrong, Rhoades
and Williams [2]. At the specializations m = h+ 1 =n+ 1 and ¢ = 1, these
become the Catalan numbers

COn = n—ll— 1 (2:> (13)

which have a plethora of combinatorial interpretations (see Stanley [46] and
[47, Exer. 6.19]), some restricting to interpretations of the successive refine-
ments by the Narayana numbers N(n, k) and the Kreweras numbers Krew(\):

= k\k—1/\k—1
N(n, k) = Z Krew(\) where Krew()\) := L( nl )
’ B o n+1 n_k‘ap‘l()‘)v,uﬂ()‘):"~a/1“n()‘) .

AeP(n):
e(N)=Fk
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Here, P(n) is the set of all partitions A = (A > Ay > -+ > Ay > 0) of the
number n and p;(A) denotes the multiplicity of the number j among the parts
{\i}. The number of parts £ =: £(\) of X is called the length of A.

Kreweras [28] originally interpreted C,,, N (n, k), Krew(\) in terms of the
set NC(n) of noncrossing set partitions of {1,2,...,n} arranged circularly
in the plane; that is, partitions for which the convex hull of the blocks are
pairwise disjoint. The Catalan number C,, counts the whole set NC(n), while
the Narayana number N(n,k) counts those noncrossing set partitions with
exactly k blocks, and the Kreweras number Krew(\) counts those for which A
lists their block sizes. The following table illustrates these interpretations for
n =4.

Noncrossing A Krew(\) k N(n,k)
partitions
1234 (4) %(4?1) =1 1 %(g) (é) =1
123—4 5
?;12%% (3,1) %(3,1,1) =4

| 5 > @ =
14-33 (2,2) %(3,2) =2
1351
151 (2,1,1) 3(321) =6 3 3() () =6
1-2-31
1-2-3-4 (1717171) %(154) = 1 4 %(g) (g) = 1

1.1. Generalizations to Other W and Other m

1.1.1. Generalizing Noncrossing Partitions to Other W and m = sh + 1.
The set of noncrossing set partitions NC(n) has a generalization to all Weyl
groups and for any parameter m of the form sh + 1 where s € N. The case of
m = h + 1 was introduced by Bessis [6].!

Definition 1.1. Consider the Cayley graph for W with respect to the generating
set of all reflections in W. Fix a Cozxeter element ¢ in W. Then NC(W) is
defined to be the set of w in W that lie along a shortest path between the
identity element and c in this Cayley graph. We regard NC(W) as a partially
ordered set in which x < y if there is a shortest path from the identity to ¢ in
this Cayley graph that passes first through = and then through y.

Bessis [6] showed that the cardinality of NC (W) equals Cat(W, h+1,q =
1), generalizing Kreweras’s original interpretation of the Catalan numbers C,
counting the number of noncrossing set partitions NC(n) in type A, _1.

Armstrong [1] defined a generalization of NC(W) for each positive integer
s, inspired by Edelman’s s-divisible noncrossing partitions [18, Sect. 4].

Mn fact, Bessis’s work in [6] deals not just with Weyl groups, but all finite real reflection
groups, and his later work in [7] deals more generally with the class of well-generated complex
reflection groups. See work of Gordon and Griffeth [21] for definitions of the Catalan and
g-Catalan numbers that apply to all complex reflection groups.
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Definition 1.2. Let NC(®) (W) denote the set of all s-element multichains w; <
- <ws in NC(W).

Armstrong showed that cardinality of NC)(W) equals Cat(W, sh +
1,q = 1). Note that when s = 1 one recovers the set NC(W) = NCM(W).

1.1.2. Generalizing the Kreweras Numbers to Other W and Very Good m.
The Kreweras numbers Krew(\) in type A, 1 have a generalization to any W
and any very good m.

Let X C V be the common fixed points of a set of reflections in W. Then
the pointwise-stabilizer subgroup Wx of X in W is a parabolic subgroup of
W. The normalizer N(Wx) of Wx within W is then the setwise stabilizer of
X within W. We are interested in X and Wx up to W-conjugacy, so we set
[X]:=W - X for the W-orbit of X.

Associated to the subspace X is a hyperplane arrangement, obtained by
considering the hyperplanes in X of the form V* N X where w is a reflection in
W and V" denotes the pointwise-stabilizer of w on V. The characteristic poly-
nomial of a hyperplane arrangement [34] is an important invariant, denoted
by px(t) for the hyperplane arrangement we are considering in X.

Using work of Orlik—Solomon [33], we know from [42] that when m is
very good for W,

m w
[N(II)/I)/:E):I)/VX] Ly (1.4)

[X]
is a representation of W whose character takes the value m3™V" at w € W.
Moreover, by Shepard-Todd [39], proved uniformly by Solomon [41], we know
that the multiplicity of the trivial representation in (1.4) is Cat(W, m,q = 1),
which implies that

_ (
Cat(W,m,q=1) I~ %‘XT)”‘)/VX] (1.5)

[X]
In fact, px (¢) takes a simple form. It is a monic polynomial with positive
roots

m1(X),ma(X),. .., Maimx)(X), (1.6)

which were first calculated in [33]. The fact that px(¢) has this form is a
consequence of this hyperplane arrangement being free (see [48]), proved by
Orlik-Terao [34] and then uniformly by Broer [12] and Douglass [17].

In type A,_1, Wx is, up to conjugacy, just a Young subgroup of S5, of
the form Sy, x Sx, X --- x Sy,, which allows us to associate the partition
A= (A1, A2, ..., Ag) of nto Wx. Then px (t) = (t—1)(t—=2)--- (t—k+1) and
% coincides with Krew(\). Based on this fact and (1.5), Athanasiadis
and Reiner [4] considered

dim(X)

Krew (W, [X],m) = v Sy = ooy 1] (m—ma(X))
=1
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as the Kreweras numbers for arbitrary W and very good m. They then showed
that Krew(W, [X], h + 1) equals the cardinality of the set of w € NC(W) with
V¥ € [X] [4, Theorem 6.3]. In classical (4, B,C, D) and dihedral (I) types,
work of Rhoades [37] showed more generally that Krew (W, [X], sh + 1) counts
the elements w; < --- < w, in NC®) (W) with V%t in [X]; this remains open
in the exceptional types E, F, H.

1.2. Cyclic Sieving

Armstrong defined a natural action of the cyclic group Z/shZ on NC®)(W).
In [8] it was shown that this gives an instance of the cyclic sieving phenomenon
1ntr0duced in [36] on NC')(W). To state it, for a positive integer d, let wy :=
e T , a primitive dt" root- of-unity.

Theorem 1.3 ([8]). For m = sh + 1, one has that Cat(W, m;q = wq) counts
those

wy < < wg € NCO(W)
that are fized under the action of an element of order d in the Z/shZ-action.

n [8, Sect. 6], it was asked how to produce the g-Kreweras numbers,
Krew(®, X, m;q), polynomials that would evaluate to the Kreweras numbers
Krew (W, [X],m) at ¢ = 1, but more generally would have the following prop-
erty: Krew(®, X, m;q = wy) counts the elements wy < --- < w, € NC®) (W)
with V1 € [X] which are additionally fixed under the action of an element of
order d in the Z/shZ-action. Such a result would generalize Theorem 1.3.

1.3. The g-Kreweras Numbers

In work of the second author [43], a polynomial in the variable ¢, denoted
fe,0(m;q), is introduced for a nilpotent element e € g, an irreducible represen-
tation ¢ of the component group of e arising in the Springer correspondence,
and a very good m (see Sect. 2). The definition involves a graded version of the
representation in (1.4) and only depends on the nilpotent orbit O containing
e.

Given X as before, the centralizer in g of X C b is a Levi subalgebra,
denoted [x, which contains h and whose Weyl group identifies with Wx. We
write Ox for the unique nilpotent orbit which contains elements that are
principal nilpotent in [x. The definition of Ox only depends on [X]. We say
that Ox, and each of the elements it contains, is principal-in-a-Levi.

Now when e € Ox, then f. 4(m;1) = Krew (W, [X],m). Setting ¢ to be
trivial, we also have

Cat(W,m;q) = memq

where the sum is over a set of representatives e from each nilpotent orbit.
These two results led us to the following definition of the g-Kreweras numbers
for each nilpotent orbit O

Krew(®,0,m; q) := fe1(m;q) where e € O

and to conjecture
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Conjecture 1.4. Form = sh+1, and for each W-orbit [X], Krew(®, Ox,m;q =
wq) counts those

wy < - <wg € NCO (W)

which are fized under the action of an element of order d in the Z/shZ-action
and have V"' € [X].

1.4. Results

1.4.1. Formulas for the g-Kreweras Numbers. The formulas for f. 4 for gen-
eral ¢ in the classical groups are given in Propositions 3.5 and 3.7. The formulas
for fe 4 in the exceptional groups are tabulated in Sect. 3.6. Theorem 1.5 below
summarizes the formulas for the ¢g-Kreweras numbers (that is, ¢ is trivial) in
the classical types.

Recall that the nilpotent orbits in the classical Lie algebras can be
parametrized by the number partitions A obeying certain restrictions by con-
sidering the defining representation of g and taking the Jordan form for an
element in the orbit. For such a partition A, we write O, for the corresponding
orbit in g.

e In type A, _1, that is, g = s[,,(C), nilpotent orbits are parametrized by
all partitions X\ of n; as before, denote this set of partitions by P(n).

e In type B, that is, g = 502,+1(C), nilpotent orbits are parametrized by
partitions A of 2n + 1 having p;(X\) even for j even; denote this set of
partitions by Pg(2n + 1).

e In type C,,, that is, g = sp,,,(C), nilpotent orbits are parametrized by
all partitions A of 2n having u,(A) even for j odd; denote this set of
partitions by Pc(2n).

e In type D, that is, g = 505, (C), nilpotent orbits under the orthogonal
group Og,(C) are parametrized by partitions A of 2n having p;(\) even
for j even; denote this set of partitions by Pp(2n). We denote by O, the
orbit under Oa, (C). Then O, is a single SOs,,(C)-orbit unless A has only
even parts, in which case O, splits into two orbits under SOs,,(C). Both
of these orbits have the same g-Kreweras numbers, given by 1/2 times
the formula shown in Theorem 1.5 (Type D,,).

he classical groups of types A,B,C,D the polynomial
Krew(@ (’) m;q) is expressed using g- multmomzals which are defined as
follows: for v = (vq,...,1,) € Nt with [v] := ", v; <n, let

[3] [ n— |v|] - [u11!q-~-[5:1]!!5[n vty

where [n)ly := [n]q[n —1]4 - - - [1]4, and define the left side to be zero whenever
lv| > n.
Letting A" denote the conjugate or transpose partition of A, define

=D XA
i
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Theorem 1.5. (Type A,_1) For A € P(n) and for gcd(m,n) =1, one has

m(n—t(3)—e(x) _L [ m ]
(mly (kN

In types B, C, D, the formulas are similar, replacing various parameters
by roughly half their values. Introduce the notation N := |N/2| for N € N,
and for v = (v1,va,...), set U := (D1,09,...). Using “a = b” to abbreviate
“a = b mod 2”7, define the following quantities

L(\) = #{j € N: () odd},

Krew(A,—1,0x,m;q) = q

P(n,m,\) :=m(n—£0(N\)) — C(27>\) — %)\)7
1 . [0 in type C,
Te(A) = 3 Z 15 (A), where € := { 1 in types B and D.
j=e
1 =0

Theorem 1.5. (Type B,,) For A € Pg(2n+ 1) and for m odd, one has

L(\) .

T - L)
Krew(B,,,Ox,m;q) = q¢(”1m7>\)+ﬁ(>\)+}l q" 2i+1 _ q {m - ] .
PO g( A 2

For the type C formula, additionally define

LY for f()) odd,
0 for £(X) even.

Theorem 1.5. (Type C,) For A € Po(2n) and for m odd, one has

d(A) =

L) 7
n,m T m—2i n— L(A
Krew(Cyp, Ox,m; q) = qw( M A)+70 (A)+6(X) H (g 2i+1 _ 1) {m ﬂ(A)( )] .
i=1 &

In type D,,, the multiplicity p;(X) of the part 1 in A plays a special role,
and we also define

p>2(A) = (p2(A), p3(A), - ..).

Theorem 1.5. (Type D) For A € Pp(2n) and m odd, Krew (D, Ox,m;q) is
gV rm TN fimes:

L\

O T @ - [ O] i) s oda
i=1 q?

LN - -
N —p1i (V) m—2i4+1 4y m—L(\) m+1—L(A)—|i>2(N)|
’ 11 O it } R }

if p1(\) even and L(N\)>1,

i=1

IEVESIE [ m} +qe‘(x)7m(,\)[ m } [m+1—|ﬂ22(>\)|]
ﬂ()‘) q2 ﬂ22(/\) q2 ﬂl()‘) q?

if L(\)=0.
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1.4.2. Divisibility and Positivity Properties of the g-Kreweras Numbers. Us-
ing our explicit formulas for the f. 4, we gather some of their properties in the
following Theorem 1.6. Its statement will be slightly less precise for a fairly
short list of ill-behaved nilpotent orbits occurring inside the exceptional types
Fy, Eg, E7, and Es, given here by their Bala—Carter notation [14]:

Fy(as), Es(as), Es(as) + A1, Er(as), Er(as), Es(ar), Es(as),
Eg(bs), Eg(as), Esg(asz). (1.7)

Let R = rank(Zg(e)). Recall that e is principal-in-a-Levi if e € Ox for some
X. We will denote by H*(B.) the cohomology of the Springer fiber for e € O,
regarded as a W-representation, which will play a central role in the definition
of the ¢-Kreweras numbers in Sect. 2.

Theorem 1.6. Let e be a nilpotent element not among the ill-behaved orbits
from (1.7), and assume that feq is not identically zero. Then there exists
L,c € N, independent of ¢, such that
L
feo(miq) = [[ (@72 = 1) - ¢"™ - g4(m;q),
j=1

m—a;lq

where gy (m; q) is the sum of at most two products of the form g~ HZR:1 [[bi]q
for some a;, b;,z € N. Moreover, we have the following properties
(i) For each very good m, the polynomial ¢°™ - g4(m;q) lies in N|q].
(ii) The rank r of g equals L+ ¢+ R.
(iil) The multiplicity of V' in the W -representation H*(B.) is r — c.
(iv) If e is principal-in-a-Levi, then L = 0. In particular, f.4(m;q) € N]q|
for each very good m.
(v) If e is not principal-in-a-Levi, then L > 1. In the exceptional types it
always happens that L = 1.
Even when e is one of the ill-behaved orbits from (1.7), if one further
specializes to the case ¢ = 1, then the polynomial fe1(m;q) is always nonzero,
and still has properties (i), (ii), (iv), (v) listed above.?

It follows that the ¢g-Kreweras numbers f. 1(m;q) are never identically
zero, that they have nonnegative coeflicients as polynomials in ¢ if e is principal-
in-a-Levi, and are divisible by ¢! — 1 otherwise. These facts are used in
establishing the cyclic sieving property. The proof of Theorem 1.6 is given in
Sect. 4.

1.4.3. Cyclic Sieving. We also show that the cyclic sieving property holds in
the classical types in Sect. 6.

Theorem 1.7. Conjecture 1.4 holds in all of the classical types A, B,C, D.

2 Examination of the tables in Sect. 3.6 shows that for e in an ill-behaved nilpotent orbit,
for certain ¢ # 1 one still has a factorization of fe 4(m;q) as in the theorem, but with
—9gg(m; q) in N[g]. Also, for such e, property (iii) fails even if ¢ = 1. Instead, the value 7 —c
is the multiplicity of V' in the A(e)-invariants in H*(B.).
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1.4.4. g-Narayana Numbers. We are able to establish a g¢-version of the
Narayana numbers in types A, B, C'. We take up the question of the ¢g-Narayana
numbers for other types in a sequel paper. From Theorem 1.6 we have that the
lowest degree g-monomial in Krew(®, O, m;q) equals ¢~ * for some ¢, z € N.

Definition 1.8. Define d(O) =r —c.

Aslong as e does not belong to one of the orbits in (1.7), then by Theorem
1.6 (iil), d(O) equals the multiplicity of V' in H*(B.). In particular, this holds
whenever g is of classical type or e is principal-in-a-Levi. On the other hand,
when e belongs to one of the orbits in (1.7), then d(O) equals the multiplicity
of V in A(e)-invariants of H*(B.). Using the parameter d(Q), we obtain a
good definition for a g-version of the Narayana numbers in types A, B, C.

Definition 1.9. (Types A, B,C) The ¢-Narayana number for k = 0,1,2,...,r
and very good m is given by

Nar(®,m, k; q) := Z Krew(®, 0, m;q). (1.8)

nilpotent orbits O:
d(0)=k
Theorem 1.10. The g-Narayana polynomials have the following formulas in
types A, B,C':
o For type A,—1, when ged(m,n) =1 one has for 0 < k <n —1 that

1 —1] _
Nar(An—la m, k; Q) = q(nilik)(milik) |:n ! l:m 1:| .
q q

k+1, [ & k

e For either type B,, or type C,, when m is odd one has for 0 < k < n
that

Nar(B ks ) = Nar(Com ki) = ()00 [1] [0
L7 q? q?

When m =h+1=n+1 in type A,_1, the polynomial Nar(A,_1,h +
1, k; q) equals a ¢-Narayana number considered by Furlinger and Hofbauer [19]
and Branden [11].

Theorem 1.10 shows that, in the instance where two root systems ® =
B,,C,, are associated with the same Weyl group W, it turns out that
Nar(®,m, k;q) depends only on W, and not on @, even though the
polynomials Krew (®, O, m; q) for the two root systems are not the same (they
are not even indexed by the same set). It is also interesting to note that,
although the polynomials Krew(®, O, m;q) can have negative integral coeffi-
cients in types B and C, the formulas above for Nar(®, m, k; ¢) exhibit them
as polynomials in ¢ with nonnegative coefficients, that is, lying in NJg].

Theorem 1.10 is proved in Sect. 5.

2. Reviewing f. 4 and the g-Kreweras Numbers f, ;

In this section, we detail some results from [43]. Recall that S = Sym(V*) is
the graded ring of polynomials on the reflection representation V' of W and
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r = dimV. When m is very good for @, it is known [5,20] that S contains
a homogeneous system of parameters §(™ = (9§m), .. .,95’”)), all of degree
m, whose span is W-stable and carries a representation isomorphic to V. This
implies by [41] that the W-invariant subspace of the finite-dimensional quotient
ring S/(6("™) is a graded vector space whose Hilbert series is Cat(W, m; ¢) and
in particular shows that Cat(W, m;q) is polynomial. A main result of [43] is
that S/(0(™), as a graded W-module, is an integral combination of certain
finite-dimensional graded W-representations (and their graded shifts), related
to the Green functions that arise in the representation theory of Chevalley
groups.

To be more precise, let G be the connected simple algebraic group of ad-
joint type over an algebraically closed field k of good characteristic p attached
to the root system ®. Let g be its Lie algebra. For a nilpotent element e € g,
let B. be the variety of Borel subalgebras containing e, known as a Springer
fiber. Let Zg(e) be the centralizer of e in G and let A(e) := Zg(e)/Zg(e)
be the component group of e. Then the l-adic cohomology H*(B.) carries a
representation of W x A(e) [22,31], originally defined by Springer [45]. Denote
the irreducible Q,-representations of A(e) by A(e). For ¢ € A(e) define the
finite-dimensional, graded representations Q. 4 so that

H*(Be): Z Qe,¢®¢7

pEA(e)

as graded representations of W x A(e). The cohomology of B, vanishes in odd
degrees and we grade Q. 4 by putting ¢ in cohomological degree two. Then (as
Frobenius series)

S/07) =" fes(mi Q) Qe.o (2.1)
ed

where fe »(m;q) € Z[g] and the sum is over a set of representatives e of the
nilpotent orbits in g and those ¢ € fl(e) that appear in the Springer corre-
spondence.

There is an explicit formula [43, Eq. 18] for f, 4(m;¢) that involves (1)
the cardinality of the rational nilpotent orbits in g for a finite subfield F, of
k; and (2) the Frobenius series of the reflection representation V' in Q. 4.

Define {(my, 1), (ma, 72), . . ., (M, Tx)}, where m; € Zsg and ; € A(e),
by
qu<H2j(Be)7 Viw =q¢™m + ¢+ -+ ¢y, (2.2)
j=0

where the pairing is the usual inner product for W and the result is viewed
as a Frobenius series for A(e). It turns out that at most one of the m,’s is
non-trivial and we set 7, to be this non-trivial representation of A(e) when it
occurs. When e belongs to Oy, it is known [29,44] that the m;’s coincide with
the m;(X) from 1.6.
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Let G(Fy) C G be the F,-points of G with respect to a split Frobenius
endomorphism F. Let ¢ denote a conjugacy class in A(e) and e, a representa-
tive from the rational G(FF,)-orbit in g over F, corresponding to the pair (e, c).
Set d,, = dim(m,;) and M =mq + -+ +my_1 + d,. - my. Then

k—1
fe.o(m;q) = qm(r—n—dn—s-l)-s-M H(qm_mj 1)
j=1
- dy /\dm Z (C)
. Z( ) —i z(m mn)z |ZGF . (2.3)
=0

When 7, is trivial, the above expression simplifies to

K

fep(m;q) = qm(rfm)Jerj H ( m—m; _ (Z |ZGF el > . (2.4)

=1

In the present paper, we are primarily concerned with the Frobenius series
of S/(#(™) at the trivial representation of . Since the trivial representation
of W only occurs in @), 4 for the trivial local system ¢ and then only once in
degree zero [10], we obtain the identity

Cat(W,m;q) = Zfelmq (2.5)

By [43, Theorem 15]
fe.p(m; g =1) = Krew(W,m, [X]) (2.6)

when e is conjugate to a principal nilpotent element in [x. When e is not of
that form, on the other hand, f. 4(m;q = 1) = 0. In light of these results, it
is reasonable to think of f, 1(m;q) as g-Kreweras numbers, where there is one
such polynomial for each nilpotent orbit in g.

Definition 2.1. The ¢-Kreweras numbers for ® are defined to be
Krew(®,0,m;q) = fe,1(m;q)
foree O.

We will write down the formulas for f. 4(m;¢), and hence Krew(®, O, m; q)
in Sect. 3.1 for type A,,_1, Sect. 3.5 for the other classical types, and Sect. 3.6
for the exceptional types.

3. Computing f. 4, and the Proof of Theorem 1.5

We use the following notation in this section. For a partition A, let p; := p;(N),
which is the number of parts of A of size j. For a nilpotent element e € g, let

d = dim Z¢(e) and d* denote the dimension of a maximal unipotent subgroup
of Zg(e).
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3.1. Type A

For simplicity we will work with G = GL,,(F,) and adjust our results for the
case where G is adjoint. Recall from the introduction that the nilpotent G-
orbits in g are parametrized by the set P(n) of partitions of n, with A € P(n)
corresponding to the sizes of the Jordan blocks of any element in the nilpotent
orbit O, indexed by A. Let the Frobenius map F' consist of raising each matrix
element to the g-th power, giving the standard split structure on G, so that
GY = GL,(F,) and g&" = gl,(F,). Then it is known, say using the rational
canonical form, that nilpotent G¥-orbits on g are indexed by P(n); in other
words, the rational points of Oy remain a single orbit under G*.
We wish to compute

Krew(A,_1,0x,m;q) := fe1(m;q)

where e := e, € O, is a rational element. Since all A(e) are trivial in GL,,(F,),

the computation of f. 1 in (2.4) reduces to calculating mq, ..., m, and the value
of |Zgr(e)|. First, according to [29] we have
k={4A)—1 and m,;=yj. (3.1)
Thus (2.4), with r = n — 1, becomes
for = gm—tON+("SY) 47 1 m—j _q 3.9
e o] @0 62

where the extra factor of ¢ — 1 accounts for the center of GL, (F,) since the
formulas in (2.4) are presented relative to an adjoint group.

Next, we need to compute |Zgr(e)|. As a variety Zg(e) is isomorphic to
the product of an affine space (its unipotent radical) and a maximal reductive
part of the centralizer of Zg(e). The reductive part is isomorphic to

Zred 1= H GLy, (]Fq)-
J

Up to isomorphism, the affine space and each factor in the reductive part carry
the standard action of F', so Zgr (e) is isomorphic over Fy to

Fg% X HGLH’j (Fy).
J
Since
IGL(Fy)| = ¢®) (g — 1)L,
it follows that
Zar(e)] = % (g = )P T [ Il (3.3)
J

The Borel subgroup of Z,.q has dimension (“J'QH), sod“=d-Y (“j;rl).
Now d = >"(\))? (see [14]) and so a calculation gives

=302 -Y (“J‘; 1) - (“2”) +o(N) (3.4)
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where
c(N) == Z NNy
Jj=1
Plugging (3.3) and (3.4) into (3.2) yields

1 _ [m — 1],
IT;[k5llq  [m—€(N)]Yy

_ ot —e L { m ] ,
H q

[m]g

fe 1= qm(n—é()\))—c()\)

as asserted in Theorem 1.5(Type A).
Remark 3.1. The formula for |Zgr(e)| could also be obtained by looking up

Fl_ _lG"| .
the value |O.| = 7oy i, for example, [16].
e

3.2. Preparation for Types B, C, D
From (2.3), in order to compute f. 4, we need to evaluate the sum
P
- |Zgr (ec)|
as ¢ runs over representatives of the conjugacy classes in A(e). The compo-
nent group A(e) is elementary abelian, hence we will have occasion to use the
following two lemmas.

First, we introduce some notation for working with elementary abelian
groups and their characters. Let v,w € (F2)®. Write v = (v;), w = (w;) relative
to the standard basis and denote the usual dot product by (v, w) := >"7_, v;w;.
For each w € I3, define the character ¢,, € @ by

Pw(v) = (-1)" € Q.
Every character of IF5 is of the form ¢,, for a unique w.

Let x1,29,...,zs be a set of s variables. For a € Fy and a variable y, we
evaluate y* to 1 or y according to whether a = 0 or a = 1, respectively, in Fs.
Then the next two lemmas have similar proofs; we omit the proof of the first,
since it is very similar to the proof of the second, but simpler.

Lemma 3.2. Let ¢ be a character of Fs5. Let t be a nonnegative integer with
0<t<s. Then

t
¢
v 25 [T ifw; =0 for all j > t,
> o) [+ (-1 = § 2 Lot iy =0 foralt
vels =1 0 otherwise,
where w is the unique element of F5 for which ¢ = ¢,,.

We remark that this identity also holds in the degenerate case where
s =0.

Let K denote the subgroup of F§ consisting of those v € F§ with > v; = 0.
Any character ¢ € K is now equal to the restriction of ¢,, for two values of
w € F3, call them w’,w”, where v’ +w” = (1,1,...,1).
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Lemma 3.3. Let ¢ be a character of K and s > 0. Let t be a nonnegative
integer with 0 <t <'s. Then

>~ o) [T+ (1)

-

veEK i=1
257 ! (H’L 1 xwl + Hz 1 xw +1) th =5
—{ 9s-1 lel ;uﬂrl ift <s andw; =0 forall j >,
0 otherwise,

where w s the unique element of F5 for which ¢ = ¢, and ws = 0.

Proof. Embed F in F§ via the first ¢ coordinates. Then

[T+ (<) = 3 [T (-1)%) —}j([pw+j o
i=1 ueRy i=1 weFs \i=1

u€eFs i=1 u€F}

Writing x%*1 for H: Lz i1 and using the identity above and switching the
order of summation gives

S 600 [J@: + (1)) = 32 x4 3 6, (0)u(v)

veEK i= u€F} veEK

The character theory for K implies that the inner sum equals zero unless
¢w = ¢, on K, in which case it equals |K| = 2°~!. Now the equality ¢,, = ¢,
holds on all of K if and only if

wy + W2 = Uy + U2, W2 + W3 = U + U3, ..., Ws—1 + Ws = Us—1 + Us.

If t = s, this happens if and only if u = w or u = w + (1,1,...,1), giving the
first part of the result.
Next consider the case where t < s. Since w41 = Uppo = ... = ug = 0,
a necessary condition for ¢,, = ¢, is that wir1 + wepe = 0, Weps + Weys =
0,...,ws—1 +ws = 0. Since w; = 0 by the hypothesis, this means that w1
- = wg = 0 for ¢, = ¢, to hold, giving the third part of the result. Moreover,
if ¢y = ¢y, then also u; = wy since both wyy1 = w1 = 0. Continuing in this
fashion u;_1 = ws_1,...,u; = wi. So the unique solution for u is v = w, which
is the second part of the result. ]

3.3. Computing the Summation

Here, again we abbreviate a = b mod 2 as “a =b”. For € € {0, 1}, let
St:={jeN|j=epu;=0u;#0} and
S-:={jeN|j=ep; =1} and
Se:=S-USH={jeN|j=¢pn; >0}

For types B,C, D, we set q to be a power of an odd prime.
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Type C. For A € Pc(2n), pick e € Oy. Then working in G = Sp,, (F,), a
maximal reductive part of the centralizer Zg(e) is isomorphic to

HSpM] )< ] Ou, (F (3.5)

J€So

Let A be the elementary abelian 2-group with basis Sy = S, U Sy For
c € A, we write

c = (Cj)jGSo with cj € Fs.

We identify A with the component group A(e), where (¢j) € A corresponds
to taking an element of determinant (—1)% in the orthogonal group in (3.5)
indexed by j, for each j € Sp.

Now, we assume that e € g©" and has split centralizer. For ¢ € A(e), we
twist e by ¢ to get another rational element e, € O.. In this way, we obtain
representatives from all the G¥-orbits on OI. Under our identification of A
and A(e), the group of rational points in a maximal reductive subgroup of
Zc(e.) is isomorphic to

H Sp/tj (]FQ) X H Oﬂj (]Fq) X H OZJ] (F )
J=1 JESY jEST
where the groups in the last product are either split or twisted orthogonal
groups of type D depending on whether c; is equal to 0 or 1, respectively; see
Shoji [40, Sect. 1].
At this stage another g-analogue notation is helpful: for a nonnegative
integer n, let

n(N) = (- 1D(g* = 1) (L2 — 1)
_ { (> —1)(¢* —=1)---(¢V —1) if N is even,
(?=1)(¢* = 1)+ (¢N~1—1) if N is odd.

or in other words,

n@m+1) =n2m) = [[(¢* - 1.
The cardinality of Zgr (e.) is therefore (see, e.g., Carter [14, Sect. 2.9, p. 75])
s
A IHn w) TT ns) T (@ = (=1)%) -n(u; —2).  (3.6)
JESy JjEST

Getting a common denominator over all the conjugacy classes in A(e), we
obtain

>  Zed@ sy (a7 + (1))
— [Zar (co)] AT n(y)

(3.7)

To evaluate this sum we use Lemma 3.2 with z; = q%, s =|So|, and t = |S{|.
Choose w € A to be the unique element so that ¢ = ¢,,. Then by the lemma
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the expression in (3.7) equals 0 if w; # 0 for any j € S, and

_dv Bi
d +E.f€5§,u1j:0 2

Plc) g
Ec: Zarled)l — TLmleg) (3.8)

if w; = 0 for all 7 € S5 . The value of d* is computed in Sect. 3.4.

Type B. An important feature is that S} is always non-empty, since |A| is
odd. In type B,, we work with G = SOq,,+1(F,), and thus a maximal reductive
subgroup of Zg(e) is isomorphic to the determinant one elements in

[I8p., &) x [ O, (Fo) (3.9)
J=0 JES1

Here, we define A to be the elementary abelian 2-group with basis S,

with elements written as
c= (Cj)j€S17

where ¢; € Fy. Let K be the subgroup of A consisting of elements (c¢;) with
> c¢; = 0. We identify K with the component group A(e), where (¢;) € K
corresponds to taking an element of determinant (—1)% in the orthogonal
group in (3.9) indexed by j for each j € S;.

Keeping the same notation as in type C, the group of rational points in
a maximal reductive subgroup of Zg(e.) is isomorphic to

[15p,., () x [ Ou,(Fy) x [] O3 (F,).

7=0 JEST j€sy
The cardinality of Zgr(e.) is, therefore,

u “i o
¢ - A@ T n(w) T nes) TT (@7 = (=1)%) - n(u; —2).  (3.10)
7=0 JEST jest

Getting a common denominator over all the conjugacy classes in A(e), we
obtain

B o
s o) _ TetOMes o + 1) o
— |Zgr(ec)| q*|A(e)| TT; m(ky) ' '
To evaluate the sum we use Lemma 3.3 with x; = q%, s = |S1], and

t = |SF|. Note that t < s since S; is non-empty, so the first scenario in the
lemma never occurs. Write ¢ as ¢,, for w € A with w; = 0 for some i € S ;
such a w is unique. Now if w; # 0 for any j € S, then the third scenario
in the lemma applies and the expression in (3.11) equals zero. On the other
hand, if w; = 0 for all j € S, then since ¢t < s, the second scenario of the
lemma gives

—dv kR
d +Zjesl+,w-:o 2

plc) g i
ZC: [ Zar(eo) LT, (k)

(3.12)

The value of d" is computed in Sect. 3.4.
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Type D. We proceed as in type B and write ¢ = ¢,, for the unique w € A
with w; = 0 for some ¢ € S when |S; | > 0. Now, |A| is even and so |S7 | is
even, but it could be zero. Therefore, in evaluating the sum ). % all
three scenarios in Lemma 3.3 can occur. When s > 0, we, therefore, have

e

plc) ¢
ZC: [Zar(ee) 11 n(uy)

ja¥ 3 jai 3
quGS;r,wjzl T qugs;r,wjzo 3 if ‘Sl_| =0,
Diest 4 e - : -
€Sy ;=0 if |S7] > 0,w; =0 for all j € ST,
0 otherwise.

(3.13)

Remark 3.4. The case s = 0 is equivalent to the partition A having only even

parts. In such a case, there are two SOq,, (F,)-orbits corresponding to the same

A. In each of these cases, A(e) is trivial and the formula for |S] | = 0 above is

correct if we interpret it as the sum over two elements, e; and e, one in each of
n e 1 1

the two SOgy, (F,)-orbits: Zar (el T Zgr (e In other words, the value, when

multiplied by |G|, gives the number of points in the Oa,(F,)-orbit through
either element.

3.4. Value of d“

Recall that d* is the dimension of a maximal unipotent subgroup of Z¢(e). Let
dy be the dimension of the unipotent radical of Zg(e) and dy the dimension
of a maximal unipotent subgroup of the reductive part Zyoq of Zg(e). Then
d" = d{+dy. Since dj is the number of positive roots for Z,.q, we can compute
its value from the known type of Zyeq given previously. The value of df can
be found in [14, pp. 398-9]. Recall that )\ is the dual partition for A and that
c(A) 1= 220 NiN -

Type C. We have

S
I
N[ =
7
Rl

(V)
|
(]
S
+
(]
F
o
2

7=0
2 2 2
1 (pj — 1) 1 p
dv = 3 J LA
2T Ly + Z T Z 4 2
J=1 J=0 J=0
Hi=1 ;=0
1 , 1 L(\)
RS Dl ha o

where L(A) is the number of 11, that are odd. Hence, since \| = £(\),
U o Ju U 1 /\2 1 2 L()‘)
I L

1 /\2 1 / l 2 LO‘)
252(%’) _ZZ(/\J'_ i+ =
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- T T . (3.14)

Types B and D. We have

B =[S0 - - Y | andag =1y LY+ HY

Hence, since ) p; = £(N),

U Ju U 1 /\2 1 2 L()‘) E()‘)
&' =di +d; = 520‘]') *Zzuj+7*7
NP ) ey LY
=y T vttt (3.15)
3.5. Finishing the f. 4 Calculation in Types B,C, D
We first handle types B,, and C,,. By [29] and [44], we have
K= V(;)J and
(my,...,mg)=(1,3,...,26 — 1). (3.16)

Moreover, 7, is always trivial (see [43]), so fe, is computed by (2.4), which
becomes

142]
eS| [ZeSAE (2 é(c)
fos = g5 DAL g ——Z ). (317
¢ 11 N2 Zarte ) @17
We introduce the following notation
— K

Be(Aw) =Y 5 (3.18)

jze‘ujzo

’LUjZO

and recall from the introduction that

IO 12 (N2 0 for £(\) even,
d(A) == L(z)J - (4) = { — @ for €E>\§ odd,

—

4
N :=|N/2], and for v = (v1,1vs,...), U 1= (D1, D, ...).
Proposition 3.5. Write ¢ = ¢,, as in Sect. 3.3. For g of type B,, or Cy,, fe

equals zero unless w; = 0 for all j € ST, where e = 0 for type C and ¢ =1 for
type B, in which case fe. 4 equals

X L) ) .
qm(n—z(x))+i—%—¥+@1(,\,w) ) H (qm—2i+1 ~1) {m /;(f)()\)} (Type By)
i=1 q?

LN
m(n—_ _e) LN w i 5 — LI
e e | (Tt [m ( )} (Type C).
i=1 q2
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Proof. Using (3.8) and (3.12) and the fact that

£

H (qm—(Qj—l) _ 1) _ n(m)

j=1

the expression in (3.17), when nonzero, equals

(O ) — n(m)
foo=4q U(n—L(N)+HL(N)? =d" +-Be (A w) . (3.19
. im0V () o) 19

Next, we have

n(m—LN) - n(p) -nlpe) -+ % CY R PP

since /(\) = L(X) + |fi(\)]. The results follow after substituting in the appro-
priate value of d* from Sect. 3.4. O

Recall from the introduction that

= > %

J=€,u;=0

which is the value of B¢(\,0) when w = 0, which corresponds to the trivial
character of A(e). Thus the results in the Proposition simplify to those in
Theorem 1.5 (Types B,, and C,,).

Type D,,. We now turn to type D,,. Here, the values of mi, ms, ..., m, depend
on both £(\) and the parity of p; [44]:

e When p; is odd, k = @ —1 and
(m1,ma,...,mg) = (1,3,...,2k — 1).

e When p; is even, k = @ and

(m1,ma, ... my) = (1,3,...,%—3,@()\)—%—1).

What complicates the type D,, picture is that 7, may be non-trivial when
w1 is even. It is always trivial when p; is odd. Let us now describe when this
happens and what 7, is. To that end, we define a subgroup H C A(e). Suppose
that pp is even and nonzero. Then e lies in a proper Levi subalgebra [ of g
of type D of semisimple rank n — &. Now if A contains an odd part different
from 1, then A(e) will be nontrivial and, moreover, the component group of
e relative to [ defines an index two subgroup of A(e), which we denote by H.

We can now recall

Proposition 3.6 [43, Proposition 10]. If 1 is odd or p1 = 0 or p; = 0 for all
odd j > 1, then m, is trivial. Otherwise, m, is the nontrivial representation of
A(e) which is trivial on the subgroup H.

We can now give the formula for f. 4.
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Proposition 3.7. Write ¢ = ¢, as in the Type D subsection of Sect. 3.3. Then
fe.o =0 unless w; =0 for all j € Sy . Otherwise,

fe.s = qw("’m’)‘H’Bl(A’w)multiplied by

L(y-1 . .
gmt1- () . m=2j+1 _ 1y, |+ 1= L(A)} g is odd
1I @ DR ol
oy n— L(\)
2N —p1 m=2j+1 _ 1) . {"ﬁ_ ]
q ]_1;[1 (a ) f>2(N) | 2
“ {m +1-— [i(A) - |M22()\)q if pa is even, w1=0, and L(A\)>1
ar(A 2
oy LY - L
A% H (qm*2j+1 —1)- [m ;()\)( )} if p1 is even, wi=1, and E(/\)Zl
j=1 a2

0471 (V) =281 (Aw) m} 4 gV
! L(A) ¢

q2

Lz {m—i_ ' |[‘22(>\)|} ) if wi =0 and L(\) =

3

X | . ~

Ltz () ar(A)

i m} 4 i =+ () =261 (Aw)
! {u) P

{ o ]2{m+17|‘u>2( ”Lz ifwi =1 and L(\) =

f>2 A1 (X

In fact, since in the last case w can always be taken to have wy = 0, we only
need the first formula.

Proof. When p1 is odd, then 7, is trivial, so formula (2.3) becomes

/\
_ 1o p(c)
fe e qm(n +1)+(=3 1 H —(25—-1) _ Z _P\&)
’ e —~ |Zgr(ec)|

_ =D 1) n(m) R

n(m+1—00) () -nlps) -

using the second part of (3.13) since |S; | > 0. The result follows from the
formula for d* in (3.15) and the identity

n(m)
n(m+1—2EN)-n(u) - n(p2)
T ey [ D] o) ss
—{ o . s { ) Lz = (3.20)
i+ 1 .
G {ﬂ(A)L if L(A) =0,
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Next when i is even, formula (2.3) becomes

(N —
fe’(b _ qm(n7 Z(X) K(A) # H —(2j—1) _ 1)

. (Q () 7*71)2 \ng ol Z - e(‘; > . (3.21)

since 7, is always one-dimensional.

When p; is even and L(\) > 1, since |Sy | > 0, the second part of (3.13)
is used to evaluate each sum in (3.21). In this case, 7 is nontrivial if and only
if pq is nonzero. For ¢ = ¢,,, the vector corresponding to 7@, is the same
as w but with the parity of w; changed. Thus as in the previous case, (3.21)
becomes

Ly-1 R N
qm(n—%*%%—%l [T (% -1). {m +1- L(/\)] g B )
e f(A) 2
qm+1—€(>\)+“71 _ q—“—; if wy, =
{qm+1—e(A)+“21 ¢ ifw = (3.22)

The following two identities are easy to verify, for A € N and v a partition

with |v| < A:
{ZX] _ [VA } [A - I/22|] and (g2 — 1) [A + 1] — (M 1) [A} .
q =214 Y1 q v V1

Using these identities and the identity L(\)+|is2(\)| = {(N\)—fi1(N), we have

q

[m +1- ﬁ(A)} (qm+1—z<A)+%1 _ —%)
q2

fi(N) 1
= q*ﬂl((qQ)ﬁl+1*é(>\)+ﬂ1 —-1) {Th +;(;)L()‘)}
= g (@) ) [m JL iz—()\L)(/\)] 2 {m +1- szlA()A )— sz(A)q 2
_ g2y oy [ LY [ 1= LY = Jaza (V)]
= g (2L ) [ PN } [ ) 2 ] 2

and

m+1— L)) mAl—(A)+ 5 AL
{ ey ] NG %)

— qﬂl((qz)ﬁ+l—Z(A) ~1) [m +} - ﬁ()\)}

q
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_ (g2t —L—la] _ qy [T =LY

o (g2t n - L)
_ M (@)Y [mA }
o o,
and the result follows for this case by inserting these values into (3.22).
Finally, when p; is even and L(A) = 0, we have S; = 0. Thus there are
two possible choices for w: w and w+ (1,1,...,1) will both give the same ¢,,.
The formulas will not depend on the choice. The two summations in (3.21)
will both make use of the first part of (3.13). The calculation is similar to the
previous case after noting that 71 (\) — f1 (A, w) = Zjesfr,wjzl B O
At w = 0, Proposition 3.7 is Theorem 1.5 (Type D,,), since £ (A, w) =
7'1()\) and ’7'1()\) — 2ﬁ1()\,w) = —Tl()\).

]?emark 3.8. When A has only even parts, then in particular pu; = 0 and

L(A) = 0 and 71 (\) = 0. We are in the last case. Then the expression in the

Corollary simplifies to 2q¢(”’m’)‘)+2()‘) [[jg\)} . This value is actually twice
q2

the value of f. ; for e in either nilpotent orbit associated to A. See Remark 3.4.

3.6. The f. , for the Exceptional Groups

The polynomials f. 4 are listed in the third column of the following tables. The
first column is the Bala-Carter notation for the nilpotent orbit O, together
with ¢, if non-trivial. All A(e) are symmetric groups and we denote ¢ by the
corresponding partition for an irreducible representation of a symmetric group,
where [1¥] is the sign representation. Recall that an orbit is principal in a Levi
subalgebra when there are no parentheses in the Bala-Carter notation. The
letters in the notation denote the semisimple part of the Levi subalgebra. In
the second column are the representation exponents m;. Exponents are listed
according to the value of m;, so that if V occurs in Q. ¢, it is listed in the row
of (e, ¢); a dash indicates that V' does not occur within Q). 4. We abbreviate
[alq by [a] in the last column of the tables.

Ga
(6, (b) m; fe,qﬁ
[m—1][m—5]
0 1,5 o=
A~1 1 qm_ [ [2]1]
m—3 [m—
Ay 1 ¢ D ,
Ga(a1) 1 ("' =1)-qm"
GQ(al)7 [25 1] -
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Fy

(6’ (b) m; fe,d)
m—1][m—5][m—T7][m—11

0 1,5,7,11 [ 1]1[ ]L[ ﬁﬁ};ﬂ”][ 7]]
m— m - —

i o o

Al, [1 ] — qm—SW

i m m—1][m—5
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Er
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Da(ar), [17] _ ("1 1) g 11%
Az + 24, 1,5 qsmfzgw
Dy(ay) + Ay 1,5 (1 —1). gim—22Im [g 21175]
Dy(ay) + Ay, [12] 5 (1 — 1) - gtm—20 [m—g Z]z—ﬂ
Dy 1,3,5 q4m—16%
As+ Ay 1,5 P2 [m—[12][;n7—5]
Az + Ag, [17] - qsm—%%f:—a
Ay 1,5 gtm—16 =1l m75][(g]22[[7g73]+[m,5])
Ay, [17] 4 gt =17 Imlm =5l g5
Az + As + A4 1 om—30 [m[ ]1]
Al 1,5 P [2 211—5]
Dy + Ay 1,3 @ 21 [m 1 Z]z—3]




V. Reiner and E. Sommers
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Fg, part 3
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4. Proof of Theorem 1.6

Before recalling here the statement of the theorem, and giving its proof, let
us review some of the terminology. We let R = rank(Zg(e)), while H*(B.)
denotes the cohomology of the Springer fiber for e € O, regarded as a W
representation. Finally, the ill-behaved nilpotent orbits from (1.7) are

Fy(as), Es(az), Ees(az) + A1, Eq7(as), Er(as), Es(ar), Es(as), Es(bs),
Eg(a4), Eg(ag,).

Theorem 1.6 Let e be a nilpotent element not among the ill-behaved orbits from
(1.7), and assume that f. 4 is not identically zero. Then there exists L,c € N,
independent of ¢, such that

L
fe.p(m;q) = H TR 1) - g™ - gg(ms ),

[m—a;]

where gg(m; q) is the sum of at most two products of the form ¢~ Hf;l Tt
ilg
for some a;, b;, z € N. Moreover, we have the following properties

cm

(i) For each very good m, the polynomial g
(ii) The rank v of g equals L+ ¢+ R.

(iil) The multiplicity of V in the W-representation H*(B.) is r — c.

(iv) If e is principal-in-a-Levi, then L = 0. In particular, fe4(m;q) € Nlq]

for each very good m.

(v) If e is not principal-in-a-Levi, then L > 1. In the exceptional types it

always happens that L = 1.

Even when e is one of the ill-behaved orbits from (1.7), at least for the
case when ¢ = 1, the polynomials fe1(m;q) are always nonzero, and still have
properties (i), (i), (iv), (v) listed above.

Let us embark on the proof. The fact that fe 4 takes the form asserted in
the theorem follows from inspection of the formulas for the f. 4. The formula

- gp(m; q) lies in Ng].
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in part (ii) is a consequence of (2.3) and the fact that

Z o(x) £0,
' Zar (er)]
whenever ¢ = 1 or e does not belong to one of the orbits in (1.7). This also
explains why f. 1 is always nonzero. The formula in part (iii) is a consequence
of (2.3) and the fact that

3 (A7) (2) - p(2)
|Zgr(ez)]
whenever e does not belong to one of the orbits in (1.7), so that c =1 — (k —

1+d,).

For (i), (iv), (v), it remains to show that L = 0 if and only if e is principal-
in-a-Levi and that g4(m;q) has the desired positivity property. We do this
case-by-case.

4.1. Type A

Since every nilpotent orbit in type A, is principal-in-a-Levi, we need to show
that for every A € P(n), when ged(m,n) =1 one has

T L0 &g

According to [36, Corollary 10.4], this follows if all the p;(\)’s together with
m have the trivial greatest common divisor. But this is true since a common
divisor of all the 11;(A)’s would also be a divisor of n = [A| = >, ju;(A), and
we assumed that ged(m,n) = 1.

4.2. Types B,C

For A in Pp(2n+ 1) or P(2n), the orbit O, is principal-in-a-Levi if and only
if L(A) = 0. Thus, whenever O, is not principal-in-a-Levi, so that L(\) >
0, the formula for f. 4 in Proposition 3.5 contains as a factor the product
Hf:(i‘)(qm_%“ —1). On the other hand, if L(\) = 0, this product is empty,
and fe ¢ € N[g|] because it is a power of ¢ times a g-multinomial. For the same
reason in all cases, aside from this product, the remaining factor lies in N]g].

4.3. Type D

For A € Pp(2n), the orbit O} is principal-in-a-Levi if and only if L(A) =0 or
L(X) = 2 with pq odd. Note that |L(\)| is always even since A is partition of
2n. We examine separately the three conditions on A in Proposition 3.7.

o If yy is odd, then L(A) > 2, or equivalently L(A) > 1. Thus, in this
case, O, is principal-in-a-Levi if and only if L(\) = 1. Thus, the product

0,

x

Hf:(i)_l(qm_%“ — 1) is non-empty exactly when O, is not principal-in-
a-Levi. The remaining factors in f. 4 all lie in NJg].

e When L()\) > 2 and p; is even, Oy is never principal-in-a-Levi. Since
L()\) > 1, the product HZL:(?) (gm~2*1 — 1) is always non-empty. The
other terms in f. , lie in N[g].
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e When ﬁ()\) =0, O, is always principal-in-a-Levi, and f. 4 € N[g] because
it is a sum of a g-multinomial and a product of two g-multinomials, shifted
by powers of q.

Remark 4.1. In types A, B,C, as well as in the first case of type D, those
O, which are principal-in-a-Levi not only have Krew(®, Oy, m;q) in N[q], but
also have their coefficient sequence symmetric— this follows in type A from the
same result [36, Corollary 10.4] quoted earlier, and follows in the other types
because ¢g-multinomials have this property.

However, this is not in general true for the third case in type D, even
though they are always principal-in-a-Levi. For example, when A = (3,3,1,1)
in Pp(8) one has

. 2
. 14 m m
Krew(Dy, O3.3,1,1),m;q) = q ([1’1] B + [qu)

which equals 2¢™* + 4¢'6 4 6¢'® + 7¢%° + 5¢%% + 3¢** + ¢*6 when m = 9.

4.4. Exceptional Types
In the exceptional types many fe 4(m;q) can be related to Cat(W’,m;q) for
some Weyl group W', which has the desired positivity property.

Most of the remaining cases can be handled by writing

o lm —ail

H m — Gilq (4.1)

i=1 [bi]q
as a product of polynomials in ¢ with positive coefficients as in the paper of
Krattenthaler—Miiller [27]. This is accomplished by restricting m to a fixed
congruence class modulo the least common multiple of the b;’s (with m also
relatively prime to h). We wrote a program in Sage [38], posted on the second
author’s webpage, that accomplishes this task, except for a handful of cases,
making use of [27, Corollary 6], which states that

lalatl,
ol 4.2)

is a polynomial in ¢ with positive coefficients when ged(a,b) = 1 and v >
(a—1)(b—1).

Example 4.2. Let e be of type Ay in Eg. When m = 17 modulo 2520, we find
that
[m — 1][m — 7][m — 11][m — 13][m — 17][m — 19][m — 23]
2J6] I 10]12][14][18)

is equal to
] (o) (i) (i)

x{m?} [m23} [ml}
10 410 6 4 2 qg.
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Each term is a polynomial with positive coefficients, using (4.2) for the expres-
sions in parentheses.

The remaining cases are a few of those where g4(m;q) is a sum of two
terms of the form in (4.1). For some congruence classes, each expression of the
form (4.1) alone will not even be polynomial, let alone positive. We give an
example that illustrates how these cases are handled.

Ezample 4.3. Let e be of type Ay in Eg. The expression for f.1(m;q), up to
a power of ¢, is

[m — 1][m — 7][m — 11][m — 13][m — 17] ([m — 5] + ¢*[m — 23])
[2][6][8][10][12][18]

As long as ged(m, 30) = 1 and m # 29 modulo 30, the program returns fe 1
as a sum of polynomials with positive coefficients, possibly after rewriting
[m — 5]+ ¢*[m — 23] as [m — 19] + ¢*[m — 9]. Otherwise, neither summand as in
(4.1) is polynomial and this also holds even if we rewrite [m — 5] + ¢*[m — 23]
as [m —19] + ¢*[m — 9]. In such cases, we need to deal with the full expression
[m — 5] + ¢*[m — 23]. For example, when m = 29 modulo 360, we can write

[m — 1] (W) as

(6][10]
{m - 1] (4" + ¢%4) - [m - 29} ~_[15]g2 i [12]42 + ¢*[3]2 .
2 Jp 30 | gs0 [3l¢2[5]q2 [3]¢2[5] 42
4
Then, B2l2ta Bl2 _ q'° — ¢® + ¢* — ¢®> + 1, so the product of this polynomial

[3]42 5] 2
with [’"T_l]q2 has positive coefficients as in the proof of Corollary 6 in [27].
The remaining terms in f. 1 are

[m—?] {m—ll} {m—l?)] {m—lq
2 Jpl 18 Jas| 8 Jsl 12 .7

and so fe 1(m;q) has positive coefficients when m = 29 modulo 360.

All cases in the exceptional groups can be handled by reducing to the
Catalan case or the case of one of these two examples. It would be nice to have
a uniform proof, or at least one that makes use of the fact that f. 4(m;q) is
polynomial for all very good m.

This completes the proof of Theorem 1.6.

5. The g-Narayana Formulas

In this section, we prove, in types A, B, C, that the g-Kreweras numbers, when
summed over nilpotent orbits O with a fixed value of the statistic d(O) as in
(1.8), give the g-Narayana formulas in Theorem 1.10.

In type A,—1 we have d(Oy) = {((A\) — 1 from the formula for
Krew(A,—1,0\,m;q) since r = n — 1. Thus, we want to show that for k
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in the range 0 < k <n — 1 that

q(n—l—k)(m—l—k) [n _ 1] {m 1

Z Krew(A, 1,0\, m;q) = [k +1], k

AEP(n):
(N =k+1
In types B, and C,, we have d(©) = {()\), so we wish to show for k in the
range 0 < k < n that

Z Krew(B,,, Ox,m;q)
AEPB(2n+1):
I(N)=k

= > Krew(Cp,Ox,msq) = (¢3) "R [Z] m . (5.2)
AEPc(2n): q? q>
iN)=k
We now give a proof that relies on counting the number of nilpotent
elements (over a finite field) of certain prescribed rank. In a sequel paper we
give some alternative proofs.

5.1. Type A

The sum on the left in (5.1) is over nilpotent orbits Oy with ¢(A) =k + 1. In
the formula (3.2) for f. 1, all the terms depend only on £(\) except for |ZE (e)],
where e = ey € Oy. Now ¢(\) = k + 1 means that ey is of rank n — k — 1
when viewed as an n X n matrix. It follows that the number of nilpotent n x n
matrices of rank n — k — 1 over I, is given by

3 GT]

AEP(n): ‘ZGF (6,\)|
L(N)=k+1

and thus by (3.2) the sum in (5.1) becomes

q'rn(n—k—l)—i-(k;rl) (q — 1)k+1[m — 1]!q

[m—k—1]l,
#{nilpotent n x n matrices of rank n — k — 1}
. G| : (5.3)

The number of nilpotent matrices of rank n — k — 1 equals (see [16,30])

(1) (g = D" )l [n - 1}

7 k+ 11, k

and |GF| = ¢(3) (¢ - 1)"[n]!,. Substituting these into (5.3) gives (5.1).

5.2. Types B, C

The sums in (5.2) are over orbits Oy where £(\) is fixed. As in type A, 1,
the formula for f.; in (3.17) depends only on £()\) except for |Z5 (e)|, where
e = ey € Oy. Now £()) is the dimension of the kernel of e in the standard
representation of g. Thus, the rank of ey is 2n+1—£()) in type B,, and 2n—£(\)
in type C,,. Therefore, the condition that ¢()\) = k means that the rank of ey
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is either 2n — 2k or 2n — 2k — 1. Now in type B, ¢(\) is always odd and so
in particular there are no elements of odd rank. Using this interpretation and
(3.17), the sums in (5.2) become

k

S Krew(By,exmiq) = ¢n R T (gD - 1)
XEPB(27L+1): J=1
iN=k
#{ nilpotent elts in g of rank }
2(n—k)
F
L 16 (5.4)
Z Krew(Cy,,ex,m;q) = qm(”*k)Jrkz H(qu(zjfl) —1)
/\€A73c(2n): j=1
iN=k

2(n—k)or2(n—k)—1
IGT]

{nilpotent elts in g of rank }

Lemma 5.1. The number of nilpotent elements of type B of rank 2s is equal
to the number of nilpotent elements of type C of rank 2s or 2s — 1. Both are
equal to

Proof. We use the formulas in [30, Theorems 3.1, 3.2]. The stated formula is
exactly [30, Theorems 3.1] for the number of nilpotent elements of rank 2s in
type B,. The number of rank 2s and rank 2s — 1 elements in type C), are,
respectively,

0 m " e _77(22)71((1_2;: "= and ¢ [ﬂ p 77(2”77?2?)—@22:)_ :

Adding these together gives

¢ m B :((22: _225)) (4@ = 1)+ g —1) =¢” m . n@’;@’gs)).

O

From the lemma, it is immediate that the two expressions in (5.4) are
equal. To evaluate them, we write

: n(m)
m—(2j-1) _ 1) — m

With s = n — k, the expressions in (5.4) evaluate to

~—

qm(nfk)+k2ﬂ.q(n,k)Q,(n,k)ﬂ(QTL |:’rL:| ) 1 '
n(m — 2k) n(2k) k], |GF]
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Since |GT| = q"zn(2n) in both types, this becomes

k)R (k)2 = (n—k) = ml |n
k . k 2

and the exponent of ¢ simplifies to 2(n — k)(m — k) as desired, where as before
A — mT_l.

Remark 5.2. From the description of special nilpotent pieces in [32], special
nilpotent pieces in types B and C' consist of some nilpotent orbits whose
elements are of rank 2s or 2s — 1 for some fixed s. It follows that the set of
nilpotent elements of rank 2s and 2s — 1 is a union of special nilpotent pieces.
Moreover, a special nilpotent piece in type B corresponds to a special nilpotent
piece in type C for the same value of s. Therefore, the equality between the
number of elements of rank 2s and 2s — 1 in type B and in type C also follows
from Lusztig’s work that the corresponding special pieces in B and C have the
same cardinality [32, Sect. 6.9].

6. Proof of Theorem 1.7
Recall the statement of the theorem:

Theorem 6.6. In types A, B,C, D, for m =1 mod h, say m = sh+ 1, and for
each W-orbit [X] of intersection subspaces of reflecting hyperplanes,
Krew(®,Ox,m;q = wq) counts those wy < --- < wg in NC'(S)(W) which
o are fized under the action of an element of order d in the Z/shZ-action,
and
e have the subspace V** lying in the W-orbit [X].

Remark 6.1. We mention here how recent work has generalized the type A, 1
special case of Theorem 1.7 from the special case m = sn + 1 to the case
of all very good m in type A, _1, that is, where ged(m,n) = 1. In [2], Arm-
strong, Rhoades and Williams introduced for all m > n with ged(m,n) = 1
the set NC(n,m) of rational or (n, m)-noncrossing partitions. These (n, m)-
noncrossing partitions are a subset of NC(m — 1), specializing to NC) (W)
when m = sn+ 1. One might ask whether the subset NC'(n,m) C NC(m —1)
is closed under the natural dihedral symmetry group of order 2(m — 1) acting
on NC(m—1); this was left open in [2], but later resolved affirmatively in work
of Bodnar and Rhoades [9]. In fact, recent work of Bodnar® has shown how
to define NC'(n, m) when m < n, again with the action of a dihedral group of
order 2(m — 1).

In particular, considering the cyclic Z/(m — 1)Z-action via rotations, the
Bodnar and Rhoades also proved a cyclic sieving phenomenon [9, Thm. 5.1]
whose m = sn + 1 special case is equivalent to the type A, _1 special case of
Theorem 1.7. These results involve a ¢g-Kreweras number that differs slightly
from the one in Theorem 1.5, in that it is missing the factor of ¢ (" —¢(\)=c(A)

3B. Rhoades, personal communication, 2016.
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However, this power of ¢ makes no difference in the proof of the cyclic siev-
ing phenomenon, as it happens to equal 1 whenever the ¢-Kreweras number
evaluated at an (m —1)% root-of-unity is nonvanishing— see Lemma 6.7 below.

The aforementioned work of Bodnar also extends this cyclic sieving phe-
nomenon to the case m < n.

In proving Theorem 1.7, our plan will be to first compute the evaluations
Krew(®, Ox,m;q = wq), and then compare them with the combinatorial mod-
els for NC'®)(W) in the classical types A, B,C, D.

6.1. Root-of-Unity Evaluation Lemmas

We collect here a few well-known observations on evaluating certain polyno-
mials in ¢ at a primitive d** root of unity wy. The proofs are straightforward
and omitted.

Warning: For the remainder of the paper, we abandon the convention that “a =
b” means a = b mod 2, as we will now need to often consider the equivalence
modulo d for other moduli d # 2.

Lemma 6.2. Let wy := €™ or any other primitive d*" root-of-unity.
(i) The polynomial

]y = L
m =
q 1— q
has wg as a root with multiplicity 1 or 0, depending on whether d divides

m or not.
(ii) For any positive integer m, the q-factorial
[m]lg := [1]g[2]q - - [m]q
has wq as a root of multiplicity [ |.
(iil) For d dividing N, the product
[N}q[N_l]q"'[N_k"‘l]
has wq as a root of multiplicity f%}
(iv) If a,b are positive integers with a = b mod d, then
lim @: ¢ z:fasz() mod d
g—wa [b], 1 ifa=b#0 mod d.
(v) For nonnegative n, k expressed uniquely as n = d-n+nandk=d k+k

with 0 < /%, n< d, one has
L

T I

i n 7 I
11m - ~ - 11m
q—wgq k q k q—wgq

In types B,C, D, we will need to evaluate certain polynomials in ¢? at

q = wq. As notation, let
d for d odd,
d-i=—— =144 and
ged(2,d) ) for d even.
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d for d even,
dt :=lem(2,d) = { } =2d~

2d for d odd

Some facts that will be used frequently without mention are that, for an even
integer 2V,

d divides 2N < dT divides 2N < d~ divides N,
and in this situation,
W _N
d+  d—’
The proof of the following assertions are then straightforward.
Lemma 6.3. Assume throughout that d divides 2N.

(i) For a sequence of nonnegative integers (aq,...,ay), one has

. N
lim
q—wq X1,y ...,0p q2

2N N
B (20“ da* 20%) = (al d- az) if d divides 2cv; for each i,
= a5 a3

otherwise.

(ii) Given a nonnegative integer k, for d = 1,2 one has

. [N + 1} <N + 1>
lim
q* k
but for d > 3 one has

q—Wq k
2N
. N+1 d.):( _> if k=0,1mod d~
i [V - (&)= (%) ¥
q° 0

q—wad .
otherwise.

6.2. The g-Kreweras Numbers Evaluated at Roots of Unity

We next use Lemmas 6.2 and 6.3 together with our formulas for
Krew(®, Oy, m,q) to evaluate them at ¢ = wy whenever O, is principal-in-
a-Levi, and d divides m — 1 = sh for some s > 1. We first compute only
their complex modulus, ignoring multiplicative factors of powers of ¢ (Propo-
sition 6.4). Then we check they are correct on the nose, not just up to modulus
(Proposition 6.6).

Proposition 6.4. Let s be a positive integer, and assume that d divides m—1 =
sh.

(i) In type A,—1 one has h = n, so that m—1 = sn. Every X in P(n) has Oy
principal-in-a-Levi. Then Krew(A,_1,Ox,m;q = wq) is nonvanishing if
and only if at most one 1, () is not divisible by d, and if such a jo exists,
then 1, (A) = 1 mod d. Furthermore, in this situation
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[Krew (A —1,O0x,m;q = wa)| =

’T.—-
=
a
S|~
=}
=
= 3
—
[i=}

(ii) In type By, C,, one has h = 2n, so that m—1 = 2sn. Then X in Pp(2n+1)

(iii)

or Pc(2n) has Oy principal-in-a-Levi if and only if at most one part
jo has o (\) odd, that is L(\) = 0. Then Krew(®,Ox,m;q = wa) is
nonvanishing if and only if d divides 2f1;(\) for each j, in which case

lim [S"} :(d>
Jm ) ) = U
In type D,, one has h =2(n — 1), so that m — 1 = 2s(n —1). Then X in
Pp(2n) has Oy principal-in-a-Levi if and only if either

e there are two part sizes, namely 1 and some odd jo > 3, with odd

multiplicity, so ji()\) =1, or

e there are no parts with odd multiplicity, that is, f/(A) =0.
In the former I:(A) =1 case, Krew(D,,, Ox,m;q = wy) is nonvanishing
if and only if d divides 2[1;(X\) for all j, in which case

. s(n—1 S(nifl)
hm[( )] :</ld(>\)>'
q? d-

g—wa | fi(N)
In the latter E(A) =0 case, Krew(D,,, Ox,m;q = wq) is nonvanishing if
and only if both
(a) p;i(A) =0modd" forall j > 2, and
(b) w1 (A) =0 or 2mod d™,
in which case

[Krew (®, Ox,m; q = wa)| =

[Krew (D, Ox,m;q = wa)|| =

[Krew(Dyp, Ox,m; q = wq)l

i[5 =] [stn=1)+1—[a>2(N)]) LN=—m ) [s(r=1)
qud <{ﬂ>2(>\)Lz { a1(N) L2 +q” { A(A) L2> H
s(n—1)\ (s(n—1) +1—|a>2(N)]
<ﬂ>2(?)> () f1(N) )
s(n—1
" ifd=1,
A(N)
(S(n - 1)) <5(n -+1- \ﬂzz()\ﬂ)
fi>2(N) f1(N)
(=1 S(Z(;)1)> ifd=2,
on 2s(n—1)
(1+(—1)7) 05 ) ifd>3 and py(N) = 0 mod d,
d+
2s(n—1)
<u1(/\)—g+“22<>‘>> if d >3 and p1(N\) =2 mod dt.
d+ ’ d+



V. Reiner and E. Sommers

Proof. Type A. The d = 1 case is clear, since one is setting ¢ = w = 1.
Thus, without loss of generality, we may assume that d > 2. We know from
Theorem 1.6 that
1 [ m } o [m_1]q[m_2}q"'[m_£()‘)+1]q
[mly V)], [ 115 (M)

multiplicity L%J in the numerator, and of multiplicity > i1 | £ jc(l)\)J in the
denominator. Hence, one must always have the inequality

and this must be an equality whenever this polynomial is nonvanishing at ¢ =
wq. Writing r; for the remainder of £;(\) on division by d with 0 <r; < d—1,
equality in (6.1) would force

e[l e e

Jj=1

Thus, Zj r; <1, or in other words, at most one of the y;(\) is not divisible by
d, and its remainder is 1. In this situation, one can use Lemma 6.2(iv) to match
up the numerator and denominator factors yielding the asserted evaluation in

(i)
Types B, C. This follows from Lemma 6.3(i) with N = sn.

Type D. The first case, where ﬁ()\) = 1, similarly to types B/C, follows from
Lemma 6.3(i) with N = s(n — 1).
In the second case, where L(\) = 0, we must set ¢ = wy in

[sé;—(Al))LQ [S(n -1 :11()3 =2Vl )-n) {S(Z&)l)} } .(6.2)

Note that Lemma 6.3(i) with N = s(n — 1) shows that, whenever condition
(a) above fails, both summands in (6.2) vanish— the first summand vanishes
because its first factor vanishes. Similarly, Lemma 6.3(ii) with N = s(n—1) —
|e>2(A)| shows that whenever condition (b) above fails, both summands in
(6.2) vanish— the second factor in the first summand vanishes unless 11 (A) =0
or 2mod d. O

q2

Hence without loss of generality we may assume that both conditions
(a) and (b) hold, and we examine what happens when one evaluates (6.2) at
q = wgq for various values of d. Note that when d = 1 so that ¢ = 1, it gives the
asserted evaluation, so without loss of generality, we may assume that d > 2.
For this case, we need a lemma.

Lemma 6.5. A X in Pp(2n) with pj(\) = 0mod d* has 2n = 0 mod d* and
ws1()\)—71(/\) _ (71)%.
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Proof. One has
2n =\ = jp;j(\) =0modd"
J

and

pO) -~ nN=m ) - 3 m =g (mN - X w0

7 odd odd j>3

_d(m®N 3 15 (A)
2 d . d
odd j>3
and, therefore,

ri(N) IS A i (X)
4 Z odd j>3 d — (_1)“15 )*Z odd j>3 Jd

B (X))

—_ (_1)2 odd j —d  — (_1)21 % = (—1)

wgl(A)*Tl(A) _ (wd )

o

n

o

O

Now continuing the proof of Proposition 6.4 in type D, together with
Lemma 6.3(ii), Lemma 6.5 gives the asserted evaluation for d = 2, as in that
case, (—1)% = (—1).

Now assume d > 3 and both conditions (a) and (b) hold. If u(A\) =
0 mod d™, then setting ¢ = wy in (6.2) gives, after applying Lemma 6.3(i)
with N = s(n — 1) — |i>2(N)],

2s(n—1) 2s(n—=1)—|p>2(N)|
ax .
p>2(N) p1(X)
dt dt
o 2s(n—1) o 2s(n—1)
+=0F (0 )= (e A )
d+ d+

as desired. On the other hand, if p1(\) = 2 mod d then the first summand in
(6.2) vanishes because its second factor is zero, and hence Lemma 6.3(i) gives
(up to sign), the stated answer. O

Proposition 6.6. In types A, B,C, D and for a positive integer s and a divi-
sor d of m — 1 = sh, whenever a principal-in-a-Levi nilpotent orbit Oy has
Krew(®, Oy, m; q = wq) nonvanishing, it equals its (nonnegative integer) com-
plex modulus | Krew(®, Oy, m;q = wq)|| given in Proposition 6.4.

As preparation for the proof of this proposition, we recall that the power
of q appearing as the factor in front of the ¢-Kreweras formula in Theorem 1.5
(Type A) involves the quantity c(\) = > ; A;A),, while the corresponding
powers of g in Theorem 1.5 (Types B, C, D) involve ¢(\)/2. Thus, the following

lemma on values modulo d, that is, in Q/dZ, will be helpful.

Lemma 6.7. Assume O) is principal-in-a-Levi and Krew(®, Oy, m;q = wy) #
0.
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e In type A, _1,
(i) one either has p;(A) = 0 mod d for all j, in which case,

¢(A) =0mod d, or

(ii) one jo has p;(A) =0 mod d for all j # jo and p;,(A) =1 mod d, in
which case

¢(N\) = jo — 1 mod d.

e In types B,,,C,,
(i) one either has all p;(\) even and divisible by d, in which case

@EOmodd7 or

(ii) one jo has g, (N) odd, pj(N) even for j # jo, and 2f1;(A) = 0 mod d
for all j, in which case

+E(\) = fij, (A) mod d.

c(A) _ Jo—1
2 2

e In type D,,

(1) one either has all (1;(\) are even, 2fi;(A) = 0 mod d for j > 2, and

2f11(A) =0 or 2 mod d*, in which case
@ =0modd, or
2
(ii) one has p1(X) and pj,(N) odd for a unique odd part size jo > 3,

but pi () even for all j # 1, jo, and 2f1;(A\) = 0 mod d for all j, in
which case

+ 1 (A) + 15, (A) mod d.

Proof of Proposition 6.7. The arguments are all similar, so we show only the
last (hardest) case: the one in type D with a unique odd jo, > 3 for which
p1(A), g, (A) are odd, u;(A) is even for j # 1, jo, and 2/, (A) = 0 mod d for all
j. Note that

o[22 i g, o
W){Hzmu) ifi=1,j, ndhence AJ‘*;’“W
127

S s 20:(N) if j > jo+1,
= T+, 2m(N) if 2 < j <o,
2+ 352N =1

Therefore, using “=” to denote equivalence modulo dZ in Q/dZ, one has
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5 (X 2ﬂi(A)> (Zizjﬂ 2;@-@)) =0
% 1+ Zizjo 2[”0‘))
% (ZiZjo-H 2ﬂi(/\)> = Dizjor1 A

if j = jo,

Aj 2j+1 _)3 (1 + i, 2ﬂi(>\)> (1 + s 2,11-0\))
=5 D V) + X5, (V)
=5+ if2<j<jo—1,
% (22 + Zizj 2/11()‘))
X (14 Cingya 20600) = 14 Doy (A i 5= 1.
Consequently,
NN
+1
() = Y S
J
jo—1
-y AjAj1 N NjoNjo+1 +]°z: NN Y
Ry 2 2 : 2 2
Jjzjo+1 =2

Jo—1

i>jo+1 =2

= () + i1, (V) + 2.

0+ 0w+ X (5 a0)+ |1+ Xm0

i>1

O

Proof of Proposition 6.6. We go through eight cases from Proposition 6.7.

“—»

Here, “=” is equivalence in Q/dZ.
Type A, _1. Here, one needs to show that the exponent

E:=m(n—£(\) —c(N)

has F = 0. In the case A,,_1(7), since d divides p;(A) for all j, it also divides
n o= ;jui(A) and £(A) = >, p;i(A). Also ¢(A) = 0 by Proposition 6.7, so

E =0, as desired. In the case A,,_1(ii), one has

n—t\) =) (G—Dpuj=jo—1

Jjz1

and Proposition 6.7 showed ¢(\) = jo — 1. But then m =1 gives

E=m(n—20A)—c\)=(n-—LN)—

\)

=jo—1-(o—1)=0.
Types B, C. Here, one needs to show that the exponent E = ¢)(n, m, \)+o(\) =

0, using the abbreviations

; L
Y(n,m, A) i=m(n —£(N)) — @ - %
T1(A) + % in type B,
a(A) := { 70(A) in type C'if
(A + 5 — @ in type C' if

£(\) even,
£(\) odd.
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Note that since i = 1, one has the congruence E = n—#(\)— % —%—I—O’(A).

In case B,/C,(i), Proposition 6.7 says that @ = 0. Furthermore,
L(\) = 0, and the assumption that p;(A) are all even implies both ¢(\) =
> 1i(A) and [A[ =37, j - p;(A) are even. Thus, one must be in type C,, with
a(A) = 19(A), so

E=n—I\)+ 1)\
A) -

—ZJMJ Zﬂj(/\)+ > )

J even

Z(J—luj + ) g

j odd J even

These last two sums are both even because 2/i,(A) = p;(\) =0 for all j.
In case B,,/C,(ii), Proposition 6.7 says that @ = % +0(N) — Lo (N).
Also L(A) = 1, so one has

w0 (2 i) = ) - 3+ o)

E

_ Jo—1 1

=n-— 5 +M]'O(/\)—E+O'()\)

since 20(\) = 0. In addition, since X is either in Pg(2n + 1) or Pc(2n), one
can rewrite n as

- |- VOFZM =[5+ T mw.

Therefore,

_Jdo| _do—1 - 1
p=|2|-2 PILCRACES SO

If jo is odd, so we are in type B, then L%’J = jf’;l, and o(A) = 711(\) + 7, so
(6.3) becomes

E= )" 40+ i) +1(0) = > 2,0

j odd j odd
If jo is even, so we are in type C,,, then L%’J - % = %, and o(\) = 19(\) +

i- @ 0 (6.3) becomes

E =

+ ) (A + e (V) + To(A) — 9 _ 14 + () =0.

j odd 7

N =

Type D. In case D, (i), one needs to compare the powers of ¢ in front of (6.2)
and the g-Kreweras formula in Theorem 1.5(type D,,). Noting that in the case
where 111(\) = 2 mod d*, the factor of 1+(—1)"" vanishes unless n = 0 mod d,
one finds that here one needs to show that this exponent
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E =v¢n,m A +7m(\)+ 5
71(\) if g1 (A) = 0mod d* and n = 0 mod d,
pi(A) i (A) =2m

has £ = Omod d. Using m = 1,L(\) = O,g(A) = @, and since Proposi-
tion 6.7 gives % = 0, one has

p=ln if £1(X\) =0 mod d* and n = 0 mod d,
T ln+m(A) = pi(A) if g (A) =2 mod dT.

In the first case, the assumption of case D, (i) implies n = 0. In the second
case, one can compute

E=n+7(\)—pu(N)
=Y iV + D () = (N
j j odd

= > N+ Y GEDE) + 2000 = (V)

j even odd j>3

=0+0+0=0.

In case D, (ii), one needs to show that the exponent

E:=¢m,mA)+71(\)+m @H
= (min—doy - QDY - D4

has E = 0 mod d. Using the facts that m = 1, L(A) = 2,{(\) = (2>\) and since

Proposition 6.7 gives C(Q)‘) = J?O + f11(A) + f1j,(A), one has
3 ] . .
EEn—E(A)—&-ﬁ(A)—&-i - (‘720+,u1()\)+uj0()\)) : (6.4)

Note that since all p1;(\) are even except for j = 1, jo, one has
Al 1 _Jo + 1
L IO A P o
j odd
() =Y n( =2+22/~u
J J

1 (N) X
n) = S B =S 0,
j odd : j odd :
#j(X) even J#1.J0

Thus, one can rewrite (6.4) as
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Jo+1 . . 3 J . .
E=REL S -zt T a4 (R w0
7 odd j odd :
J#1,jo

7 odd :
J#1jo

6.3. Combinatorial Models for N C(*) (w)

We review here for the classical types A, B, C, D the combinatorial models for
the elements of NC’(S)(W), that is, the s-element multichains wy < -+ < w;
in NC(W). We also review how to read off the W-orbit [X] of the subspace
X = V" and the Z/shZ-action on NC)(W).

6.3.1. Type A. One can identify NC®)(A,,_1) with the set of s-divisible non-
crossing set partitions of {1,2,...,sn}, that is, those whose block sizes are all
divisible by s; see [1, Chapter 3].

Under this identification, if wy < --- < wg corresponds to an s-divisible
noncrossing partition having block sizes sA = (sAq, ..., s)\¢) for some partition
A of n, then the fixed space V%t will lie in the W-orbit [X]| where Wx is the
parabolic subgroup Gy = Gy, x --- x G,, inside &,,.

Here, h = n, and Armstrong’s Z/shZ-action on NC(S)(An,l) corre-
sponds, under this identification with s-divisible partitions, to the Z/snZ-
action that cycles the label set {1,2,...,sn} within the blocks via

—=1=-2—=--—=sn—-1—-sn—-1—---.

6.3.2. Types B, C. One can identify NC®)(B,,) = NC®)(C,,) with the subset
of s-divisible noncrossing partitions of the label set {1,2,...,2sn} that are
invariant under the involution ¢ swapping lablels i < i + sn mod 2sn; see [1,
Sect. 4.5]. For this reason, we relabel {1,2,...,2sn} as

{+1,42,...,+sn,—1,-2,...,—sn} = {£1,...,£sn} (6.5)

so that ¢ swaps +i — —i for each i. Note that, since every block B of the
s-divisible noncrossing partition must have «(B) as another block, the non-
crossing condition implies that there can be at most one block By with the
property ¢(Bpy) = By; we call such a block By, if it exists, a zero block, and call
the pairs {B,«(B)} with +(B) # B the nonzero blocks.

Under the identification, if w; < --- < w, corresponds to an s-divisible
noncrossing partition with nonzero blocks { By, ¢(B1)}, ..., {Be, t(B¢)} of sizes
sv = (sv1,...,svp), then the partition v = (vq,...,1) will have |v| < n, and

the fixed space V** will lie in the W-orbit [X] where Wx is the parabolic
subgroup B,,_j,| X &,, X -+ X &, inside Bj,.

Here, h = 2n, and the Z/sh-action corresponds to a Z/2snZ-action cy-
cling the labels {£1,...,+sn} via

a4+l -4+ 2 54+sn—--1—--2—=..-. =5 —sn—+1—---.



Weyl Group g-Kreweras Numbers and Cyclic Sieving

6.3.3. Type D. One can identify NC(S)(Dn) with certain set partitions of the
same label set of size 2sn as in (6.5), but this time arranged on the inner and
outer boundary of an annulus, where the 2s(n — 1) labels

+1,42,...,4s(n—1),-1,-2,...,—s(n—1)

appear in this order clockwise on the outer boundary, and the remaining 2n
labels

+(s(n—=1)4+1),4s((n—1)+2),...,4+(sn— 1), +sn,
—(stn—=1)4+1),=s((n—1)+2),...,—(sn— 1), —sn,

appear in this order counterclockwise on the inner boundary. Given a block in

any such set partition, we say that the block is entirely inner (resp. entirely

outer) if it only contains labels from the inner (resp. outer) boundary; we say
that the block is traversing if it is neither entirely inner nor entirely outer. Then

NC®)(D,) is identified with those set partitions that satisfy these conditions:

NCD1 noncrossing-ness: the vertices within a block can all be connected by
simple closed curves staying within the annulus, in such a way that
curves corresponding to distinct blocks do not cross.

NCD2 -stability: if B is a block, then ¢(B) is also a block.

NCD3 zero-block closure: if there exists a zero-block By = ¢(By), then it is
unique, and contains all the labels on the inner boundary.

NCD4 strong s-divisibility: when reading elements of a block in any clockwise
order coming from the planar embedding, their sequence of absolute
values pass through consecutive residue classes in Z/sZ.

NCD5 determinacy: if there are no traversing blocks, then the outer blocks
completely determine the inner blocks in a certain fashion, whose de-
tails are not important to us here; see [24, Sect. 7] or [37, Sect. 7].

The conditions NCD1-4 were given by Krattenthaler—Miiller [26, Sect. 7]; while
condition NCD5 was inadvertently omitted, and recorded by Kim [24, Sect. 7].

Similarly to types B,,C,, under the identification, if w; < --- < wy
corresponds to a partition with nonzero blocks {Bi,¢(B1)}, ..., {Be, t(B¢)} of
sizes sv = (svi,...,s1p), then the partition v = (v1,...,14) will either have
|v| = n if there is no zero block or |v| < n — 2 if there is a zero block. Then
the fixed space V** will lie in the W-orbit [X] where W is the parabolic
subgroup D,,_|,| X &,, X -+ X &, inside D,.

Here, h = 2(n — 1), and Rhoades [37, Sect. 7] observed that the Z/sh-
action corresponds to the Z/2s(n — 1)-action simultaneously

e cycling the outer labels (clockwise) via
= —=s(n—-1)—=+1—=42—> - > +s(n—1)
--1--2—-——-sn-1)—+1—---
e cycling the inner labels (counterclockwise) via
= —sn—+(s(n—1)4+1) = +(s(n—1)+2) = -+ — +sn
- —(s(n—1)+1)—= —(s(n—1)+2) —---
——sn—+(s(n—1)+1)—---.
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6.4. Putting it Together

We now assemble the proof of Theorem 1.7 in each type A, B,C, D. Thus we
assume that m = sh + 1 for a positive integer s, and that d is a divisor of
m — 1= sh.

In each case, the strategy will be to first show that if w; < --- < w;
is an element in NC®) (W) having d-fold symmetry, that is, fixed by an el-
ement ¢ having order d in the cyclic group C' = {(¢) = Z/shZ, then the
parabolic subgroup Wy fixing X = V"1 corresponds to a principal-in-a-Levi
nilpotent orbit O, that falls into one of the cases from Proposition 6.4. where
Krew(®, Oy, m,q = wq) is nonvanishing. Then we will count the number of
such d-fold symmetric elements, generally relying on known formulas or bi-
jections to objects with known formulas, and see that they agree with the
evaluations in Proposition 6.4.

6.4.1. Type A. As in Sect. 6.3.1, we have identified the elements of NC(*)
(A,,—1) with the s-divisible noncrossing partitions of {1,2,...,sn}, that is,
those noncrossing partitions having block sizes s for some A with |\| = n.

When d = 1, one needs to count those which are fixed by the identity
element in Z/snZ, which are all such elements. In this case, the formula in
Proposition 6.4(i) agrees with Kreweras’s original count for such partitions.

If d > 2 and the s-divisible partition has the d-fold symmetry, then most
of blocks will be in orbits of size d, with at most one block which is itself d-fold
symmetric— two such blocks would cross each other.

Thus, either A has 11;(A) = 0 mod d for all j, or there exists one jy having
1;(A) = 1 mod d, matching the description for when Krew(®,Ox,m,q = wq)
is nonvanishing from Proposition 6.4(i).

The proof that in this situation there are exactly

(L“J) (66)

elements with the d-fold symmetry, as in Proposition 6.4(i), was sketched in [8,
Theorem 6.2], but we repeat it here for completeness. Such an element is com-
pletely determined by restricting each of its blocks to its intersection with the
subset {1,2,..., 25%}; relabel these numbers by {1,2,..., 5 —1,-2,..., =2}
If there is a (unique) d-fold symmetric jo-block, then call its restriction the
“zero block”. It is easily seen that this gives a bijection to the type Bsn non-
crossing partitions considered in [35] having fi;(\) nonzero blocks of size sj
for each j. The formula (6.6) then agrees with the count for such type B
noncrossing partitions given by Athanasiadis [3, Theorem 2.3].

6.4.2. Types B,C. As in Sect. 6.3.2, we are identifying the elements of
NC®)(B,) or NC®)(C,,) with the s-divisible i-stable noncrossing partitions of
{£1,£2,...,£sn}. Such a noncrossing partition has nonzero blocks
{B1,u(B1)},...,{Be¢,(Bg)} of sizes sv where v = (v1,...,vp) with |v] < n.
The principal-in-a-Levi nilpotent orbit O, corresponding to the same para-
bolic subgroup Wx has A = (v,v, N — 2|v|) where N = 2n+ 1 in type B,, and
N = 2n in type C,.
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If the noncrossing partition additionally has the d-fold symmetry, then
the nonzero blocks will all lie in orbits of size d. That is, only the zero block
(if present) can have fewer than d distinct images under the d-fold symmetry,
and will in fact, be itself d-fold symmetric. As there will be 2, (v) = 271, ()
nonzero blocks of size sj for each j, this means that 2/;(\) = 0 mod d for each
Jj, matching the description for when Krew(®, Oy, m,q = wg) is nonvanishing
from Proposition 6.4(ii).

Similarly to type A, there will be exactly

2sn sn
()~ (&) o
d+ d-

elements with the d-fold symmetry, matching Proposition 6.4(ii): restricting
each block to its intersection with the subset {+1,+2,..., :i:%} gives a bijec-
tion to the type Bsn noncrossing partitions having ft; () nonzero blocks of size
sj for each 7, and (6.7) again agrees with Athanasiadis’ count [3, Theorem 2.3].

6.4.3. Type D. Asin Sect. 6.3.3, we are identifying the elements of NC'*)(D,,)
with certain “annular” noncrossing partitions. It is convenient to consider sep-
arately the two cases where a zero block is present or absent; these will corre-
spond to the two cases in Proposition 6.4(iii) where L(\) = 1 and L()\) = 0,
respectively.

The case with a zero block present. Due to the zero-block closure condition
NCD3, removing the 2s elements on the inner boundary of the annulus from
the zero block gives a bijection between the subset of elements of NC*)(D,,)
having a zero block, and the whole set NC'*) (Bpn—1). Furthermore, this bijec-
tion is equivariant with respect to the Z/s(n — 1)Z-action on these sets.

Just as in the type B/C case, let us assume that the nonzero blocks
{B1,u(B1)},...,{Be,t(B)} have sizes sv where v = (v1,...,1p) with |v| < n—
2. Then the principal-in-a-Levi nilpotent orbit O, corresponding to the same
parabolic subgroup Wx has A = (v, v, 1, jo) where jo = 2n—1—2|v|. Again as in
the type B/C case, the d-fold symmetry implies that the nonzero blocks all lie
in orbits of size d. Hence, there will be 24, (v) = 2/1,;(\) nonzero blocks of size
sj for each j, so 2[1;(\) = 0 mod d for each j. Also the number of such d-fold
symmetric elements should be the same as the formula in Proposition 6.4(ii),
replacing n by n — 1. This exactly matches the conditions and the formula in
the L(\) = 1 case of Proposition 6.4(iii).

The case with no zero block. Again assume that the nonzero blocks { By, t(B1)},
..., {Be,t(Bg)} have sizes sv where v = (vy,...,1p) with |v| = n. Then the
principal-in-a-Levi nilpotent orbit O, corresponding to the same parabolic
subgroup Wx has A = (v, v).

We are claiming that this case will match with the conditions and for-
mulas appearing in the L(\) = 0 cases of Proposition 6.4(iii). Thus one should
expect the analysis to break into further subcases based on whether d = 1,2
or at least 3.
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The subcase with no zero block and d = 1. Here, one wishes to count all of
the elements of NC*)(D,,) whose annular noncrossing partition has no zero
block and nonzero block sizes sv. This is given by a formula of Krattenthaler
and Miiller [26, Corollary 16], [25, Theorem 1.2]. Using the formulation in [25,
Theorem 1.2], and the notational correspondences ¢ =1, b = p, k = s, so that
$1 = n —b,s9 = b, one obtains a formula equivalent to the i(A) = 0 case of
Proposition 6.4(iii) with d = 1.

The subcase with no zero block and d = 2. Here one wishes to count the
elements of NC*)(D,,) whose annular noncrossing partition has no zero blocks
and nonzero block sizes sv, with the additional property that they are fixed by
the element ¢*(®=1 of order 2 inside the cyclic group C' 2 Z/2s(n — 1)Z. Note
that this element has different effects on the outer and inner boundary labels:
on the outer boundary it rotates 180 degrees, acting as the map ¢: i <« —1,
while on the inner boundary it iterates the 180-degree rotation n — 1 times,
acting as ("~ L.

Thus, whenever the annular noncrossing partition has two (nonzero) inner
blocks of size s, it is always fixed by ¢*(®~1: all blocks will be either entirely
inner or outer, and hence the t-stability condition NC D2 implies the stability
of the blocks under any power of «.

If the annular noncrossing partition does not have two inner blocks of
size s, then all of the labels on its inner boundaries lie in the traversing blocks.
We claim that it is then fixed by ¢*»~1) if and only if n is even: on the outer
labels one is acting by ¢, and on the inner labels one is acting by "~ !, so one
needs ("~ ! = ¢ to be fixed, that is, n even.

Thus, for n even, all of these elements are fixed by ¢*("~1) and therefore
should have the same formula as in Proposition 6.4(iii) with d = 1. Indeed this
agrees with the formula in Proposition 6.4(iii) when L(\) = 0, d = 2 and n
even.

Meanwhile for n odd, the elements fixed by ¢~ are those with two
(nonzero) inner blocks of size s. Removing these inner blocks gives an easy
bijection to the elements of NC()(B,,_;) with all nonzero blocks, of sizes
SA—(s,8), where s\ — (s, s) is obtained from sA by removing two copies of the
part s (corresponding to these inner blocks). Therefore, this should have the
same formula as Proposition 6.4(ii) but replacing A with A — (1, 1), namely

(0 2 i)
Happily, one has an easily checked identity
(00" i) = () 0= ) - (5”):
(6.8)

whose right side agrees with the value given in Proposition 6.4(iii) when L()\) =
0, d =2 and n is odd.
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The subcase with no zero block and d > 3. Note that there is a dichotomy in
the conditions and formulas in Proposition 6.4(iii) when L(\) = 0 and d > 3.
This will correspond to the following dichotomy in the annular noncrossing
partitions that model NC*)(D,,) and have no zero block.

Proposition 6.8. In annular noncrossing partitions modelling NC®)(D,,) with
no zero block, either

(A) every label on the inner boundary lies in a traversing block, or
(B) there are no traversing blocks, only entirely outer blocks, and two entirely
inner blocks each of size s.

Proof. Assume case (B) fails, that is, some inner boundary label j lies in a
traversing block B. Then —j lies in «(B), which will be a different traversing
block, since we are assuming that there is no zero block. But then the strong
s-divisibility condition NC'D4 now prevents any of the inner boundary labels
from lying in an entirely inner block: NC D4 implies that such a traversing
block would contain elements having absolute values from every residue class
in Z/sZ, which is impossible since j and —j are the only inner boundary labels
whose absolute values achieve their residue class. d

An immediate corollary is that if an element of NC*)(D,,) corresponds to
an annular noncrossing partition with no zero blocks and has d-fold symmetry,
then either it is in case (A) of Proposition 6.8 and its blocks all come in orbits
of size d (as they are all entirely outer or traversing), or it is in case (B), so
that its entirely outer blocks come in orbits of size d, leaving only the two
entirely inner blocks (each of size s). This means that its block sizes s\ will
satisfy

115 (M) (= 21;(\)) = 0 mod d for each j > 2,

R 0 mod dt in case (A),
(A (=2 (V) = {2 mod d* in case EB>)-

Note that this matches the dichotomy of conditions in Proposition 6.4(iii) when
f/()\) = 0. It remains to check that the formulas there match the number of
d-fold symmetric elements for d > 3 in each case.

In case (B), we claim that the two entirely inner blocks of size s are always
stable under the element ¢~ of order d inside the cyclic group C = (c).
This is because one has

2n = Zjuj(/\) =2mod d"
J

so that d* divides 2(n — 1), and hence s divides %{1). Thus, these two

inner blocks are always d-fold symmetric, and they are completely determined
by the entirely outer blocks (according to the determinacy condition NCD5).
Therefore, the number of the d-fold symmetric elements in case (B) is the same
as the number of d-fold symmetric elements of type B, _1 having block sizes
sA — (s, s), that is, the formula from Proposition 6.4(ii), but replacing A with
A—(1,1):
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2s(n—1)

d+
pN) =2 p=2(N) J°
d+ 9 d+

This matches the desired formula in Proposition 6.4(iii), with L(\) = 0,d > 3
and fi;(A\) = 0 mod d™.
In case (A), we need a further structural observation.

Lemma 6.9. Ford > 3, in case (A), the annular noncrossing partition is fized
2s5(n—1)

by ¢ 4 if and only if it has both d-fold rotational symmetry and d divides
n.

Proof. Since in case (A) d divides both 2n = 37, y1;(A) and 2s(n — 1), one
concludes that d divides 2s. Thus, d divides the number of labels on both the
inner boundary and the outer boundary.

Given any block B of a d-fold symmetric annular noncrossing partition
in case (A), decompose it uniquely as B = B; U B, with inner boundary la-
bels B; and outer boundary labels B,. Then under the action of g := o
one must have d disjoint images B,,g(B,),...,g% *(B,) reading clockwise,
and also d disjoint images B;, g(B;),...,g% '(B;) reading counterclockwise.
However, since each of the sets ¢/ (B) = ¢7(B;) U g/ (B,) is another block, the
noncrossing condition NCD1 (and d > 3) implies that the counterclockwise or-
dering B;, g(B;), . .., g% ! (B;) must actually also be clockwise. In other words,
the partition has d-fold rotational symmetry.

Furthermore, since the inner boundary has 2s elements and rotating it
%{1) steps counterclockwise is the same as rotating it 27; steps clockwise,
one concludes that

w = %28 mod 2s, that is, Qan = 0 mod 2s, or d divides n.
Conversely, when d divides n and the partition has d-fold rotational sym-

2s(n—1)
d

O

metry, one can reverse the above arguments to see that it is fixed by ¢

We can now complete the comparison of the number of d-fold symmetric
elements in case (A) of Proposition 6.8 with the formula in Proposition 6.4(iii)
at L(A)=0and d >3

2s(n—1)
2 22D 2 at if d divides n
(1+(_1) d) < ud(;) ) = ( ud(i\) ) ’ (6.9)
0

v if d does not divide n.

o

d+

As noted at the start of the proof of Lemma 6.9, the assumptions of case (A)
imply that d divides 2n.

If d does not divide n, Lemma 6.9 implies that there are no d-fold sym-
metric elements, matching the value 0 on the right in (6.9).

So assume that d does divide n. By Lemma 6.9 we must count the annular
noncrossing partitions modelling elements in NC)(D,,) which lie in case (A)
of Proposition 6.8, having block sizes s\, and which are additionally d-fold
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rotationally symmetric. The rotational symmetry means that such a partition

is completely determined by restricting its blocks to the w outer labels

{£1,+2,..., i%}; the jf inner labels that accompany these blocks are
determined by the strong s-divisibility condition NCD/. Since d divides m—1 =
2s(n — 1), it also divides 2s. Thus, setting 5 := 5%, the well-defined reduction
map Z/sZ — 7Z/SZ shows that these blocks will also satisfy the strong s-
divisibility condition NCD/ and determine a unique element of NC¥(D,,). Its
blocks still have sizes of the form sj, of course, and the number of blocks of size
sj will be % = “é—(j\) This means that this element of NC?%(D,,) has block
sizes $A where X only has parts of the form d~-j. Note that d > 3 forces d~ > 2,

so that p1 () = 0 and p>2(\) = p(N). Also, 14— ;(\) = “S’U'I(S)‘) = M;(A). Hence,

the number of such elements is counted by the formula of Krattenthaler and
Miiller already mentioned, that is, the L(\) = 0 case of Proposition 6.4(iii)
with d = 1, replacing s with s:

(e ) (=041 il ()

which matches (6.9) when d divides n.
The completes the proof of Theorem 1.7.
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