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Abstract

In [4], Eager and Franco introduce a change of basis transformation on the F-polynomials
of Fomin and Zelevinsky [8], corresponding to rewriting them in the basis given by fractional
brane charges rather than quiver gauge groups. This transformation seems to display a surprising
stabilization property, apparently causing the first few terms of the polynomials at each step of
the mutation sequence to coincide. Eager and Franco conjecture that this transformation will
always cause the polynomials to converge to a formal power series as the number of mutations
goes to infinity, at least for quivers possessing certain symmetries and along periodic mutation
sequences respecting such symmetries. In this paper, we verify this convergence in the case of
the Kronecker and Conifold quivers. We also investigate convergence in the Fy quiver, though
the results here are still incomplete. We provide a combinatorial interpretation for the stable
cluster variables in each appropriate case.
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1 Introduction

Cluster algebras were originally developed by Fomin and Zelevinsky [7] in order to study total
positivity and canonical bases in Lie theory. Since then, numerous connections have been discovered
between cluster algebras and other areas of mathematics and physics. In brief, a cluster algebra is a
particular type of commutative ring, given by a distinguished subset of n elements (a cluster seed)
along with mutation rules describing how to generate another subset of n elements (a cluster). The
cluster algebra is constructed from the seed by repeatedly mutating it in all possible ways into all
possible clusters. It is common to describe a cluster algebra by drawing a finite directed graph, or a
quiver, with n labelled vertices. Then, the initial seed corresponds to the elements in the labelling,
and the mutation rules are encoded by the configuration of edges. [7, 10, 6]

F-polynomials, an important object in the theory of cluster algebras, were also introduced by
Fomin and Zelevinsky. By fixing an infinite sequence of mutations, one can generate an infinite
sequence of polynomials, one for each step of the mutation sequence. Subject to certain constraints
on the seed and mutation rules, these polynomials are called F-polynomials. [8, 3]

In the study of quiver gauge theories, F-polynomials are well-suited for describing a phenomenon
known as Seiberg duality [9, 2, 1]. In Section 9.5 of [4] Eager and Franco apply a transformation to
F-polynomials that expresses them in terms of a natural alternate basis, rather than in terms of the
initial cluster seed variables. In the language of quiver gauge theory, their transformation corresponds
to a change of variables from quiver gauge groups to fractional brane charges. Once rewritten in this
new basis, the F-polynomials appear to become convergent expressions, approaching some formal
power series as the number of mutations goes to infinity. In their paper, they illustrate this apparent
property for the first few F-polynomials generated by the dP1 quiver. They conjecture that this
stabilization property should hold for some larger class of quivers possessing certain symmetries and
along periodic mutation sequences respecting such symmetries.

The purpose of the current paper is to investigate the stabilization property of transformed F-
polynomials in 3 specific cases. We verify convergence for the Kronecker and the Conifold quivers,
and discuss partial results for the Fy quiver.

2 Background

We review the relevant definitions and background concepts here from a combinatorial perspective,
using the language of quivers. For more complete treatments, see [10, 6, 7, 8].

2.1 Cluster Algebras

A quiver is a finite directed graph, possibly with multiple edges, but with no self-loops and no
2-cycles. We will always work with quivers whose vertices are labelled, where the labellings come
from an ambient field - usually the field of rational functions C(z1,...,2,). Let @ be a labelled
quiver with vertices vy, vs, ..., vy, and labels ¢1,45, ..., ¢,, respectively.

We will explain how the quiver @ encodes a cluster algebra, a subring of the ambient field.
First, we require some additional notions. Let B be the (signed) adjacency matrix of the quiver.
B;; = number of edges v; — v; (with this entry being negative if the edges point v; — v;). Hence,



B is a skew-symmetric matrix. For any vertex v; define quiver mutation at vertex k, to be a
new quiver g (Q), with the same vertices vy, ..., v, but with a new adjacency matrix B’, and new
vertex labellings ¢}, as follows:

—Bl‘j i=kor j =k
B — B;j 4+ B Br; Bir >0 and By; >0
Y\ Bij — BixBij Bir <0and By; <0
B;; otherwise
0 =1 for all i # k
Oile = Bitj+ [[ Brts

J B]‘k>0 j: Bkj>0

Quiver mutation is equivalently described by the following algorithm. For an example of quiver
mutation, see Figure 2.

1. Update the label at vy to ) =

I1 ¢+ I1 7

incoming arrows v; —uvy outgoing arrows vg—v;

Oy,

2. For every 2-path v; — v, — v;, draw an arrow v; — vj.
3. If any self-loops or 2-cycles were newly created, delete them.

4. Reverse all arrows incident to vg.

For any quiver reached by a sequence of mutations from @, the collection of labels is known as a
cluster. Any single label in a cluster is a cluster variable. The cluster associated to ), the initial
quiver before any mutations, is known as the cluster seed. Finally, the cluster algebra defined
by @ is the subring generated by all possible cluster variables that can be reached from ) by any
finite sequence of mutations.

2.2 F-polynomials

To define F-polynomials, we will first introduce a modification of @, called its framed quiver, and
denoted @'. The vertices of Q" are {v1,va,..., v, v, 05, ..., v, }. That is, we add a new vertex v}
for each existing vertex v; € Q. We will consider the new vertices v, to be “frozen,” meaning that
we will never mutate the quiver there. The edges of @ retain all edges from @, with the addition
of a new edge v; — v} for each 1.

Next we fix a mutation sequence of vertices 1 = (vj;, V4, . . .) which includes only non-“frozen”
vertices. Finally, we specify the labelling of Q' to be 1 at any non-“frozen” vertex, and y; at any
“frozen” vertex v.. Hence, we will be generating cluster variables in C(y1,y2, . .. yn). We will mutate
Q' iteratively according to the fixed mutation sequence, generating a new cluster at each step. Note
that only one new cluster variable F}; is actually generated at step j in the mutation sequence,
with all other cluster variables remaining unchanged. The sequence {Fj} is the sequence of F-
polynomials generated by ' with mutation sequence p. These functions are polynomials in y;
with integer coefficients. [8, 3]



2.3 Stable Cluster Variables

We now summarize the apparently stabilizing transformation on F-polynomials introduced by Eager

and Franco [4]. For the remainder of the paper, we will abbreviate quiver vertices {vy, v, ..., v, V], 05, ..., 0L}
as {1,2,...,n,1,2', ... ,n’}. In addition, we will denote the initial framed quiver as Qq, and the

quiver generated after the k steps of the mutation sequence as Q. The F-polynomial generated at

the kth step of the mutation sequence will be denoted Fj.

For each quiver @ in the sequence, define a matrix Cj, whose ij-th entry is the number of
arrows i° — j in Qy (with this being negative if the arrows point j — 4’). In other words, Cf is the
lower left n x n submatrix of the signed adjacency matrix. We will refer to these matrices Cy as
C-matrices. The inverse C-matrix will provide the stabilizing transformation we are interested in.

Definition 2.1. Given a C-matriz and some monomial m = yi* - yg? - ... -y € Cly1, ..., yn], its
C-matrix transformation is

m:= y’l’1 ~y32 S ~y,l;", where b= C~'a

Recall that Fy, is the F-polynomial derived at the kth step of the mutation sequence, and Cy is the
C-matriz at the kth step of the mutation sequence. Writing Fy, =) cm as a linear combination
of monomials m, extend the C-matrixz transformation by linearity:

Fk = Zcﬁb

In the remainder of the paper, we present some examples where F}, converges to a formal power
series as k — oo. In the context of these examples, we refer to the transformed F-polynomials Fj,
as stable cluster variables.

3 Kronecker Quiver

© O
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Figure 1: Framed Kronecker Quiver

The first example we present is the Kronecker quiver, with its framed quiver pictured in Figure
1. We consider this example with respect to the mutation sequence (0,1,0,1,...).

Recall that we denote the sequence of quivers generated by the mutation sequence{Qo, Q1, ...},
the corresponding C-matrices {Cp, Cy, ...}, and the sequence of F-polynomials {F, Fy,...}. We
adopt the convention that Fy := 1.

Lemma 3.1. F-polynomials for the framed Kronecker quiver with mutation sequence (0,1,0,1,...)

obey the following recurrence:
Fh=1
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Qo Q1 Qy; if k even Qy, if k odd

Figure 2: The Kronecker quiver mutates with a predictable structure.

k P 7

1 yo+1 yo+1

2 Yoyr +yg + 2y + 1 Yoyt + 2yoyi + 1 + 1
2,,2 3 3 2 2 9,,6 6,,4 5,3 3,2 2

3| Yoyt + 2uoy1 + Yo + 2y5y1 + 3yg +3yo + 1 | Yoyt + 3yoyr + 2y0y7 + 3yoyt + 2u5y1 +yo + 1

4| oo+ 6y3yn +Ayg +3ydyn + 6y +H4yo + 1 |+ 3ydyd + 4ydyt + 3u2yS + 290y + 1 + 1

Figure 3: Table of the first few cluster variables, illustrating the stabilization property. The low
order terms of the stable cluster variables match, up to a fluctuation between yo and y;. (Entries in
the last row are truncated).

Fr=y+1
FipF_o = ygy’f_l + F,?_l fork>2

Further, the C-matriz and its inverse are given by

—(k+1) k| k-1 —k |
(k+1) if k even if k even
—k E—1 k —(k+1)
Cr = ot =
— 1 — 1
F (k+1) if k odd K (k+1) if k odd
k—1 —k kE—1 —k

Proof. Qy follows the predictable structure shown in Figure 2, which is easily verified by induction.
From the definition of cluster mutation, the recurrence is immediately read off of the structure of
Q. Similarly, the C-matrix is immediate, and its inverse easily computed. O

The two possible forms of C- ! differ from each other by permuting the rows. This discrepancy
accounts for the fluctuation between variables yo and y; seen in Figure 3. We will from now on
remove this fluctuation by eliminating one case, in order to simplify computation. We choose,
without loss of generality, to follow the case of odd k.

3.1 Row Pyramids

F-polynomials for certain types of quivers and mutation sequences have a known interpretation as
the generating functions of a combinatorial object known as pyramid partitions [11, 5]. Here we
review this combinatorial interpretation in the case of the Kronecker quiver.



Definition 3.2. Let the row pyramsid of length k, Ry, be the two-layer arrangement of stones with
k white stones on the top layer and k — 1 black stones on the bottom layer. The smallest three row
pyramids are shown below.

OO G100 © &

A partition of Ry is a stable configuration achieved by removing stones from Ry. By stable, we
mean that if a stone is removed, then any stone lying on top of it must also be removed. (We will
draw partitions by showing the non-removed stones).

Definitions 3.3.

For any partition P of Ry, its weight is

. _ # white stones removed_  # black stones removed
weight(P) =y, yi

Example 3.4. A partition of Ry with weight y3y.

Ol O 00

Proposition 3.5 (7). Fy is the following generating function, or partition function, for Ry.

F, = Z weight (P)
Partitions P of Ry

Proof. This may be proven inductively by verifying that the same recurrence on F-polynomials F}
also holds for the generating function. TODO: more detail O

3.2 Proof of Stabilization

Next, we prove that the transformed F-polynomials in the case of the Kronecker quiver with the
given mutation sequence do indeed stabilize in the limit to a formal power series. Afterwards, we
give a combinatorial interpretation of that limit in terms of an infinitely long row pyramid.

Proposition 3.6.

k,k—1 white stones removed
_ (yoyi ) #
F =

k+1, k\# black stones removed
Partitions of Ry, (yO yl)

Proof. Since we know the precise form of the matrix Cj, we can verify that a monomial m = ydy?
transforms to m = yg (a_b)_by’f(a_b)_a. Then the proposition follows by transforming the generating
function according to this rule, with a = # white stones removed, b = # black stones removed.

Then, regroup terms. O

Definition 3.7. A simple partition of Ry, is a partition of Ry, such that the removed white stones
form one consecutive block, and no exposed black stones remain. The trivial partition with no stones
removed is a simple partition.



Example 3.8. A simple partition of Ry, with 8 white and 2 black stones removed.

I» dCIID

The idea of the proof of the stabilization property is that the stable terms in F}, are the contri-
butions exactly from the simple partitions.

Theorem 3.9. For the Kronecker quiver with p = (0,1,0,1,...)

hm F =1+ yo +2y3y1 + 3ysyi + 4ygvi +

_1+ZZ yO ’Ll

Proof. The term 1 clearly stabilizes, since every Fj includes 1 as a term, coming from the trivial
partition with no stones removed. The term remains unchanged under the linear transformation C}.

Claim: For any monomial y¢y? # 1 in F},, we must have a > b.
In Ry it is impossible to remove as many black stones as white stones, since a black stone can only be
removed after both white stones on top of it have been removed. Since F}, is the partition function
for R the claim follows.

Claim: For any monomial yg/yll’/ # 1 in F},, we must have a’ > /.

k(a—b)—b k(a b)—a

Let m = y$y? be any monomial in Fy. Cj, transforms it to m = y . By the previous

claim, b < a. The claim follows.
So let m = ydy?~? be a monomial, with j > 1.

Case 1: j = 1. So m = y§y;~ 1. We claim that there is some K such that for all k& > K, m
appears in Fj, with coefficient a.

Using the matrix Cj, m appears in F}, if and only if the term y’C a“yf @ appears in Fy. This

term corresponds to a partition with (kK — a 4+ 1) white stones removed and (k — a) black stones
removed. Note that since the difference is 1, it must be a simple partition. It is a straightforward
combinatorial observation that there are a such partitions whenever £ > a and 0 such partitions
whenever k < a. So the claim holds with K = a.

Case 2: 7 > 2. We claim that for sufficiently large k, m = ygyf_j does not appear in F.

Suppose 7 appears in F, for some z. Using the matrix C., it corresponds to the term yg? =7y ~¢
in F,. If 7 appears in F, 1, then it corresponds to the term y5/ ~*** ¢ =% in F, .| using C. ;.
That is, we add j to each exponent. However, increasing from z to z + 1 adds only one stone of each
color to R,. So if j > 2, then after a finite number of steps, the exponents will grow too large for
any possible partition. O



3.3 Combinatorial Interpretation of the Limit
We now give a combinatorial interpretation for limy_, o F},. This interpretation will be generalized
in the next section.

Definition 3.10. Let R, be the row pyramid extending infinitely toward the center as shown.

Definitions 3.11.

A partition of Ry is a stable configuration achieved by removing an infinite number of stones,
such that only a finite number of stones remains.

A stmple partition of R is a partition of Rso such that the removed white stones form one
consecutive (infinite) block, and no exposed black stones remain.

Define the weight of a partition P of Ry as

. _ # mon-removed white stones + 1 # non-removed black stones
weight(P) = y; yi

Note that the number of non-removed white stones or black stones is actually the same. We have
chosen to write the expression in this form in order to make it look more similar to a typical weight
function.

Example 3.12. A simple partition of Rs, with weight yiys.

» -

Definition 3.13. Define a partition function

S = Z weight(P)

Simple partitions P of R

Proposition 3.14. ;
lim Fp,=1+S

k—o0

Remark 3.15. The constant term 1 appears unnatural here. In the next section, we will see how
a generalization of Ry gives rise to a analogous partition function. When viewed as a special case
of this generalization, we will see that the constant term 1 actually arises naturally as a term in the
partition function.



Figure 4: Framed Conifold Quiver
4 Conifold Quiver

The second example we present is the Conifold quiver, whose framed quiver is pictured in Figure
4. We consider this example with respect to the mutation sequence (0,1,0,1,...). Note that the
conifold is a quiver with 2-cycles, which according to the usual conventions we cannot mutate. For
this example, we will mutate the quiver as usual, but at every step, remove any self-loops that were
created.

A table again suggests that the C-matrix transformation stabilizes the cluster variables. (Entries
in the last two rows are truncated).

k Fi Fr
1 yo + 1 Yo +1
2 Yoyr + 2y5y1 + voyr + Y3 + 240 + 1 Yoy + Yoyt + 2y0y7 + 290yt +y1 + 1
3| o 6ydyn oyl 203y +3u2 3y + 1| .+ dydy? + 3udyR + 2031 + 2031 +yo + 1
44 1208y + 4yd 4 3ygyn +6yg +4yo + 1| -+ 4ygyt + 3u5yT + 20007 + 29097+ + 1

Here is a larger number of stable terms. They do not seem to follow an obvious pattern:

o4 33y%8 + 60yJyT + 63y0yS + SySyi + 10y5y; + 40y5yS + 32y5yt
+ TyoyS + 3ybyt + 28ydyt + 1dydyt + 6y5yT + 16ygyt + 6yy7 + Sygyi
+10y5u5 + yout + 4yoys + dyoyt + 3ysys + 2udyn + 2udyn +yo + 1

The conifold also mutates with a predictable structure, and it is easy to see that the C-matrix
has the same form as in Section 3 with the Kronecker quiver. As we did in Section 3, we will without
loss of generality eliminate the even case in order to remove the fluctuation in variables in F:

ko —(k+ 1)]

Lemma 4.1. ), = C’k_1 = LC 1 ke

4.1 Aztec Diamond Pyramids

The F-polynomials generated by the conifold quiver also have a known combinatorial interpretation
as the generating functions of certain pyramid partitions [young,eklp]. We review this interpretation
here.



Definition 4.2. Let ADy be the 2-color Aztec diamond pyramid with k white stones on the top
layer. The first 4 cases are shown below. For example, in ADs, there are a total of 4 white stones
and 1 black stone. In ADs, there are a total of 10 white stones and 4 black stones.

AD, Q ADy ii ADs gé AD, gé

Definitions 4.3.

As in the previous section, a partition of ADy, is a stable configuration achieved by removing stones
from ADy,.

As in the previous section, for any partition P of ADy, its weight is

. _ # white stones removed_  # black stones removed
weight(P) =y, yi

Example 4.4. A partition of ADy with weight ygy?

Theorem 4.5 (Elkies-Kuperberg-Larsen-Propp, 1992). The F-polynomials are partition functions

F, = Z weight(P)
Partitions P of ADy,

Proof. Proven in [5], using an interpretation by perfect matchings of graphs which is equivalent to
our interpretation in terms of partitions of pyramids. O

4.2 Proof of Stabilization

Note that each ADjy, can be decomposed into layers of row pyramids (Definition 3.2), such that the
jth layer from the top contains j row pyramids of length k — j + 1. We will frequently refer to a row
pyramid in the decomposition simply as a row of ADj.

A simple partition of ADy is a partition such that the restriction of the partition to each row
pyramid is simple. (See Definition 3.7). For any partition P of ADy, for any row r of ADy, we call
r altered if at least one stone is removed from 7.

10
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(a) 3 rows of length 1 (b) 2 rows of length 2 (c¢) 1 row of length 3

Figure 5: Row pyramid decomposition of ADs3, shown layer by layer.

Example 4.4 above is a simple partition with 2 altered rows.

Analogous to the case of the Kronecker quiver in Section 3, the idea of the next proof is that the
stable terms in F} are contributed by the simple partitions.

Theorem 4.6. For the conifold, limy_, F converges as a formal power series.

Proof. The term 1 clearly stabilizes, since each Fj includes 1 as a term, coming from the trivial
partition with no stones removed. The linear transformation C}, leaves the term unchanged. For the
same reason as in the proof of Theorem 3.9, for every monomial 7 = ydy? # 1, if 7 appears in Fy,
for any k, then we must have a > b.

Claim: Let m = ygy] 7, with j > 1. For sufficiently large k, the terms in Fj, transforming to m

come only from simple partitions (possibly none).

Suppose there is a z such that there is a partition P of AD, with weight m, transforming to m.
Then it must be that m; = y3’~*"7y7 =% In P, j is the difference between the number of white
stones and black stones removed. Let S be the set of rows altered by P. Note that P is a simple

partition iff |S| = j, and P is a non-simple partition iff |S| < j.

Suppose |S| < j.

If F.,1 has a term transforming to 7, it must be my = y5/~*t*y# =% In other words, each
exponent increases by j from m;. But increasing from z to z + 1 adds only one stone of each color
to each row. So if j > |S|, then after a finite number of steps it will be impossible for any partition
altering exactly the rows in S to have a weight transforming to m. Since this is true for any set
S of fewer than k rows, eventually the only possible partitions with weight transforming to m will
be simple partitions.

This proof easily be can be modified to show that the following stronger claim holds: For suffi-
ciently large k, the terms in Fj, transforming to m come only from simple partitions, such that each
altered row of the partition has more than w stones removed, for any fixed w.

Claim: For sufficiently large k, the coefficient in front of 7 in Fy, is constant.

Assume £k is large enough that all partitions with weight transforming to m are simple with each
altered row having strictly greater than 1 stone removed, and that £ > j. The second condition
guarantees that ADy is large enough for every possible set of j altered rows to exist.

We construct a bijection ¢ between partitions of ADj with weight transforming to m and parti-
tions of ADy11 with weight transforming to m.

11



Let P be such a partition of ADy. Since P is simple, then for each altered row r, P divides the
unremoved stones in r into two end sections, separated by the block of removed stones. (With each
end section possibly empty). Increasing from k to k + 1 adds one stone of each color to each row.
To get ¢(P) we simply remove from each altered row one more stone of each color, such that the
configuration of each end section is preserved. Since we removed j additional stones of each color in
total, ¢(P) has weight transforming m, so the map is well-defined. (An example of ¢ is shown after
the end of the proof).

¢ is bijective, since the inverse map is obvious (add one stone of each color such that the end
section configurations are preserved) and well-defined. Well-definedness follows from the condition

that each altered row has strictly greater than 1 stone removed, so the addition of stones still leaves
the row an altered row. O

Example 4.7. ¢(P) where P is a simple partition of ADs.

2

4.3 Combinatorial Interpretation of the Limit

Definition 4.8. Let AD., be the following Aztec diamond pyramid extending infinitely vertically

and toward the middle:

A partition of ADy is a stable configuration achieved by removing stones from ADs,, such that
for each row in its decomposition, either no stones are remowved, or an infinite number of
stones are removed such that only a finite number of stones remains.

Definitions 4.9.

A simple partition of AD, is a partition of ADs, such that the restriction of the partition to each
row s simple.

12



For any row r of ADy, or ADw, define its height h(r) as its distance from the top layer, such that
the height of the top row is 0. Note that when k is finite, h(r) = k— (# of white stones in ).

For any partition P of ADy, or AD., define its height

h(P) = > h(r)

altered rows r of P

For any partition P of ADy or ADy, let

z(P) = Z (# non-removed white stones in r)

altered rows r of P

Equivalently,
z(P) = Z (# non-removed black stones in r)

altered rows v of P
Definition 4.10. Define a partition function

o z(P)+h(P)+# altered rows x(P)+h(P)
T = Yo Y1
P a simple partition of AD

Proposition 4.11. For the conifold R
lim Fp, =T

k—o0

Proof. We show that if P is a simple partition of ADjy, for finite n, and m # 1 is its weight, then m

transforms to m = yg(P)+h(P)+# altered rowsyit(P)—&-h(P).

Let m = y8y~7. Then m transforms to m = y7~**7y % Note that j = # altered rows. Also
observe that kj = h(P) 4+ 1tered rows r of p length of v . (Where length of r = # white stones in r
before any stones are removed). Hence kj —a = h(P) + z(P).

O

Remark 4.12. Comparing Definition 4.10 to Definition 3.13 from the previous section reveals that
the two are indeed analogous. In the case of the previous section, h(P) is always 0, and the # of
altered rows is always 1.

Remark 4.13. Proposition 4.11 and Proposition 8.14 from the previous section appear not to be
analogous, due to an additional "+1” constant term in the earlier result. However, this appearance
is false. The 7+1” term is hidden in the expression in Proposition 4.11, coming from the trivial
partition that removes no stones ).

However, after having seen the conifold quiver, there is now a natural way to revise Section 8 in
order to embed the constant +1 term, by viewing diamond pyramids as a generalization of row pyra-
mids, and then restricting back down from the generalized case. Replace all the definitions regarding
partitions of Ro, with the definitions regarding partitions of A (i-e. transport the definitions of
altered rows, simple partitions, height, x(P), and the partition function to the R, case). Then
removing no stones at all from Ry, would be considered a simple partition. It has 0 altered rows and
0 height, hence corresponds to the term +1.

13



5 Fy Quiver

Figure 6: Framed Fy quiver. p = 01230123 ...

Next, we investigate the Fy quiver, whose framed quiver is shown in Figure 6. We consider this
example with respect to the mutation sequence p = (0,1,2,3,0,1,2,3,...).

Here the cluster variables appear to converge, but this time in two phases. That is, the even-
indexed cluster variables appear to converge to one limit, and the odd-indexed cluster variables
appear to converge to another limit. Currently, we have only completed an investigation of the
even-indexed cluster variables, whose limit generalizes the conifold case further. An explanation for
this double sequence is not yet understood.

A table of the odd-indexed cluster variables. (Entries in the last two rows are truncated).

k I I
1 Yo+ 1 Yo +1
3 YayTye + 2u8y1y2 + ydye + yd + 200 + 1 Yoys + yive + 2005 + 2012 +y2 + 1
5 o4+ 4yiyiye +ys + 2052 +3u5 +3y0 + 1 | -+ dyoyiys + vous + 2u5y2 + 2yoys + vo + 1
7| .4 6ydyiye + 4y +3ydye + 63 +dyo + 1 | .+ dyiyays + yye 4 2u0y3 + 202 Y2 + 1

A table of the even-indexed cluster variables. (Entries in the last two rows are truncated)

k Fy, Fy,

2 y1+1 y1+1

4 Syiys + 2v0uiys + yiys + U5 + 2y + 1 3yays + U3ys + 2y0y3ys + 2y1yd +ys + 1
YoY1Ys3 YoY1Ys T Y1Ys + Y1 Y1 YolY2Y3 T Y1Ys YoYsY3 Y1Y3 T Y3

6 | ...4+4dyoyys +yi +2yfys + 37 + 3y + 1| L+ Aydyiyd + 3y5u3 + 203yiye + 2ydys + oy + 1

8 | ...+ 6yoyiys + 4yf + 3yfys + 6y + 4y + 1 | ...+ 4y3y3ys + 3yl + 2yoydys + 21y3 +ys + 1

For the remainder of the discussion, we consider only the even-indexed cluster variables, and we
re-index them from Fb, Fy, Fg, ... to Fy, Fy, F3, ... in order to simplify notation.
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Here is a larger number of stable terms. By identifying pairs of variables, these terms collapse
down to the conifold case (note to self: something is wrong with the indexing here?)

o 6yeyt + AybyTyays + 10yoysyS + 8ydyiyays + 8yoyays + Bygyt
+ 2y y2u3 + dyoys s + ASyiyays + 6yoysys + 4Yoys + Yoy ys
+ dyoyays + 3Ysyi + 2yoyey3 + 2ydy1 + Yo + 1

5.1 4-color Aztec Diamond Pyramids

The F-polynomials are, once again, partition functions of pyramids.

Definition 5.1. Let AD,(f) be the following 4-color Aztec diamond pyramid with k white stones on
the top layer. The next three layers down consist of black stones, yellow stones, and blue stones,
respectively.

AD O ADY é i ADY E § AD{Y é g

We carry over the definition of a partition of AD,(f) from previous sections unchanged. Now, for
any partition P of AD,(f), its weight is

. _ # yellow removed  # white removed = # blue removed # black removed
weight(P) = yq y1 Ya Y3

Theorem 5.2 (Elkies-Kuperberg-Larsen-Propp, 1992). The F-polynomials are partition functions
of ADW.

F, = Z weight(P)
Partitions P of AD,(:D

5.2 Proof of Stabilization

TODO: continue discussion. analogous to previous section.

5.3 Combinatorial Interpretation of the Limit

TODO also analogous to previous section
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6 Conclusion

6.1 Open Questions
Numerous questions remain to be answered, including:

1. How do we explain the behavior seen in the Fy quiver, where the transformed cluster variables
split into two distinct sequences? Can we predict for which quivers such a fork occurs?

2. How can we prove that the odd-indexed F-polynomials for the F;y quiver also stabilize? What
is a combinatorial interpretation for these functions?

3. Each of the three examples presented throughout this paper generalizes the previous in a
natural way. What family of quivers and mutation sequences does this generalization ultimately
extend to?

4. Eager and Franco originally observed apparent stabilization for the dP1 quiver. So far, we
have not investigated this case.

5. What characterizes the class of quivers and mutation sequences for which stabilization occurs?
What is the underlying explanation that causes stabilization? And what significance does this
have in the context of quiver gauge theories?
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