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Defining the Whittaker function

o Let )\ be an antidominant weight
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Defining the Whittaker function

o Let )\ be an antidominant weight

@ The Whittaker function can be written
W) = / v (utM)(u) du
We evaluate over double Iwasawa cells

Cry =U ' KNUTHK
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Defining the Whittaker function

o Let )\ be an antidominant weight

e The Whittaker function can be written
W(th) = /_ v (ut) ) (u) du
We evaluate over double Twasawa cells
Cry =U ' KNUTHK

e Thanks to Beazley-Brubaker [2] we know that

Ou=U | U U twIininutt'I
veWw \ww'ew
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From triple intersections to alcove walks

Thanks to Parkinson-Ram-Schwer [1] and Beazley-Brubaker [2] the
points of

Ut ol N Ivl N U’ T

in G/I are in bijection with labelled minimal walks to v which
positively fold to t*w and negatively fold to tw’
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Whittaker function in terms of alcove walks

Due to [2] we can write

W(tY) =

S () / (u) du
U—t wINIvINUtrw’ T

peQY
w,w' €W
veW

vol(K)
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Steps in the computation

e First find all v that positively fold to t*
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Steps in the computation

e First find all v that positively fold to t*

e For each v find all alcoves it can negatively fold to
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Steps in the computation

e First find all v that positively fold to t*
e For each v find all alcoves it can negatively fold to

o Use the labels to evaluate the character ¥
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Steps in the computation

First find all v that positively fold to t*
For each v find all alcoves it can negatively fold to
Use the labels to evaluate the character

Don’t worry, example coming soon...
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Tokuyama’s formula

e Tokuyama’s formula gives the Whittaker function in terms of
Gelfand-Tsetlin patterns.

e Only good for A,.
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Gelfand-Tsetlin patters

o Triangular array of p

artitions
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Gelfand-Tsetlin patters

e Triangular array of partitions

al,l N al,n
L an71 -
o Entries
Qij i, j+1
Qi+1,j

satisfy a;; > a;+1,; > aij1
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More on GTPs

s, i j+1
it

® a;y1,; called left-leaning if a; 11 ; = a;;
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More on GTPs

s, i j+1
it

® a;y1,; called left-leaning if a; 11 ; = a;;

® a;y1; called right-leaning if a;;1; = a; ;11
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More on GTPs

Qi,j Qi j+1
41,5

® a;y1,; called left-leaning if a; 11 ; = a;;
® a;y1; called right-leaning if a;;1; = a; ;11

@ a;t1,; called special otherwise
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More on GTPs

s, i j+1
it

Ai4-1,5 called left—leaning if Ai4-1,5 = Q4,5

a;11,; called right-leaning if ;11 ; = a; ;11

ai4+1,; called special otherwise

o A GTP is called strict if each row is strictly decreasing
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Defining Tokuyama’s formula

@ ) a partition. Let ¥ be the set of strict GTP with top row A + p
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Defining Tokuyama’s formula

@ ) a partition. Let ¥ be the set of strict GTP with top row A + p
o If T'e T, let di(T") be the sum of the entries in row k
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Defining Tokuyama’s formula

@ ) a partition. Let ¥ be the set of strict GTP with top row A + p
o If T'e T, let di(T") be the sum of the entries in row k
e Then [3]

UOEDY (H z,’f’“(T)_d’”l(T)) #0 (¢ 4 1)(7)

TeT \k=1
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Defining Tokuyama’s formula

@ ) a partition. Let ¥ be the set of strict GTP with top row A + p
If T'e %, let di(T') be the sum of the entries in row k
Then [3]

UOEDY (H z,’f’“(T)_d’”l(T)) #0 (¢ 4 1)(7)

TeT \k=1

Amazing thing is that alcove walks recovers the above formula
bijectively for G = SLo(Fy((t))) [2]
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mple computation of Tokuyama’s formula

e Let A =(2,0)
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Example computation of Tokuyama’s formula

e Let A =(2,0)
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Example computation of Tokuyama’s formula

e Let A =(2,0)

o We get
i+ (t+ )22z + (t+ 1)2125 + t2s
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Example computation of Tokuyama’s formula

Let A = (2,0)

We get
i+ (t+ )22z + (t+ 1)2125 + t2s

e Substitute t <> —1/q,21 <> 1,22 <> ¢z

24 (¢ — 1)z +qlqg — 1)2% — ¢*2°
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How to compute ¥

o Define

o : Fy((t)) — C*
Fo[[t] =1

(Cl +cocy + -+ Cnanfl)t_k > (CLL (2 (On
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How to compute ¥

o Define

tho : Fy((t)) = C*

Fol[t]] =1

(c1 +coay + -+ cpap_1 )t F s ¢ g2 gon

@ Then ¢ : U~ — C* is defined as

1
1

1

Tn—2 1
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Example of Whittaker function computation

Pick A = a. Let’s find v that positively fold to )\, and where they can
negatively fold
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The rest of the computation

v Label restrictions
t:\\ -8 Fy,F,
t -1 F,, Fq,Fy
-1 Fr, Ty
=’ g Fy Fg, Iy
20" 0,F,Fq,F,
g2 g 0,F;,Fy,Fg,Fy

Table: Label restrictions from positively folding v
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The rest of the computation

Original v | Where we negatively fold to | Total label restrictions
(A | v Fo Fy
= g v F},Fq,Fy
20" 1 v 0,F%,F,,F,
207 g v 0,F%,Fy, Fq, Fy
th s v 0
th s 1 Fy
th 1 v 0,0
1 s Fr, Ty
1 1 0,F

Table: Total label restrictions from both types of folds
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The rest of the computation

Weight Contribution

2" | 2(-1)¢® + 2 (-1)¢* = —¢*(g + 1)2°
—a¥ | 2(g—=1)g+2(¢-1)¢> = ql¢ = 1)(g+ 1)z
0 (-1 +(@—1g=(¢g—1)(¢g+1)
A b2 g—1) = (¢ + 1)zt

Table: Contributions to Whittaker coeff.
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The rest of the computation

Weight Contribution

2" | 2(-1)¢® + 2 (-1)¢* = —¢*(g + 1)2°
—a¥ | 2(g—=1)g+2(¢-1)¢> = ql¢ = 1)(g+ 1)z
0 (-1 +(@—1g=(¢g—1)(¢g+1)
A b2 g—1) = (¢ + 1)zt

Table: Contributions to Whittaker coeff.

e Last step is dividing by vol(K) =1+ ¢
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The rest of the computation

Weight Contribution
2" | 2(-1)¢® + 2 (-1)¢* = —¢*(g + 1)2°
—a¥ | 2(g=1)g+2(g—1)¢* = qlg—1)(g+ 1)z
0 (-1 +(¢—1)g=(g—-1)(¢g+1)
A 4z 42 g —1) = (¢+ 1)zt

Table: Contributions to Whittaker coeff.

e Last step is dividing by vol(K) =1+ ¢
o We get
(g 1) +alg— 1)z + ¢
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