CALCULUS
Polynomials and rational functions




Collecting like terms
We do not typically write
422 +3+6z+5+22+z2-10+8 =z
Instead:
4+1)22 + (6+2-1D)z + (3+45-1048)
— 522 + 72 + 6 (decreasing degree)
=6+ 7Tx + 5;{;2 (increasing degree)
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Collecting like terms
Problem: Expand and collect terms in

(3£t 4 4t2)(5t7 — 1) + (£ 4 4)(t + t8)

(20 4+ Dt° + (5 + 4)t8 + (15)¢'+
( )0 + ( )t + ( )t +
+( IPH-4+ P+ (-1 + Dt + (=3)

Count terms: 3-2+42-2 =10

Spp




Collecting like terms
Problem: Expand and collect terms in

(B34+t+4t2)(5t" — 1) + (t + 4)(t + t°)
= (204 1)t 4+ (5+ )3+ (15)t"+
(=4 + Dt 4+ (-1 + 4)t + (=3)

| 1 \ ¢ 9 | / “1 | N
2149 + 918 + 15¢7 — 3¢2 1 3¢ — 3)t T (=3)
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Collecting like terms
Problem: Expand and collect terms in

(B34+t+4t2)(5t" — 1) + (t + 4)(t + t°)
= (204+Dt°+ (5+ )8+ (15)t'+
(=4 + D)t>+ (-1 4+ 4)t+ (—3)

21t9 4+ 0t8 + 15¢" —3t2+3t—3 W

Note: Answer is a linear combination of
$9 48 4l 40 45 A 43 42 4 1.
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Polynomials and rational functions

Def: A polynomial in ¢
is a finite linear comb.
of 1, ¢, t2, ...

21t9 4+ 0t8 + 15¢" —3t2+3t—3 W

Note: Answer is a linear combination of
$9 48 40 40 45 A 43 42 4 1.
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Polynomials and rational functions

(5 + 4)t8 4+ (15)¢'+

( 44 1)t2 4+ (-1 4+ 4)t+(-3)

(20 + 1)t2 +
y
(3+t+ 4t2)(5¢7 — 1)
+(t+4)(t +1°)

Polynomial in t?7 YES
Why or why not?

not def'd at g = —1

(¢+1)(g+2)
q+1

Polynomial in g7 NO
Why or why not?

Domain of a polynomial = R

Def: A polynomial in ¢
is a finite linear comb.

of 1, ¢, 2,
e.g.. 54 3t — 22

4 4 +1,000,000

34 5¢2 — 19¢°

Defs: polynomial in x
polynomial in u
polynomial In ¢
etc. polynomial

€.9.:5 + 30 —2e?

4 .1,000,000
3 4 562 —10e°




Polynomials and rational functions
(20 4+ 1)t° + (5 4)t° + (15)t"+
( 44+ 1)t2+ (-1 4+ 4)t+ (-3)

(34t + 4t2)(5t7 — )
+(t + 4)(t + t°)

Polynomial in t?7 YES

not def'd at g = —1
(¢g+1)(g+2)
q+1
Polynomial in g7 NO

Def: A polynomial in ¢
is a finite linear comb.

of 1, ¢, 2,

Defs: polynomial in x
polynomial in u
polynomial in q
etc. polynomial

Pefs:AatiQnal fn,is 2
qu otlent of two polys.

~— — g == -

polynomlal INn q
etc. polynomial




Polynomials and rational functions
@0+Dﬂ+%5+®ﬁ+(wﬁﬂ—
( 44+ 1)t2+ (-1 4+ 4)t+ (-3)

®+t+%%®ﬁ—)
+(t 4+ 4)(t + t°)
Polynomial in t?7 YES

not def'd at g = —1

(¢+1)(g+2)
q+1

Polynomial in g7 NO
Rational in ¢? YES

Def: A polynomial in ¢
iIs a finite linear comb.
of 1, t, t2,
Defs: polynomial in x
polynomial in u

polynomial in q
etc. polynomial

Def: A rational fn is a
quotient of two polys.

Defs: rat’l expr. of ¢
rat’l expr. of v

rat’l expr. of b
rat’l expr. of «

etc. 9




Polynomials and rational functions

Def: A polynomial in ¢
is a finite linear comb.

of 1, ¢, 2,

Defs: polynomial in x
polynomial in u

0g. 21 37— 212 polynomial in ¢
9.+ 4 11,000,000 etc. polynomial
Def: A rational fn is a
7 4+ 2t9 + 4t10 gomainz quotient of two polys.
(1—)(4+1¢t) teR\{1l,—4] Defs: rat’l expr. of ¢
rat’l expr. of v
of b
of x«

W w’ + 4 w3 w’ etc.

§1.3|Rational expr of w7 Why or why not?

[42w2—7w]/[l_ (1 4+ w)(2w2 — 7w) :g“ gﬁg?
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Polynomials and rational functions

4wl — 210 4+ 7° 4+ 16w'

w(w’ + 4)(Tw?* — 2w3 4+ 5w?2 + 7w)
I expand and collect terms

4w’ — 2w3 + 7Tw? 4+ 16 w'’
7w4

w(w’ + 4) — 2w3 4+ 5w? + Tw
___collect terms | collect terms )
(4w’ + 16) — (2w3 — 7w?) (Tw?) — Qw3 + (=7 + 2)w? — 7Tw)
w(w’ + 4) w’
expand expand | expand

4(w7 -+ 41 w(2w2 — Tw)l Tw? (14 w)(2w2 — 7w)|

w(w’ + 4) w(w’ + 4) w’ w
common denominator// common denominator

4  2w?—Tw 7 (14 w)(uw? - Tw)
[E— 'w7—|—4] [ﬁ_ w’ ] 11

61.3|Rational expr of w?YESNhy or why not?




Polynomials and rational functions

Let P(x) be a polynomial in .
degree of P(z) =
highest power of x appearing in P(x)

e.g.. 3x 4+ 4x> =2z F 7 tras degree-5

Constant means degree 0O
Constant polynomials: 2, 7, —8, 0O, m, etc.
Linear means degree 1
Linear polynomials: 2z + 5, ex —+2, =nx, etc.
Quadratic means degree 2
Quadratic polynomials: —722 — 4z + 8, etc.
Cubic means degree 3
Cubic polynomials: 223 — mz2 4+ 62z + 1, etc.
Quartic means degree 4
Quartic polynomials: 8z% — 423 + 222 + 4x + 6, etc.

Quintic means degree 5
Quintic polynomials: 4z° — mxt 4 223 — ex?+ [

1.3 S5 — 8, etc.




Polynomials and rational functions

A degree six (sextic) polynomial:
|9§{:6 — §$5 72— Q:US 522[= 4:17 + 3

Constant term
Linear term

Quadratic term

Cubic term
Quartic term

Quintic term
Degree six term

T he coefficients are the numbers. ..

13




Polynomials and rational functions

A degree six (sextic) polynomial:

|g|:c6 ?jlaﬁf’ Tt —“6J:::3 T B2 —“4:17 3

Constant coefficient
Linear coefficient
Quadratic coefficient

Cubic coefficient

Quartic coefficient

Quintic coefficient

Degree six coefficient

Leading coefficient := the coefficient
on the highest degree term.

The coefficients are the numbers. .. 2




Polynomials and rational functions

A degree six (sextic) polynomial:
@6—83354—7:174—6:634—53:2—4334—3

Leading coefficient := the coefficient
on the highest degree term.

A polynomial is monic if its leading coeff. is 1,
51.3]€.9., 12 -+ 5x — 4, T3 — 412 + 7x — 2, etc.




Polynomials and rational functions

A degree six (sextic) polynomial:
?m6—8$5+7m4—6$3—|—53¢2—4$—|—3

Leading term := the highest degree term

A polynomial is monic if its leading coeff. is 1,
51.3]€.9., 12 -+ 5x — 4, T3 — 412 + 7x — 2, etc.




Heierarchy of functions and expressions

transcendental = non-algebraic
e.d., sinx

algebraic (closed under 4+, —, x, —, {z/—)

5
4 5 x> — 2x
a:3—a:'—|—<J

e.d.,
g \ 3z 4+ 8
rational except for a single E
e.g., \/:c2+1—:c
rational (closed under 4+, —, X, =)
2 — 4z + 3 1
e.q., —

2+ 7 x2 4+ 1

polynomial (closed under 4+, —, x)
e.g., 2z° — 4z +5

73] constant, linear, quadratic, etc.
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Heierarchy of functions and expressions
transcendental = non-algebraic
algebraic = evaluable by +, —
alnphra"r- — v/l Ay

rational = evaiuable by + —, x
polynomial = evaluable by 4+, —, X

L X! +| p/_
Vo n

poly = rat'l = algebraic # transcendental
rational = evaluable by 4+, —, X, =

polynomial = evaluable by 4+, —, X

18
§1.3




Heierarchy of functions and expressions

transcendental = non-algebraic

algebraic = evaluable by +, —, x, =, e
rational = evaluable by 4+, —, X, =+
polynomial = evaluable by 4+, —, X

poly = rat'l = algebraic # transcendental

algebraic is the opposite of transcendental

Next: division & synthetic division

19
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Problem: Divide 222 4+ 4z%

Polynomial division

_ 2823 4+ 422

2x — 1

b :c3—4x2—|—5:c—2
MULTIPLY T12 ) 10

— 42

-533—7'2:55—

- A4

—28x3—|—4x2—|—2x—:

SUBTRACT 24° — 8z —+ 10x3 — 422

—

127% — 3823 + 822 + 21
SUBTRACT 127% — 48x3+4+60x°—24x

1073—-52224261 — 1
SUBTRACT 187°—4022450x—20

1222 - 24x+19 M

20




Polynomial division
Problem: Divide 222 4+ 424 — 2823 + 422 4+ 22 — 1
by :c3—4x2—|—5:c—2.
222 +12z 4+ 10
:c3—4x2—|—533—2|2x5—— 4—28:173—|—4392—|-2:U—1
2x° — 8x% —7/10563 — 4z°

122 — 3823 -+ 82 4+ 2x
122t — 48234+-60x2—24%
1023—52224262 — 1

1023—40224+502—20
1222 - 24x+19 M

2;175—|—4x4—2 x3—|—4x2—|—2a3—1 —
(3 — 422 4 52 — 2) (222 + 12z + 10)
— 1222 — 242 + 19

21




Polynomial division

Problem: Divide 323 — 22 —6x + 1
by x — 2.

:Synthetic division:

2
M |—3|E_5li2j:_4,§| 1: MULTIPLY

NEGATE | 34 4
323 _ g2 COPY : | 3~ _11 —64 1
! .
522 — 6x ! COPY 6~ 10~ 8
522 —10z : ADD ADD [
4o + 1,
4z - g ADD

.I ALTERNATE FORMATTING

22




Polynomial division
Problem: Divide 323 — 22 — 62 + 1

by x — 2.
3224 5z + 4 ISynthetic division:
_n 3 2 I
SRR R

—>= 2’3 -1 -6 1
Sr” — bxr 6 10 8
522 —10zx | . - T o

4r + 1,

4r — 8

9| ALTERNATE FORMAT TING

23




Polynomial division
Problem: Divide 323 — 22 — 6z + 1

by x — 2.
3224 5z + 4 ISynthetic division:

—2(323 - 2 — 62 + 1!
3 6/332 |

23 -1 -6 1

oL ' 6 10 8
2_10zx !

\i$+ 1, 3 S 4 |2.

$—8:

9
_________________ U ———
[323 — 22 — 62 + 1]x—>2\TCfB 2)(3z2 +533+4)__g]33:—>2

Dividing x—2 into p(x), remainderis [p(x)], o = p(2).
Dividing z — a into p(x), remainder is p(a). 24
Spp




Polynomial division
Dividing z — a into p(x), remainder is p(a).
x — a divides evenly into p(x) iff p(a) =0

Dividing x — a into p(x), remainder is p(a).

Spp
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Polynomial division
Dividing z — a into p(x), remainder is p(a).
x — a divides evenly into p(x) iff p(a) =0
j.e., Iff  a is a root,of p
Cor zero)

Exercise: Factor x — 4 out of

2 — 102% 4+ 2123 + 6822 — 2722 + 192
as many times as possible.

4771 51007721 T e8 T T T2r2 192
4 24 12 224 192

1 —6 —3 56 —48 |0

22 — 1024 + 2123 4+ 6822 — 2722 + 192
= (z — 4)(z* — 623 — 322 + 562 — 48)

26




Polynomial division
Dividing z — a into p(x), remainder is p(a).
x — a divides evenly into p(x) iff p(a) =0
j.e., Iff  a is a root,of p
Cor zero)

Exercise: Factor  — 4 out of

2 — 102% 4+ 2123 + 6822 — 2722 + 192
as many times as possible.

. 4 1 -10 21 68 —-272 192
— 4 24 12 224  —192
4 1 —6 -3 56  —48 |0
4 -8  —44 48
1 -2 -11 12 0

22 — 1024 + 2123 4+ 6822 — 2722 + 192
= (z — 4)(z* — 623 — 322 + 562 — 48)
= (z — 4)%(a3 - 22% — 11z + 12)

27




Polynomial division
Dividing z — a into p(x), remainder is p(a).
x — a divides evenly into p(x) iff p(a) =0
j.e., Iff  a is a root,of p
Cor zero)

Exercise: Factor  — 4 out of

2 — 102% 4+ 2123 + 6822 — 2722 + 192
as many times as possible.

. 4 1 -10 21 68 —-272 192
— 4 24 12 224  —192
4 1 —6 -3 56  —48 |0
4 -8  —44 48
4 1 -2 -11 12 0
4 8 —12
1 2 -3 10

22 — 1024 + 2123 4+ 6822 — 2722 + 192
= (z — 4)3(z% 4+ 2z — 3) ”

Spp




Polynomial division
Dividing z — a into p(x), remainder is p(a).
x — a divides evenly into p(x) iff p(a) =0
j.e., Iff  a is a root,of p
Cor zero)

Exercise: Factor  — 4 out of

2 — 102% 4+ 2123 + 6822 — 2722 + 192
as many times as possible.

. 4 1 —-10 21 68 —272 192
— 4 24 12 224  —192
4 1 —6 -3 56 —48 |0
4 —-8 44 48
4, 1 -2 11 12 0
4 8 12 I
4] 1 > 3 [0 .
4 24 |
1 6 21 #0 |

> — 1024 + 2123 4+ 6822 — 2722 + 192
Spp = (:c—4)3(a?2—|—2:c—3) L]




Polynomial division
Dividing z — a into p(x), remainder is p(a).
x — a divides evenly into p(x) iff p(a) =0
j.e., Iff  a is a root,of p
Cor zero)

Exercise: Factor x — 4 out of

2 — 102 + 2123 4+ 6822 — 2722 + 192
as many times as possible.

Spp = (ac—4)3(a?2—|—2x—3) L]




Polynomial division
Dividing z — a into p(x), remainder is p(a).
x — a divides evenly into p(x) iff p(a) =0
j.e., Iff  a is a root,of p
Cor zero)

Exercise: Factor x — 4 out of

2 — 10z% + 2123 4+ 6822 — 2722 4+ 192
as many times as possible.

Note: x = 4 is a root of
2 — 1024 + 2123 4+ 6822 — 2722 + 192
of multiplicity

Spp = (ac—4)3(a?2—|—2x—3) L]




Whitman problems Whitman problems
§1.3, p. 13, #1-12 §1.3, p. 13, #13

Whitman problems
§1.3, p. 13, #14-15
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