CALCULUS
Additivity of limit




Fact: 2 and cosz are both continuous at = = 7 /4,

2 2 2
ie., im z2 = (n/4)% = —
x—m/4 16
2
and lim cosxz = cos(n/4) = £
r— /4 2
Def'n: Def'n 2.18, p. 42:
f(x) is continuous at x = «a|| f is continuous at a
lim f(@) = f(a). 7 lim f(@) = f(a).
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meaning?

, 5 T2 5 2 V2
Ilm = — |IIm =« lilm COoSx = —
r—1/4 lz—n/4 r— /4 2

_ V2

lim CcoSx = —

r—T /4 2

§2.3




meaning?
. 2 s . \/§
Iim x°c=— im cosx = —
r— /4 2

letters € and ¢ are traditional,

For every € >
there is adl> 0 s

§2.3




lim 22 =

r—/4

2

T

16

For every € > 0,

there I1s an

(8

> (0 s.t.

O<|z—7|<

Example: e = 0.1

Thereis an a > 0 s.t.

§2.3

O<|z—7Z|<a =

meaning?

. V2
lim COSx = —
r— /4 2
— 2—7T—2 < €
= 16

Alice: a« = 0.061271 works

2
2

r< — —| < 0.1.
1
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meaning?

- 2 2 : V2
im z%= _— im cosz = —
r—7 /4 16 r— /4 2

The lettegg e and ¢ are traditional,
e changed, if cpnvenient,

For every € > 0,

there is aljl> 0 s.t. elg., § :— 3
V2
O0<|z—7Zl <l = Cosz — ——| <e.

§2.3




. 2 7T2 . \/§
im z°= — lim COSx = —
r—/4 16 r— /4 2
For every € > 0,
there is a|8|> 0 s.t.
V2
O<|z—7z| <8 = cosz — —-| <¢
Example: e = 0.07
Ben: g = 0.094659 works
Thereisa B >0 s.t.
2
0 < ’x_%l <fB = cos:r—7 < 0.07.

v
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2 NG
: 7 .
liMm xzz— liMm COSx 27

Goal: Show that lim (z2 + cosx) = I
x— /4 16

\ Example: e = 0.07
Thereisa B >0 s.t.

< 0.07.

2
0<|z—Fl<B = |cOsz——

8
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- > _ T . V2

im z%= _— im cosz = ——
r—1/4 16 r— /4 2
2

Goal: Show that lim (2?4 cosz) = |
rx— /4 16

Goal:For every € > 0
find a 9.0 s.t.

O<|z—2Z1<é =

2 "2 V2
(x4 coszx) — (16 | )

§2.3 Example: e = 0.008




S

o _ V2

Iim =x — lim COSx = —
r—1/4 16 r— /4 2
Goal: Find 6 >0 s.t.
O<|z—7[<é =
2
2 7T | \/§
COSxz) — < 0.008.
(2% + cosz) (16 "0 )

§2.3

Example: e = 0.008

10




T2 V2

= — im cosx = —
16 r—T /4 2
Find 0 > 0 s.t.
O<|z—7|<d =
2 2
(22 + cosz) — T I\/_ < 0.008.
16 = 2 «
.............................. A
Choose a >0 s.t. 0 < |z — §| <a=|z° — —| < 0.004.
Goal: FInd o ~» u >...
O<|z—7[<é =
2
9) 7T | ‘\/§
CosSx) — < 0.008.
(2% + cosz) (16' 2)

11
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: 2 s .
Iim = — lim cosx =
r—/4 16 r— /4

Goal: Find 6 > 0 s.t.

16
Alice: o« = 0.00254 5 71.2 Lj
Choose aa > 0 < — —| < 0.004.§
Ben: v
Choose"3 > 0 s.t. O |z — cosr — —| < 0.004

0 = 0.002542

Let § := min{«, B}.

12

Let x satisfy 0 < |z — 7| < 6.
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2
(22 4+ cos ) — (W | \5) < 0.008

Want:
16 2

Goal: Find 6 > 0 s.t.
O<|z—7|<d =

Alice: o = 0.002542 72
Choose a>0s.t.0< |z —Z|<a=|x - 15

Ben: B8 = 0.005640 \/5
Choose 8>0st.0<|z—Z|<B= COST — —-

J = 0.002542
Let 0 := min{«, B}.

Let x satisfy 0 < |z — 7| < 6.

13
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2
2 — < 0.004.
2
COSx — = < 0.004.
Let § := min{a, B
£ O 14

Let x satisfy O < |z — 7| <é6.~
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Exercise: Using algebra and the friangle i

(22 + cosz) — (

§2.3

2

16

2

prove this from these.

16




2 2
T V2 < 0.008
16 | 2
2
_ T | <0.004

< 0.004 + 0.004 = 0.008

16 QED

(a:2 + cosz) — ( |

V2
)

cf. §2.3, p. 32, THEOREM 2.7:
im f(z) =L and I|limg(x) =M

L—C Ir—C
17

= Iim(f(z)) + (9(z)) =L+ M

§2.3 r—C




Pf: Given € > 0.
Want:E|5>OS.t.[O< r—c|l <9 = J

[(f(z)) +Cg(x))] — [L+ M]| <¢

HALF
Choose a >0 s.t. 0 < |z — | < f(x)) — Ll <e/2.
Chogse >0 s.t. 0 < |z — ¢ = |(glx)) — M| < /2.

cf. §2.3, p\ 32, THEOREM &.7:
im f(z) =L and |limg(x)=M

Ir—C Ir—C

= Iim(f(z)) + (9(z)) =L+ M

§2.3 r—C
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Pf: Given £ > 0.
Want: 46 > 0O S.t.[O <lt—¢c<d = J

[(f(2)) + (gle)] = [L+ M]| <e

Choose a>0st. O<|z—c|<a= |[(f(x)) —L| <e/2.
Choose 8>0s.t. O0<|z—c| < B = |(g(x)) — M| <e/2.
Let § := min{oz,B}.é Let a/Satisfy 0 < |z — ¢| < 4.
Want: |[(f(z)) + (g(z))] = [L/I+ M]| < e
0<|z—c| <8 <a,so [(f(a)) — L| < e/2
O<|x—c|<éd <3, s0 |(g(x)) — M| <e/2

cf. §2.3, p. 32, THEOREM 2.7:
im f(z) =L and I|limg(x) =M

L—C Ir—C

= Iim(f(z)) + (9(z)) =L+ M

§2.3 r—C
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Pf: Given £ > 0.
Want: 46 > 0O S.t.[O <lt—¢c<d = J

[(f (@) + (g(z)] - [L+ M][ <e
Choose a>0st. O<|z—c|<a= |[(f(x)) —L| <e/2.
Choose B8>0s.t. O0<|z—c| <@ = |(g(x)) — M| <e/2.
Let 6 := min{a, GB}. Let o satisfy 0 < |z — ¢| < 4.
Want: [[(f(z)) + (g(z))] - [L + M]| < ¢
O<|z—c|<d <a, soj(f(x))—L| <Je/2
g/2

[(f(z)) + (g(z))] = [L + M]| < (g/2) + (¢/2) .

§2.3 = ¢. QED




