CALCULUS
Riemann sums and the definition of the
definite integral




EXAMPLE: Use rectangles to estimate the
area ‘“‘under’ the parabola y = 2 from z —=0toz=1.
between the parapola and the z-axis i
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EXAMPLE: Use rectangles to estimate the

area ‘“‘under’” the parabola y # r=0tozxz=1.
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EXAMPLE: Use rectangles to estimate the
area ‘“‘under’ the parabola y = z? from z =0 to z = 1.
between the parabola and the z-axis

Estimate number 8: B [§]2§

(811817 + [BI(E1° + - + [B][§)° Sl

Next: 8 :— 40 ... 1171712
[31[]
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EXAMPLE: Use rectangles to estimate the
area ‘“‘under’ the parabola y = z? from z =0 to z = 1.
between the parabola and the z-axis

Estimate number 40:
(5112512 + 517512 + - + (55115912
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EXAMPLE: Use rectangles to estimate the
area ‘“‘under’ the parabola y = 2 from 2z =0 to =z = 1.
between the parabola and the z-axis

Estimate number 40: /
(5112512 + 517512 + - + (55115912 -
Estimate number n:

L1124+ 212 + - + [E112)2

Area: lim [1][1]12 4+ [1][2]2 4 ... 4 [1][2]2

n—aoeo




EXAMPLE: Use rectangles to estimate the
area ‘“‘under’ the parabola y = 22 fromz=0to z = 1.

Area: nli_)moo [%] [%]@+ [%] [%]@+ R [%] [%]@

= im 8 4+ L)+ + 2

Area: lim [F10312 + G2 + - + [

n—aoeo
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EXAMPLE: Use rectangles to estimate the
area ‘“‘under’ the parabola y = 22 fromz=0to z = 1.

Area: lim_ [ 1[5 112 4 [%][%]2 + -+ [%] [2]2

= im0+ 21+ -+ R[]

= |im 12 22 n_ asymptotics
n=—00 ﬂ»§+ 5 SAME DEGREE
i 12 4 .. -|—n2/ ln.-l—M 2 1.
T n—oo n3 n—>oo i Y
I%S I\IQ(A)CINOR Kinda hard. ..
on3 +3n2+n




EXAMPLE: Use rectangles to estimate the
area ‘“‘under’ the parabola y = 22 fromz=0to z = 1.

Area: lim_ [ 1[5 112 4 [%] [%]2 + -+ [%] [%]2

= im )+ 212 4 -+ ]
im 14204

n—oo n

, 12-|—----|—n _ 2n3-|—3n2-|-n 2 1
= |lim = lim =—-—=—|B

n— oo n3 n— 00 67?,3 6 3

Kinda hard. ..

[OU: An easier approach, via the
Fundamental Theorem of Calculus
(Later topic.)

Next: General discussion of “area under a curve” . ..
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DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Next: Estimate with three rectangles ...

3rd partition: Partition “the big interval” [a,b]
into three “subintervals” ...
some terminology . ..

Goal: Find this area.

10




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Next: Estimate with three rectangles ...

3rd partition: Partition “the big interval” [a,b]
into three “subintervals” ...
some terminology . ..

11
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DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Next: Estimate with three rectangles ...

3rd partition: Partition “the big interval” [a,b]
into three “subintervals” ...
some terminology . ..

3h3=b—a

hs = 3 c.r, a- at b ' 12
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DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Next: Estimate with three rectangles ...
3rd partition: Partition “the big interval” [a,b]
into three “subintervals” ...
some terminology . ..
partition of [a, b]

iInto three subintervals
3rd subinterval

3rd partition all of length h3
1 convention
left endpoint midpoint right endpoint

first subinterval second sybinterval third subinterval

The “1 convention”

3h3=b—a

step st

R F A -
} g = 9t a—+ a+ at _
§7.1 Ohs 1h3 2h3 3h3




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Next: Estimate with three rectangles ...
3rd partition: Partition “the big interval” [a,b]
into three “subintervals” ...
some terminology . ..
partition of [a, b]
into three subintervals
3rd partition all of length h3

left endpoints Mmidpoints right endpoints

% — A e T z
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DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Next: Estimate with three rectangles ...

3rd partition: Partition “the big interval” [a,b]
into three “subintervals” ...

Next: 10th partition of [a,b]. ..
3rd partition of [a, b]

f

: - a;l— a.—I— a,.—I— a,.—I— _ b 15
57.1 — Oh3 1h3 2h3 3h3




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp == (b—a)/n,

width of the subintervals in the nth partition
WARNING: A is for “horizontal’, not “height”

10th partition of [a, b]
width of the subintervals in the 10th partition

hio =

16
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DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp == (b—a)/n,
Alternate notation: Az instead of Ay
width of the subintervals in the nth partition
WARNING: A is for “horizontal’, not “height”
Back to the 3rd partition. ..
These rectangles have width hjg, not height.

width of the subintg the 10th partition
7
N
DN
b—a \\\\\\\ !
fflO — 10 at _ > 17
57.1 10h19




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp := (b —a)/n,

3rd partition of [a, b]

““““ fla+1hs) Values
: \ of f
E at the
““““ e f(a + 2h3) right
: : f endpts
b—a : ; e f (@ 4 3h3)
h — : : . . >
: 3 3 g = ot a-+ a+ at+ _ ¢ 18
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DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp, ;== (b—a)/n, DOES NOT |
J _ " ( )/ if desired DEPEND ON j

n
et [RnSaf]:=">" [hn]lf (a4 jhn)]
7=1
Right 3rd Riemann Sum from a to b of f DOES NOT

[l o+ 1h3)) o e

total N 13—if desired
O1lda . :
R3Sy f = shaded = <I[h3][If (a+2h3)] p =" [Rallf(a+ jh3)]
B e
common——"_113][f (& + 3h3)!
FACTOR - 7
"""" fla+1hs) Values
"""" of f
\ “““““ 4 .............................. f(a + 2h3) af’léﬂ%
“““““ f endpts
b— a . \ PYFTRTILLLL, f(a 4+ 3h3)
h3 = 3 _ a+ a—+ a-+ a—+ —b: 9
§7.1 ®=0hs 1hz 2hz  3h3




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp := (b —a)/n,

let

RnS2f

>y

DOES NOT
if desired DEPEND ON j

ISS palifCa 4 o)

=1

Next: Midpoint Riemann sums . ..
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3 __a+ a+

67.1 &= Ohs 1h3

a+
Dhs

Values
of f
at the
right
endpts

20
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n
hn Z fla+ jhn)
j=1
““““ fla+ 1h3)
...................... f(a 4+ 2h3)
;f. ........... f(a+ 3h3)
_I_ — >
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Vintegers n > 1, let hp := (b —a)/n,

.= Z [hn]lf(a + jhn)]

DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

let |RnS2f

fla+ (3~ 3)h3).,
fla+ (2= 3)h3),
flat (1 -3)h3) ~

Values
of f
at the

midpts

_a+

a_0h3

a—I—:b:

Midpoint 3rd
Riemann Sum

from a to b of |

total

f M3Stf= shaded

ared
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DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].
Vintegers n > 1, let hp := (b —a)/n,

let |RpSYf

let |M,S2f

fla+ (3~ 3)h3).,
fla+ (2~ 3)h3),
fla+ (1 —Hhs) -

Values
of f
at the
midpts
b—a
hsy = 3
87.1

=3 [hllf(a+ jhn)l,
j=1

=" [hnllf(a+ (G = $)hn)]
j=1

Next: Left Riemann sums ...

Midpoint 3rd
Riemann Sum
from a to b of f

b total
f M3S,f = shaded
: 5 ‘ area
_ a+ a+ a+ at _ 22
®=0hsz 1hz 2hz  3h3




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp := (b —a)/n,

let |RnS2f| = i [Pn][f (@ =+ jhn)],

j=1
Values b " 1
of f let |IMn S, fl:= Z [hn][f(a+ (5 — §)hn)]
at the 7=1
left
endpts

fla+ (3 —-1)h3),
fla+ (2 —-1)h3),
fla+ (1 —1)h3)
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3 — 3 _ a+ a+ a+ a—I—_l; 23
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DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp := (b —a)/n,

if desired
n
let |RnSP £ :=[Fj [Ro]lf(a + jha)],
j=1
poy if desired
Val ‘ .
of f et [MpSafl:="3"[Aallf(a + (G — 3)hn)]
at the J=1 DOES NOT
left if desired DEPEND ON j
endpts 2 n ‘
ot &1 B =Y Bulls(at G - D)
............ ]=
f(a—l— (2_ 1)h3) .............. Next n — 10 . . Left 3rd

Riemann Sum

fla+ (1 —1)h3)
from a to b of f

b total
f L3S,/ = shaded
b—a area
h3 = 3 _at af at+ af _, 24
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DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

hn .= (b—a)/n,

Vintegers n > 1, let

let
let

& let

Goal: Find this area.

RnSCfl:=

MpS2fl:=

LnSof]:=

Next:

th — — o+

87.1 — 0Oh1g

S [l (a + jhn)].
1

j:

i (had [fCa + (G = L)hn)]

nllf(a+ (5 — 1)hn)].

IIM:

n = 60 Left 10th
Riemann Sum
from a to b of f

1 total
108 = shpged

a_l__ 25




Goal:

heo =

§7.1

Find
Take nli_>m /

Which one?

b—a

60

DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp := (b —a)/n,

let

RnS?f

et

MnSSf

let

LnS)f

's;pe{

=3 [hallfCa+ jhn)]
j=1

=3 [l [f(a+ G — 3)hn)
j=1

=3 [hallfCa+ G — 1)hn)
j=1

Left 60th

Riemann Sum
from a to b of f

b total
LooSif = shzged

26




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp := (b —a)/n,

let |RnS2f| = i [Pn][f (@ =+ jhn)],
j=1

et |MnSifl:i= 3" [hnllf(a+ (G — 5)hn)]
j=1

& let [LaStli= 3 (hallf(a+ G — Dha)]
j=1

Theorem: If a < b,then

lim Lnsgf: lim Mnsgf: lim Rnsgf

n—oo n—oo n—~oo

Note: True even if f has a finite number 27

§7.1 of jump discontinuities.




DEFINITION: Let a,b € R satisfy a < b.
Let f be a function. Assume that f is continuous on [a,b].

Vintegers n > 1, let hp := (b —a)/n,

let |RnS2f| = i [Pn][f (@ =+ jhn)],
j=1

et PSEi= 3 (hnllf(a+ (G — 2)hn))
j=1

& let [LaStli= 3 (hallf(a+ G — Dha)]
j=1

DEFINITION OF A DEFINITE INTEGRAL.: If a < b,then

b
NEEENT be __ |; be __ |; b
/a fl@)del:= lim LpSyf = lim MpS,f = lim RnS,f
Note: True even if f has a finite number 28
§7.1 of jump discontinuities.




[ f@ar= [ f@yav= [ fwyar= [ fsas= [ 1

a

a a a

*C A
Next: / and / oL
Je b

a

DEFINITI OF A DEFINITE INTEGRAL: If a < b,then

b
— be _ i be _ i b
/a fl@)del:= lim LpSyf = lim MpS,f = lim RnS,f
Note: True even if f has a finite number 29
§7.1 of jump discontinuities.




/ab f(o:)d:c=/ab f(v)d'v=/ab £(t) dt —[ f(s)ds—fbf

Def’n:/cc f(x)dx[:=0 Next: / and/

fba f(a:)d:c:z—/b f(x)dx, ifa<b

a

Integrals of the form/f(:r;) dz are called indefinite integrals.
They are sets of expressions.

b
Integrals of the formf f(x) dx are called definite integrals.
¢ They are numbers.

DEFINITION OF A DEFINITE INTEGRAL.: If a < b,then

b
. be __ be __ b
/a f(x) dx|:= n“—>moo LpS,f = nh_}m@@ MpS,f = nl|_>moo RnS, f
Note: True even if f has a finite number 30
§7.1 of jump discontinuities.




ALGEBRA YIELDS SOME ALTERNATE VERSIONS:

LnS2y: [7 [Pnllf(a + (G — 1)hy)]

j=1

ji—ji+1 n—1

_han(a‘|‘(]J— )hn)—han(a+lhn)
§7.1 = j-1:-@G+1)-1=35 =00




ALGEBRA YIELDS SOME ALTERNATE VERSIONS:

Lnng Z [hn]lf(a+ (5 — 1)hn)]

‘j_

S

n n—1
=hn Y fla+ (G —Dhn)=hn Y fla+jhn) [=

§7.1 j=1 7=0




ALGEBRA YIELDS SOME ALTERNATE VERSIONS:

j:]_
n j—>j—|—l n—1
— Z fla+ jhn) = hn Z fla+ (7 + 1)hn)
7=1 7=0

Mnsgf = [hn]l[f(a + (J — j)hn)]

n 7 —73+1

= hn Zf(a‘l‘(]_ 5)hn) = hn Zf(a+(3+2)hn)

Lnng Z [hn]lf(a+ (5 — 1)hn)]

‘7_

S

n n—1
=hn Y fla+ (G —Dhn)=hn Y fla+jhn) [

§7.1 =1 7=0




RIEMANN SUM FORMULAS:

RnSof]:= Z [hn][f (a + jhn)]
i~

n—1 The "0 convention”
= hn Z fla~+ jhn) = hp Z fla+ (j+ 1)hn)
J= 7=0

Mnsgf Z [hn]lf(a =+ (5 — )hn)]
j=1

n—1 The "0 convention”
= hn Zf(aﬂﬂ D) =k 3 fla+ G+ 1hn)
J= 7=0
n 1
TSP li= S [hnllf(a+ G — Dha)]  Next: Back to [ a?de
=1
n—1 The "0 convention”

= hn Z fla+ (G —1)hn) =hn Y fla4 jhn) [

67.1 j=1 J=0




EXAMPLE: f(z) =22, a=0,b=1

R ogbr—u . f(a+ jhn)
= hn Z f(a‘l‘jhn)

J=1

1

Next: Back tofO 2 dx

35
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EXAMPLE: f(z) =22, a=0,b=1

asymptotics, or . ..

2n3—|—3n2—|—n= 1 [2n3+3n2+n] _ iijQ

3 3 3
6|7|1 n 6 (g |
3 2 1
2n>  3n° | n Next: Back tof 2 dx
6n3 | 6n3 : 6n3 O
1
| | 1
1 l 1 | 1 nlgmm Rnsof
— 36
71 3 ' 2n  6n2




EXAMPLE: f(z) =22, a=0,b=1 n varies

b — 1—-0 1
hnz a: _—_
__________________ n____.n___MT_ _ _ _ _ _ _ _ ________
1 1 1
1
RnSéf Fin5o =§ ' 2n I 6mn2
__i__z ______ T I ___________________
/O X d:c—/o f(a:)d:c—nll_>moo RnSo f
1 1 1
= lim |= |
n—00 3+2n | 6n2]
1
Next: Back tof 22 dx
0
I
: 1
1 I 1 | 1 nlngORnSOf
~ 4 | 37
71 3 2n 6n2




EXAMPLE: f(z) =22, a=0,b=1 n varies

/01 azzda:Z/Ol f(z)de = lim RnSEf

nN— 00

= lim |-+

n—oo |3 2n 6n2

1 1 1 ]

1 1
=—4+04+0=—M
3 3 Kinda hard. ..

1

Next: Back 1:ofO 2 dx

IOU: An easier approach, via the |
Fundamental Theorem of Calculus lim RnSLf
(Later topic.) oo

38
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