CALCULUS
Properties of the definite integral




cf. §7 3, p. 150ff PROPERTIES OF THE DEF. INTEGRAL
/ c(f(z)) de = c / f(z) da
a

a not necessary

Assyming and f is contin. on [a,b].

z} d
:=/a £ gt Tifen —[F(@)] = f(2).

Proof: Let F(éﬁ

ANTIDIFE
Then [ QG = v
(e(F(a))]
:[ — le ) dt

=c/a f(a?)da: QED

cf. §7.2, p. 146 THE FUNDAMENTAL THEORE
OF CALCULUS, THE

If f is continuous on [a,b],

M
OREM 7.4

then = [ f@) dt = [0 = J(@), for z€ (a,)] 2
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cf. §7 3, p. 150ff PROPERTIES OF THE DEF. INTEGRAL
/ c(f(2)) de = c / f(z) da
a

[ (@) + (o)) do = ( [ 5 d:c) + ( [ 9@ d:c)

Similar proof.

b - -
/ IS linear.
a

b b b
[ (@) + F entaN e = ex | [ @) do| - ben | [ futo) s

/[01f1+ -+ cnfn] = c1 [/bh]

a

b
+- - ton [/ fn]
cf. §7.2, p. 146 THE FUNDAMENTAL THEOR

OF CALCULUS, TH

If f is continuous on [a,b],

EOREI\/I 7.4

then = [ f@) dt = [0 = J(@), for z€ (a,)] 3
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cf. §7 3, p. 150ff PROPERTIES OF THE DEF. INTEGRAL
/ c(f(2)) de = c / f(z) da
a

[ (@) + (o)) do = ( [ 5 d:c) + ( [ 9@ d:c)

ew )T =c(b-a) QED
/cdzczc(b—a,)

a

Suppose ¢ >0 7
and a < b.
If not ...
cf. §7.2, p. 146 THE FUNDAMENTAL THEOREM
OF CALCULUS, THEOREM 7.4

If f is continuous on [a,b],

then = [ f@) dt = [0 = [(@), for z€ (a,)] *
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cf. 7.3, p. 150ff bPROPERTIES (%F THE DEF. INTEGRAL
b
[ edn:| G dr=c [ j(x)dr
a a a

b b
/c(f(a:))dac:bc/ f(x) dx

a [

[ @) - @@= ([ s@de) - ([ ot az)

because subtraction is a linear combination,
with coefficients +1 and —1.

cf. 7.2, p. 146 THE FUNDAMENTAL THEOREM
OF CALCULUS, THEOREM 7.4

If f is continuous on [a,b],

then = [ f@) dt = [0 = [(@), for z€ (a,)] °
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cf. §7.3, p. 150ff PROPERTIES OF THE DEF. INTEGRAL

Proof: V integers n > 1, hn -

§7.3

/b cdr = c(b—a)

a

G+ e de= ([ eac) + ([ ot as)

Ce(f@)de=c [ f(z)da
/ ]

a a

[ @) - e = ([ s@de) - ([ ot az)

b
g>0on [ab] = / g(x)dx >0
a

_b—a

n

n
RpnSeq = > hn(q(a+ jhn)) > 0.
j=1

b
/ g(z)do = lim RnSeq > 0. QED 6

a




cf. §7.3, p. 150ff PROPERTIES OF THE DEF. INTEGRAL
b
/ cdr = c(b—a)
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cf. §7.3, p. 150ff PROPERTIES OF THE DEF. INTEGRAL

§7.3

/b cdr = c(b—a)

a

G+ e de= ([ eac) + ([ ot as)

Ce(f@)de=c [ f(z)da
/ ]

a a

b b
g<fonfabl = [ g@de< [ f(x)do

monotonicity a

b b
f>gonlab = f@ﬁmz/’mwir

monotonicity Ja

m < f <M on [a,b]

b
N m(b—a)gfaf(m)dcch(b—a)




cf. §7.3, p. 150ff PROPERTIES OF THE DEF. INTEGRAL

§7.3

/b cdr = c(b—a)

m < f <M on [a,b]

b
N m(b—a)gfaf(m)dcch(b—a)




cf. §7.3, p. 150ff PROPERTIES OF THE DEF. INTEGRAL

[ U@+ Gande= ([ 1@ de)+ ([ ox)s)
[ (@) + (o)) do = ( [ 1) d:c) + ( [ 9@ d:c)

Ce(f@)de=c [ f(z)da
/ /

a a

the “cocycle” identity

/ " (@) do = [ / ! (@) d:c] + [ /b f(x) da:}

JF'(z) = f(x)
cocycle identity:

[F()]536 = ([F@)]320) + ([F@)]5 3
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cf. §7.3, p. 150ff PROPERTIES OF THE DEF. INTEGRAL
b b b
|7 (@) + (9(2)) do = ( | f@) d:c) + ( | 9@ d:c)

a

Ce(f@)de=c [ f(z)da s linear.
/. /

a

the “cocycle” identity

/ " (@) do = [ / ! (@) d:c] + [ /b f(x) da:}
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cf. §7.3, p. 150ff PROPERTIES OF THE DEF. INTEGRAL
b b b
|7 (@) + (9(2)) do = ( | f@) d:c) + ( | 9@ da:)

a

Ce(f@)de=c [ f(z)da " s linear.
/. /

a

d b .
Linear, but not multiplicative: —, > f / Cle]zizb, A
X a

T.—a:

product rule

U @Ne@D # [ (F@D)] [-(9@))] @itrerentiation

by parts)

e 5 ][50, B
[U@@Ndz [ [ 1@y de] [ [ oGy da], By 5ia0"
/“b Sl de= fab F) dx] !/ab 9(x) da?] by parts

[(F(2)) (g@)N]Et # ([ (@)1=t ([g(x)]zi P el by parts)
product rule

diff i 12
5 Olanba] # (Ban)(Abn) (differencing




Linear, and multiplicative: |im, [e]z:—q

lim [f(2)]lg(@)] = [lim f(z)][lim g(z)]
[((f (@) (g(@))]z:—a = ([f (@)]e:—a) ([9(2)]2:—a)

d b .
Linear, but not multiplicative: —, > f f Cle]zizb, A
X a

T.—a:

product rule

U @Ne@D # [ (F@D)] [-(9@))] @itrerentiation

by parts)

e 5 ][50, B
[U@@Ndz [ [ 1@y de] [ [ oGy da], By 5ia0"
f‘: Sl de= fa,b F) dx] Uab 9(x) da?] by parts

[(F(2)) (g@)]Et % ([ (@)1 ([g(2)]Zih) P el by parts)
product rule

diff i 13
— Alanbn] #= (Aan) (Aby) (di er%r;cbna%ts)




EXAMPLE: Use the properties of the
integral to evalu

b . .
/ IS linear,

a

73] but not multiplicative . ..
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EXAMPLE: Use the properties of the 4
integral to evaluate f (5 — 822) da.

x:—b ; :
[e] i, IS also linear,

73] but not multiplicative . ..
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I 7
EXAMPLE: Assumef2 f(z) do = and/4 F(z)do = 12.

2
Compute /4 f(x)dx.




7m/2

EXAMPLE: Compute / | cos x| dx.

O

Where positive & negative on [0, 77/2]7

§8.1
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7m/2
EXAMPLE: Compute / | cos x| dx.

0 COCYCLE
| IDENTITY

w/2 3m/2
[/o ‘COSJ;'dx]_I_[/W/z | cosx d:c]—l—

5m/2 Tm/2
[f?m/z \cos;n|da:] + [/Em/z |COSx|daz]

Where positive & negative on [0, 77/2]7
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7m/2
EXAI\/IPLE:Compute/ | cos x| dx.
0 COCYCLE
| IDENTITY
/2 3m/2
/ | cosx|dx| + / | cos x| dx | +
0 w/2

57 /2 Tm/2
[/?)W/Q \cos;n|da:] + [/Em/z |cos.zc|da:]
|
[/W/Q(cos x) dm] + [/%/2( CoS ) dac] +

/2

581 o




7m/2
EXAMPLE: Compute /0 | cos x| dx.
|

[/W/Q(cos x) dm] + [/37T/2(— COS ) dx] 4

0 /2
57/2 7m/2
[/37?/2 (cosx) dx] + [/57r/2 (— cosx) dsc]
w:t—+ﬂ/2 3m/2
[/[5'” I —0 r] [/7T/2 (—COS:c)dx] +
57/2 7m/2
[/37?/2 (cosx) dx] + [/57r/2 (— cosx) dsc]

20
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7m/2
EXAMPLE: Compute /0 | cos x| dx.
|

7w/2 3m/2
[/0 (cosx) da:] + [/71'/2 (— cosx) d:c] 4
[/SW/Q(COS x) dac] + [/m/z(_ COSx) dsc]

37/2 5m/2
|

—(~1) x:—3m/2

[Sm ]i:g/z T [_Squ]ac:—m/Q T

L ri57/2 [( 1) T:—Tmw/2

[S!}?ﬂaﬁ—+3ﬂ/2 T S”laﬂ :—57 /2

|
[1—0] + -1 +
1-CD]  + [(=1)—=(-1)]

| 21
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EXAMPLE: A particle moves along a line so that
its velocity at time ¢ is v(t) = t2 4 2t — 15
(measured in miles per hour).

(a)Find the displacement of the particle
during the time period 1 <t < 4.

(b)Find the distance traveled
during the time period 1 <t < 4.

4
(a) . v(t) dt
4 .
ANOTHER particle: —
(b) . lv(t)|dt =0 =6 =3
speed ) ¢
5 25

displacement during 1 <t <6: 0
distance traveled during 1 <t < 6: 40

22
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EXAMPLE: A particle moves along a line so that
its velocity at time ¢ is v(t) = t2 4 2t — 15
(measured in miles per hour).

(a)Find the displacement of the particle
during the time period 1 <t < 4.

(b)Find the distance traveled
during the time period 1 <t < 4.

4 4 5
@ |, v(t)dtz/l 2 4 2t — 154t
t3 t:-—4

— [— + 2 — 15t]

LINEARITY 3 £l

OF [e]7: 30 43 _ 13
= ( 2 )+(42—12)—15(4—1)
=5 + (16 — 1) — 15(3)
— 21+ 15— 45
= 36 — 45 .

68.1 — —9




EXAMPLE: A particle moves along a line so that
its velocity at time ¢ is v(t) = t2 4 2t — 15
(measured in miles per hour).

(a)Find the displacement of the particle
during the time period 1 <t < 4.

(b)Find the distance traveled
during the time period 1 <t < 4.

4 Position at t = 4
(a) v(t)dt = —9 is 9 units to the left of
1 position at ¢t = 1.
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EXAMPLE: A particle moves along a line so that
its velocity at time ¢ is v(t) = t2 4 2t — 15
(measured in miles per hour).

(a)Find the displacement of the particle
during the time period 1 <t < 4.

(b)Find the distance traveled
during the time period 1 <t < 4.

4 Position at ¢t = 4
(a) v(t)dt = —9 is 9 units to the left of
e position at ¢t = 1. _ _ _ _ ..
4 t =4 t =1
(b) [ ()]t L3 :
\ )
J
9

It'lIl turn out that the distance traveled is > 9.

moving left moving right
t=1tot=3 t=3tot=4
v(t) =(t—-—3)(t+5) pos O neg O pos

25
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EXAMPLE: A particle moves along a line so that
its velocity at time ¢ is v(t) = t2 4 2t — 15
(measured in miles per hour).

(a)Find the displacement of the particle
during the time period 1 <t < 4.

(b)Find the distance traveled
during the time period 1 <t < 4.

4 Position att =4
(a) fu(t) dt = —9 is 9 units to the left of
o JY positionatt=1. _ ____ __ _ __ _ _____
: ? _ 4 COCYCLE
o) [ lde=| [ ool de| + | [Clo@ldr|  GRGGEE

_ [ [~ + | [ (v(t))dt]
| /3

_ B 2 42
_[/1 (1 —|—2t15)dt]—|—[/3 (t —|—2t—15)dt]

moving left moving right
t=1tot=3 t=3tot=4
v(t) =(t—-—3)(t+5) pos O neg O pos

.| 26
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EXAMPLE: A particle moves along a line so that
its velocity at time ¢ is v(t) = t2 4 2t — 15
(measured in miles per hour).

(a)Find the displacement of the particle
during the time period 1 <t < 4.

(b)Find the distance traveled
during the time period 1 <t < 4.

4 Position at ¢t = 4
(a) v(t)dt = —9 is 9 units to the left of
R position at t = 1. _ _ _ ..
4 3 | 4
) [ ool = | [ ool + | [T o)l

_|_

_ [/3 —(v(t))dt_ :/4 (v(t))dt]
| /3

3 0 40
— /1 (12 + 2t — 15) dt|+ f3 (t2 4+ 2t — 15) dt
LY e
m“": — [3 _I_ t2 L 15t] I [

t:—1

L2 — 15t]

t:—3 27
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EXAMPLE: A particle moves along a line so that
its velocity at time ¢ is v(t) = t2 4 2t — 15
(measured in miles per hour).

(a)Find the displacement of the particle
during the time period 1 <t < 4.

(b)Find the distance traveled
during the time period 1 <t < 4.

4 Position at t =4
(a) v(t)dt = -9 is 9 units to the left of
1 position at ¢t = 1.
S s T ; 3 7 t ._—_>3____t§________?:_—>_4__
(b) / lv(t)| dt = — [ + 1% — 15t] | [ -2 — 15t]
1 3 t:—1 3 t:—3
3% | 2 1 5
= —||—+3“—-15-3 ] — [ — 1< —15-1
(5+2-153) = (5422 -10))
43 33
+ 3+42—15-4)— 3+32—15-3)]
= —|——+1t°— 1bt i Fitc — 1bt
{3 Jt:—>1 {3 Jt:—>3 28
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EXAMPLE: A particle moves along a line so that
its velocity at time ¢ is v(t) = t2 4 2t — 15
(measured in miles per hour).

(a)Find the displacement of the particle
during the time period 1 <t < 4.

(b)Find the distance traveled
during the time period 1 <t < 4.

4 Position at t = 4
(a) v(t)dt = —9 is 9 units to the left of

1 position at ¢t = 1.
- 43T t:—3  r,3  qt—=4
o [ ot | +2o1s] 4 [Ereoas]

1 3 t:—1 3 t:—3

- 3—3+32—15-3 - 1—3+12—15-1
3 3

43 33
(g ores)

moving left moving right
t=1 to t42-03 t :33 to t§34 ”
68.1 =_[_3} | [3}:7:17667.




EXAMPLE:

3
/3 /9 — 2 dz = 97/2

/ —\/9 — 2?dx = —97/2

30
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EXAMPLE:

31
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EXAMPLE:

(b)/ Vo -z da;——/ 9 —a?de = 9r/2

fba f(ac)da::z—/a f(z)dz, ifa<b

32

§7.3




§7.3

Whitman problems
§7.3, p. 154, #1-6
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