Writeup on integration for MATH 4604 (Advanced Calculus IT)
Spring 2015

We adopt here all the notation from the handout on measures. This handout is a contin-
uation of that one.

Definition: Let n € N, let D C R™ and let f : D — R. Then the ordinate set of f is
defined to be Of := {(z,y) € D x R|0 <y < f(z)} C R

Definition: Let n € N, let D C R™ and let f : D — R. Then f is integrable means: the
sets Oy and O_; are both contented in R™*1. If f is integrable, then the integral of f is

defined to be /D o= [vng1(0f)] — [vn41(O—f)].

Definition: For any n € N, for any nonempty S C R", diam S := sup |z —y|.
z,yes

Definition: For any n € N, for any nonempty F C 28"\{()}, mesh F := max diamF".
€

Recall that Z C 2F denotes the set of all intervals in the real number line, R.

Fact (chopOnion): Let n € N, let S € C,\{0} and let § > 0. Then there exists a finite
nonempty pairwise-disjoint F € C,\{0} such that UF = S and such that mesh F < §.

Proof: Choose m € N such that \/n/m < 0. Let Zo := {[j/m, (j+1)/m)) | j € Z}. Then
Ty CTC2® Let G:={I; x---xI,|I,...,I, € Io}. Then G C B, C 2", Also, G is
pairwise-disjoint and UG = R™. Also, for all G € G, we have diam G = /n/m < §. We
define F:={SNG|GeG,SNG #0}. QED

Lemma (inOutApproz2): Let n € N, let S C R™ be bounded and let ¢ > 0. Then:
(+) [ (S is contented ) and ((v,(S) =0 ) |

=
(*) Ve > 0,3K,L € K, st. KCSC Landst. o—e<oMK)<WNL)<o+e.

Proof: Proof of =: Assume (+). Given ¢ > 0. We wish to prove

(*) IK, L€ K, st. KCSCLandst. o—e<vNK)<NL)<o+e
Since v,,(S) = v,(S) = 7, choose K € K,, such that K C S and such that o —e < v~ (K).
Since 7, (S) = v, (S) = o, choose L € K,, such that S C L and such that v*(L) < o +¢.
Then K C S C L, and it remains only to show that v(K) < v~ (L). However, K C L,
and so, by monotonicity of v, we get vN(K) < vX(L), as desired. End of proof of =.

Proof of <=: Assume (x). We wish to prove v,,(S) = 7,(5) = 0. Given € > 0. We
wish to prove o —e < v,,(S) <7,(5) <o +e.

By (%), choose K, L € KC,, such that K C S C L and 0 —¢ < oK) <oN(IL) <o+e.
By definition of v,,, we have v (K) < v, (S). By (a) of Fact (innerOutr) in the handout

on measures, we have v, (S) < ©,,(S). By definition of ©,,, we have ©,,(S) < v}(L). Then

c—e < WNK) < 1,9 < w(S) < oh(L) < o+



sooc—e<v,(5) <v,(S) <o +e¢, as desired. End of proof of <. QED

Note that Lemma (inOutApprox2) may be used to give a quick proof of Lemma
(inOutApprox) in the writeup on measures.

Lemma (prodMsr): Let m,n € N, let S € C,,, and let T' € C,,. Then S x T € Cp,4,, and
VUmin (S X T') = [0 (9)][vn (T)).

Proof: Let 0 := v,,(S5) and let 7 := v,(T). We wish to prove: S x T € Cpy4pn and
VUm4n (S X T) = or. Given € > 0. By Lemma (inOutApprox2), we wish to show that there
exist A, B € K;,4r such that

AC SxT C B and or —e < of (A) < ok (B) < o1 +e.

m-+n m-+n

Choose g9 > 0 such that ¢g < 1 and (0 + 7+ 1)eg < e. By Lemma (inOutApprox2),
choose K, L € K,,, such that

K C SCL and c—¢go < VN(K) < o&(L) < o4
By Lemma (inOutApprox2), choose P, € K,, such that
PCTCAQ and T—sogvr’f(P)gvf(Q)§7+ao.

Let A:= K xPand B:=Lx@Q. Then A C S xT C B, and it remains to show that
or—e<vk, (A) <&, (B)<or+e.

m—+n m—+n

We leave it as an exercise to prove: v& . (B) = (v&(L))(vX(Q)). Then
Umin(B) = (Un(L) (v (Q))
< (0 +€0)(T +€0)
= oT 4 (0 + 7+ ¢€0)eo
< oT + (0 + 7+ 1)eg
< oT + €.
Also, as A C B, we get v&_ (A) <o (B). It remains to prove: vk (A) > o1 —e.
We leave it as an exercise to prove: v}, . (A) = (v5 (K))(vX(P)). Then
Umin(4) = (U (K)(vy (P))
> (O' — Eo)(T — 80)

= oT — (0 4+ T —€0)eo
or — (o + 74 1)

oT — €,

AVARVS

as desired. QED

Lemma (ctdContin): Let n € N and let S C R™. Assume, for all £ > 0 that there exist
R,T € C, such that R C S C T and such that v, (T\R) < e. Then S € C,.
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Proof: Choose Ty € C,, such that S C Ty. Since Ty € C,,, T is bounded. So, since S C Ty,
S is bounded. Given € > 0. By Lemma (inOutApprox) from the handout on measures,
we wish to prove that there exist K, L € K,, such that K C S C L and vN(L\K) < e.

Choose R,T € C, such that R C S C T and such that v, (T\R) < 5/3 By definition
of v,,, choose K € K, such that K C R and such that v}(K) > (v, (R)) — (¢/3). Since
R € C,, we have v,,(R) = v,(R). Then vN(K) > (vn(R)) (¢/3). By definition of v,
choose Ly € K, such that T C Ly and “such that vN(Lo) < (0n(T)) + (¢/3). Since
T € C,, we have 1,,(T) = v,(T). Then vX(Ly) < (vn(T)) + (¢/3). Since T € C,, it
follows that T is bounded. Then choose a bounded B € B, such that T" C B. Let
L := LoN B. Since Ly € K,, and since B € B, C K,, it follows that L € IC,,. We have
KCRCSCTCLyNB=L,so KCSC L. It remains to show that v (L\K) < e.

Since L C Lg, we get v, (L) < v®(Ly). Since B is bounded and K C L CB,
follows that K and L are bounded. Then vN(K) = v,(K) and vN(L) = v, (L). Then
oK) = 05(K) > (un(R)) — (¢/3) and vn(L) = vE(L) < o5(Lo) < (un(T) + (¢/3)
Then v, (R\K) = (v,(R)) — (vn(K)) < ¢/3 and v, (L\T) = ( n(L)) — (vu(T)) < €/3.
Also, recall that v, (T\R) < &/3. Then, as L\K = (L\T) U (T\R) U (R\K), we see that
v (L\K) < (¢/3) + (¢/3) 4+ (¢/3) = ¢, as desired. QED

Remark (supInfDiff): Let D be a set, let g : D — R, let FF C D and let g9 > 0. Assume,
for all z,y € F, that |(g(z)) — (9(y))| < €0. Then (sup g) — (ir};f g9) < eo.
F

Proof: Let M :=sup g, let m := ir;f g and let v := M — m. We wish to show that v < gg.
F

Assume, for a contradiction, that v > &g.
Let 0 := v —¢p. Then § > 0. Choose y € F such that g(y) > M — (§/2). Choose
x € F such that g(x) < m + (6/2). Then

v =M-m < [(g(y) +(5/2)] = [(g(x)) = (6/2)] = (9(y)) — (9(z)) + 0.

We have v > g9 > 0, so v = |v|. Then v = |v| < [(g9(y)) — (g9(x))| + 3 < ep + § = v, and so
we get v < v, contradiction. QED

Lemma (contInt): Let n € N, let D € C,, be closed and let g : D — R be continuous. Then
g is integrable.

Proof: We will only prove that O, € C,,11, and will leave it as an (unassigned) exercise to
the reader to prove that O_, € C,41. Since D € C,,, D is bounded. Since D is closed and
bounded, D is compact. So, since g is continuous, it follows that g : D — R is bounded and
uniformly continuous. Choose K > 0 such that g(D) C [-K, K]. Then O, C D x (0, K].
Then O, is bounded. Given € > 0. By Lemma (ctdContin), it suffices to prove that there
exist R,T € Cp41 such that R C Oy C T and v,41(T\R) < e.

Choose g > 0 such that [v,(D)]eg < e. By uniform continuity of g, choose § > 0 such
that, for all =,y € D, we have:

(lz—yl <9) = (1(g(x) = (gw))] < €0 ).

By Fact (chopOnion), choose a finite, pairwise-disjoint F C C,\{0} such that UF = D
and such that mesh F < 4.



For all F' € F, let mp := i%f g and Mg :=sup g; then mp < Mp. For all F € F, for
F
all x,y € F, we have |z — y| < diam F' < mesh F < §, so |(g(x)) — (9(v))| < 0.
By Remark (supInfDiff), for all F' € F, we have Mp —mp < g¢. For all F' € F, define

_ [Fx(0,mp], ifmp>0 [ Fx(0,Mp], if Mp>0
RF"{@, itmp <0 TF"{@, if My < 0;

then RF - Og N (F X R) - TF and TF\RF - F x [mF,MF]
Let R := U Rp and T := U Tr. Since UF = D and since O, € D x R, we

FeF FeF
conclude that U O, N(F xR)=0,N (D xR)=0,. Then
FeF

RCO,CT and T\R C |J (Fx[mp,Mp]).
FeF

It remains to show that v,41(T\R) < e.
We have

’Un_H(T\R) < Z (Un—l—l(F X [mF’ MF]))
FeF

> (o (E)[Mp —mp])

FeF

> ([oa(E)eo)

FeF

[z ()]

FeF
= [wmUAe = [aD)lee < g

IN

IN

VAN

€0

as desired. QED

Lemma (puffUpBoz): Let n € N, let B € B,, be bounded and let € > 0. Then there exists
an open, bounded C € B,, such that both B C C and v5(C) < (vB(B)) +«.

Proof: If B = (), the result follows with C' := (). We therefore assume that B # (). Choose
Ii,...,I, € Zsuchthat B=1; x---x1I,. Since B is bounded, I1, ..., I, are all bounded.
Define a polynomial f : R — R of degree n by f(t) = [(¢(I1)) +t]---[(¢(I,)) + t]. Then
f(0) = [6(1,)]---[¢(I,)] = vB(B). So, by continuity of f at 0, choose > 0 such that,
for all ¢t € (—n,n), we have |(f(t)) — (v2(B))| < e. Let § := n/2. Then § € (—n,n), so
(f(8)) = (v3(B))] <&, 50 (f(8)) = (v (B)) <e, 0 f() < (vg;(B)) +e.

For all integers k € [1,n], choose an open bounded Ji € Z such that I, C Jj and such
that ¢(J;) < (0(Ix)) + 6. Let C := Jy x --- x J,,. Then C' is open, C' is bounded, C € B,
and B=1I; x---x I, CJ; x---x.J, CC. It remains to show that v2(C) < (v5(B)) +¢.
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We have [£(J1)] - - - [€(Jn)] < [(£(11))+6]---[(£(I,))+6]. That is, vB(C) < f(5). Recall

that f(6) < (v3(B)) +e. Then vB(C) < f() < (vVB(B)) +¢, as desired. QED

Lemma (puffUpNegl): Let n € N, let Z C R™ be negligible and let £ > 0. Then there exists
an open, bounded U € K,, such that both Z C U and v,(U) < e.

Proof: Since Z is negligible, it follows that Z is bounded. Choose a bounded B € B,
such that Z C B. We have ©7,,(Z) = 0. By definition of v, choose Ky € K, such that
both Z C Ky and vN(Ky) < ¢/2. Let K := KoN B. Then K € K,, and Z C K. Also,
v(K) < oM (Ky) < g/2. Since B is bounded, K is bounded. Any bounded kidset is
contented, so K € C,,. Moreover, v, (K) = v~ (K). Then v, (K) < /2.

By definition of kidset, choose a finite, pairwise-disjoint & C B,, such that UF = K.
For all F' € F, we have F' C K so, as K is bounded, F' is bounded. Let m := # F be the
number of elements in F. Choose g > 0 such that meg < /2.

By Lemma (puffUpBox), for all F' € F, choose an open, bounded Cr € B,, such that
F C Cp and v52(Cr) < (vB(F)) + eo. Let U := U Cp. Then U is open and bounded.

FeF

Moreover, U € K,, and Z C K = UF C U Cr = U. It remains to show that v, (U) < e.

FeF
We have v, (UF) = v, (K) < ¢/2. Recall that meg < £/2. Then

W) < Y (lCr)

FeF
< YlwaF) +=d
FeF
< [Z(Un(F)) + [#Fleo
FeF
= [(UF)]+me < §+§ - ¢

as desired. QED

Definition: Let n € N, let D CR™, let f: D — R and let A C D. Then f is integrable
on A means: f|A: A — R is integrable.

Remark (approzint): Let n € N, let D C R™ be bounded and let f : D — R be bounded.
Assume, for all € > 0 that there exists U € C, such that v, (U) < ¢ and such that f is
integrable on D\U. Then f is integrable.

Proof: We will only prove that O € Cp,41, and will leave it as an (unassigned) exercise to
the reader to prove that O_¢ € C,,41. Choose K > 0 such that f(D) C [-K, K]. Then
Of C D x (0,K]. Then Oy is bounded. Given ¢ > 0. By Lemma (ctdContin), it suffices
to prove that there exist R,T € Cp4+1 such that R C Oy C T and v,41(T\R) < .

Choose g > 0 such that ¢g K < . Choose U € C,, such that v, (U) < ¢p and such that
f is integrable on D\U. Let R := O p\v). Then R = Oy N ((D\U) x R). Then R C Oy.
Let Y :=U x (0,K]. Then Y 2 Oy N (U xR). Let T:= RUY. Then T O Oy N (D x R).
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So, since Oy C D x R, we see that 7' D O¢. Then R C Oy C T', and it remains to show
that v,1+1(T\R) < e.

Since T\R = (RUY)\R C Y, we get v,41(T\R) < vp41(Y). Since Y = U x (0, K],
it follows that v,4+1(Y) = [v,(U)][K — 0]. So, as v,(U) < &g, we see that v,1(Y) < oK.
Then v, 41(T\R) < v,41(Y) < oK < ¢, as desired. QED

Definition: Let n € N, let D C R™ and let f : D — R. By the discontinity set of f, we
mean DSC f := {x € D| f is discontinuous at x}.

Theorem (Rnint): Let n € N and let f : R" — R be bounded. Assume both that
f~Y(R\{0}) is bounded and that DSC f is negligible. Then f is integrable.

Proof: We wish to prove that Oy, O_¢ € C,41. Because f~1(R\{0}) is bounded, choose a
compact Dy € B,, such that f~1(R\{0}) C Dy. Let fo := f|Dg : Dy — R. Then we have
both O = Oy, and O_; = O_y,, and so it suffices to prove that Oy,,O_y, € Cy11, i€,
that fo: Do — R is integrable.

Since Dy is compact, Dy is bounded. Since f is bounded, fy is bounded. Given € > 0.
By Remark (approxInt), it suffices to show that there exists U € C,, such that v, (U) < ¢
and such that fj is integrable on Dg\U.

Let Z := DSC f. Then Z is negligible. By Lemma (puffUpNegl), choose an open,
bounded U € K,, such that both Z C U and v, (U) < €. As U is a bounded kidset, we see
that U is contented, i.e., that U € C,,. It remains to show that fy is integrable on Dy\U.
Let D := Do\U and let g := fo|D : D — R. We wish to show that g : D — R is integrable.

Because Dy is compact, Dy is closed and bounded. So, since U is open, we see that
Do\U is closed. That is, D is closed. We have Dy € B,, C K,,, so Dy is a bounded kidset,
so Dy € C,. So, since U € C,, we see that Dy\U € C,.. That is, D € C,,. Then, by Lemma
(contlnt), it suffices to show that g : D — R is continuous.

We have D = Do\U C D. Also, fo = f|Dy and g = fo|D. Then g = f|D. We have
Dy CR" and DSC f = Z C U, so Dy\U C R™\(DSC f). That is, D C R™\(DSC f). Then
fID : D — R is continuous. That is, g : D — R is continuous, as desired. QED

Remark (Rnint): Let n € N, let D C R™ and let g : D — R. Define f : R™ — R by

_ (x), ifxeD
/(@) N {g, ifx ¢ D.

(i) DSCf < (DSCyg) U (0D) and
(ii) Oy = O, and O_y = 04 and
(iii) fTHR\{0}) < gTH(R\{0}).

Proof: We leave (ii) and (iii) as exercises and prove only (i).

Let z € DSC f. Assume that z ¢ DSCg. We wish to show that z € 9D.

Recall that 9D = D\ D°. Because R™\D is an open set and because f = 0 on R™\D,
it follows that f is continuous on R\ D. Then x ¢ R™\D, i.e., z € D. It remains to prove
that © ¢ D°. Assume, for a contradiction, that x € D°.
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As x ¢ DSC g, we know that g is continuous at 2. However f = g on D and D° C D,
so f =g on D°. So, since D° is open and since g is continuous at x, it follows that f is
continuous at x. However, x € DSC f, i.e., f is discontinuous at x, contradiction. QED

Theorem (intCriterion): Let n € N, let D C R™ and let g : D — R be bounded. Assume
(a) 0D is negligible,
(b) g~ '(R\{0}) is bounded and
(c) DSC g is negligible.

Then g is integrable.

Proof: Define f : R™ — R by

- (x), ifxeD
f(@) N {g, ifx ¢ D.

Since g : D — R is bounded, f : R® — R is bounded. Since g~!(R\{0}) is bounded,
by (iii) of Remark (Rnint), we see that f~!(R\{0}) is bounded. Since DSC g is negligible
and since 0D is negligible, by (i) of Remark (Rnint), we see that DSC f is negligible. Then,
by Theorem (Rnint), we conclude that f is integrable, i.e., that O, O_; € C,41. Then,
by (ii) of Remark (Rnint), we see that Oy, O_, € Cp41, i.e., that g is integrable. QED

Since OR™ = () is negligible, Theorem (intCriterion) implies Theorem (Rnint). Also,
recall that any contented set has negligible boundary. So, we get the following;:

Corollary: Let n € N, let D C R"™ be contented and let g : D — R be bounded. Assume
both that g=!(R\{0}) is bounded and that DSC g is negligible. Then g is integrable.



