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I. Definitions

A. (5 pts) Let X be a metric space and let s P XN. Then s‚ is Cauchy

means . . .

B. (5 pts) Let X and Y be metric spaces, let f : X Ñ Y and let K ě 0.

Then f is K-Lipschitz means . . .

C. (5 pts) Let V and W be finite dimensional vector spaces and let

p ě 0. Let } ‚ } P N pV q. Then qOppV,W, } ‚ }q :“ ¨ ¨ ¨



D. (5 pts) Let V and W be finite dimensional vector spaces. and let

f : V 99K W . Let p P V . Then LINSV,W
p f “ ¨ ¨ ¨

E. (5 pts) Let V and W be finite dimensional vector spaces and let

f : V 99K W . Then Df : V 99K LpV,W q is defined by . . .

F. (5 pts) Let S be a set of sets. Then S is a ring of sets means: . . .



II. True or false (no partial credit):

a. (5 pts) Let f : RÑ R be differentiable. Assume: @x P R, f 1pxq ą 0.

Then f is strictly increasing.

b. (5 pts) Let f : RÑ R be continuous. Assume that f 1p0q ą 0. Then

there exists δ ą 0 such that f is increasing on p0, δq.

c. (5 pts) Let f : r1, 2s ãÑ R. Assume that f is continuous. Then

f´1 is continuous.

d. (5 pts) @f, g P pO3pR,Rq, fg P pO9pR,Rq.

e. (5 pts) Let I denote the set of all intervals. Then I is a ring of sets.
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III. Hand-graded problems. Show work.

1. (10 pts) Find a function f P pO2pR,Rq such that 0 R domrf2s.



2. (10 pts) Let f : R Ñ R and assume that domrf2s “ R, i.e., that

f is twice differentiable on R. Assume that fp0q “ f 1p0q “ f2p0q “ 0.

Show that f P qO2pR,Rq.



3. (10 pts) Let f : R Ñ R. Assume that domrf 1s “ R. Assume that,

for all x P R, we have |f 1pxq| ď 5. Show that f is 5-Lipschitz.



4. (15 pts.) Let ˚ P SBpR2,Rq and let f :“ ∆˚ : R2 Ñ R. That is,

let ˚ : R2 ˆR2 Ñ R be symmetric and bilinear, and define f : R2 Ñ R
by fpuq “ u ˚ u. Show: there exists K ě 0 such that, for all x, y P R,

we have |fpx, yq| ď K ¨ rx2 ` y2s.

Hint: You may use, without proof: For all x, y P R,

x2 ď x2 ` y2,

2 ¨ |x| ¨ |y| ď x2 ` y2 and

y2 ď x2 ` y2.


