
Homework for MATH 4604 (Advanced Calculus II)

Spring 2018

Homework 14: Due on Tuesday 1 May

14-1. Let W be a normed vector space, let f : R 99K W and let p P R.

Show: pfT
p q
1p0q “ f 1ppq.

14-2. Let V , W be finite dimensional vector spaces, α, β : V 99K W ,

p ě 0. Assume: α “ β near 0V and α P qOppV,W q. Show: β P qOppV,W q.

14-3. Let δ ą 0, let I :“ p´δ, δq and let α : R 99K R. Assume: @x P I,

αpxq P r0|xs. Show that α P pO1pR,Rq.

14-4. Let k P N0 and let f P qOkpR,Rq. Let g : R 99K R. Assume that

g1 “ f near 0. Assume that gp0q “ 0. Show that g P qOk`1pR,Rq.

14-5. Let V , W be finite dimensional vector spaces. Let f, g : V 99K W .

Let p P V . Assume: f “ g near p. Show: LINSpf Ď LINSpg.

Homework 13: Due on Tuesday 24 April

13-1. Let V , W be finite dimensional VSs. Show: LpV,W q Ď pO1pV,W q.

13-2. Let m,n P N. Let V :“ pRm, | ‚ |m,1q and let W :“ pRn, | ‚ |n,1q.

Let Z be a normed vector space. Let ˚ P BpV,W,Zq. Show: DK ě 0

such that, @v P V , @w P W , |v ˚ w|Z ď K ¨ |v|V ¨ |w|W .

13-3. Let `,m, n P N. Let U :“ pR`, | ‚ |`,1q, let V :“ pRm, | ‚ |m,1q

and let W :“ pRn, | ‚ |n,1q. Let Z be a normed vector space. Let

F P T pU, V,W,Zq. Show: DK ě 0 such that, @u P U , @v P V , @w P W ,

|F pu, v, wq|Z ď K ¨ |u|U ¨ |v|V ¨ |w|W .

13-4. Let U , V and W be finite dimensional normed vector spaces. Let

Z be a normed vector space. Let F P T pU, V,W,Zq. Show: DK ě 0

such that, @u P U , @v P V , @w P W ,

|F pu, v, wq|Z ď K ¨ |u|U ¨ |v|V ¨ |w|W .

13-5. Let S V , W and Z all be finite dimensional vector spaces, and

let ˚ P BpV,W,Zq. Show: r pOpS, V qs ˚
S
r pOpS,W qs Ď pOpS,Zq.

Homework 12: Due on Tuesday 17 April



12-1. Let V and W both be finite dimensional vector spaces, and let

| ‚ |, } ‚ } P N pW q. Show: pOpV,W, | ‚ |q Ď pOpV,W, } ‚ }q.

12-2. Let V and W both be finite dimensional vector spaces, and let

α : V 99K W . Assume that dom rαs P NV p0V q. Assume that α is

continuous at 0V . Show: α P pOpV,W q.

12-3. Let V and W both be finite dimensional vector spaces, and let

| ‚ |, } ‚ } P N pV q, and let p ą 0. Show:

(1) qOppV,W, | ‚ |q Ď qOppV,W, } ‚ }q and

(2) pOppV,W, | ‚ |q Ď pOppV,W, } ‚ }q.

12-4. Let V and W both be finite dimensional vector spaces, and let

p, q ě 0. Assume p ă q. Show: qOppV,W q Ě pOqpV,W q.

12-5. Let p, q ě 0. Show:

( [ pqOppR,Rqq ¨ pqOqpR,Rqq Ď qOp`qpR,Rq ] and

[ pqOqpR,Rqq ˝ pqOppR,Rqq Ď qOqppR,Rq ] ).

Homework 11: Due on Tuesday 10 April

11-1. Let S Ď R. Assume that S has a minimum. (That is, assume:

Da P S s.t. a ď S.) Show that inf S “ minS P S.

11-2. Let U be a vector space, let | ‚ |, } ‚ } P N pV q and let S Ď U . Let

V :“ pU, | ‚ |q and let W :“ pU, } ‚ }q. Assume both that | ‚ | ăă } ‚ },

and that S is bounded in W . Show that S is bounded in V .

11-3. Let V and W be normed vector spaces, and let T P LpV,W q.

Assume that T : V Ñ W is bounded below. Show that T is 1-1.

11-4. Let T P LpR4,R4q be defined by Tx “ p6x1, 5x2, 8x3, 7x4q, and

define V :“ pR4, | ‚ |4,2q. Show that qTV V “ 5 and that pTV V “ 8.

11-5. Let V and W be normed vector spaces and let T : V ãÑą W be

a vector space isomorphism. Assume T : V Ñ W is bounded below.

Show that T´1 : W Ñ V is bounded.

Homework 10: Due on Tuesday 3 April

10-1. Let V and W be normed vector spaces, T P LpV,W q and ε ą 0.

Show: rT is ε-bounded below s ô r @x P V, |Tx|W ě ε|x|V s.

10-2. Let m P N. Show: | ‚ |m,8 ď | ‚ |m,2 ď | ‚ |m,1 ď m ¨ | ‚ |m,8.



10-3. Let V be a normed vector space, let Z be a topological space, let

µ : V 99K Z and let p P V . Let λ :“ µpp` ‚q. Show: lim
0V

λ “ lim
p
µ.

10-4. Let X be a metric space, let D Ď X and let p P IntXD. Show

that there exists B P BXppq such that B Ď D.

10-5. Let g : R 99K R. Let p, q P R. Assume g has a local unique min

at p in R. Show: g ` Cq
R has a local unique min at p in R.

Homework 9: Due on Tuesday 27 March

9-1. Let V and W be normed vector spaces, T P LpV,W q and K ě 0.

Show: r T is K-bounded s ô r @x P V, |Tx|W ď K ¨ |x|V s.

9-2. Let V and W be normed vector spaces and let K ě 0. Let

T P LpV,W q be K-bounded. Show: T is K-Lipschitz. That is, show:

@x, y P V, | rT pxqs ´ rT pyqs |W ď K ¨ | x ´ y |V .

9-3. Let Y and Z be metric spaces and let K ą 0. Let f : Y 99K Z
be a K-Lipschitz function. Let x P dom rf s and let r ą 0. Show that:

f˚pBY px, rqq Ď BZpfpxq, Krq.

9-4. Let V and W be normed vector spaces and let T P LpV,W q.

Assume that T is continuous at 0V . Show that T is bounded.

9-5. Let f, g : R 99K R. Assume: DM P R s.t. pM,8q Ď dom rg1{f 1 s.

Assume: lim
8

f “ 0 “ lim
8

g. Show: lim
8
pg{fq “˚ lim

8
pg1{f 1q.

Homework 8: Due on Tuesday 20 March

8-1. Let W be a vector space and let u, v, v1 P W . Assume that

Rv “ Rv1 and that u}v. Show that u}v1.

8-2. Let u, v P R2. Show:

r u}v s ô r pu “ 02q or pv “ 02q or pslu “ sl vq s.

8-3. Let u, v P R2. Show:

p u}v q ô

ˆ

Det

„

u

v



“ 0

˙

.



8-4. Let V and W be normed vector spaces. Let x : R 99K V and

y : R 99K W . Let p P R. Assume that x and y are both continuous

at p. Show that px, yq is continuous at p.

8-5. Let V and W be normed vector spaces. Let x : R 99K V and

y : R 99K W . Let p P LPDRpx, yq. Show: px, yq1ppq “˚ px1ppq , y1ppq q.

Homework 7: Due on Tuesday 6 March

7-1. Let f : R 99K R, p P R and δ ą 0. Assume

(1) pp´ δ, p` δq Ď dom rf s,

(2) f is strictly decreasing on pp´ δ, ps and

(3) f is strictly increasing on rp, p` δq.

Show that f has a local unique minimum at p in R.

7-2. Let g : R 99K R and p P IntDRg. Assume both that gppq “ 0 and

that g1ppq ą 0. Show: Dδ ą 0 such that all three of the following hold:

(A) pp´ δ, p` δq Ď dom rgs,

(B) g ă 0 on pp´ δ, pq and

(C) g ą 0 on pp, p` δq.

7-3. Let f : R 99K R and let p P IntDRpf
1q. Assume both that f 1ppq “ 0

and that f2ppq ą 0. Show: f has a local unique minimum at p in R.

7-4. Let f : R 99K R and let p P IntDRpf
1q. Assume both that f 1ppq “ 0

and that f2ppq ă 0. Show: f has a local unique maximum at p in R.

7-5. Let f : R 99K R. Asume both that 0 P IntDRf and that fp0q “ 0.

Define g : R Ñ R by gpxq “ x4. Assume that f{g Ñ 1 near 0. Show

that f has a local unique minimum at 0 in R.

Homework 6: Due on Tuesday 27 February

6-1. Let f : R 99K R be continuous, and let I Ď dom rf s. Assume that

I is an interval. Show: f˚pIq is an interval.

6-2. Let X, Y Ď R. Let f : X ãÑą Y be continuous. Let X0 :“ IntRX.

Show that f´1 is continuous on f˚pX0q.

6-3. Let f : R 99K R be str. increasing. Show: f´1 is str. increasing.

6-4. Let X, Y Ď R. Let f : X ãÑą Y be strictly increasing. Let a P R.

Assume: X “ ra,8q. Show: f´1 is continuous at fpaq.



6-5. Let X, Y Ď R. Let f : X ãÑą Y be strictly increasing. Let a P R.

Assume: Db P pa,8q s.t. X “ ra, bq. Show: f´1 is continuous at fpaq.

Homework 5: Due on Tuesday 20 February

5-1. Show: @w, x P R, cospw`xq “ pcoswq¨pcosxq ´ psinwq¨psinxq.

5-2. Show: @x P R,

sinp2xq “ 2 ¨ psinxq ¨ pcosxq and

cosp2xq “ pcos2 xq ´ psin2 xq.

5-3. Let f : RÑ R, a :“ fp0q. Assume f 1 “ f . Show: f “ a ¨ exp.

5-4. Show: @w, x P R, exppw ` xq “ pexpwq ¨ pexpxq.

5-5. Let f : RÑ R. Assume that f 1 “ f . Let g :“ f 2. Show: g1 “ 2g.

Homework 4: Due on Tuesday 13 February

4-1. Let m P R. Define λ : RÑ R by λpxq “ mx. Show: λ1 “ Cm
R .

4-2. Let S Ď R. Show: ´pLPRSq “ LPRp´Sq.

4-3. Let f : R 99K R, p P R. Define f0 : R 99K R by f0pxq “ fp´xq.

Let p0 :“ ´p. Assume that f has a local maximum at p in R. Show

that f0 has a local maximum at p0 in R.

4-4. Let f : R 99K R, p P R. Define f1 : R 99K R by f1pxq “ ´rfpxqs.

Assume that f has a local minimum at p in R. Show that f1 has a

local maximum at p in R.

4-5. Let f : R 99K R, p P dom rf 1s. Assume that f has a local

extremum at p. Show that f 1ppq “ 0.

Homework 3: Due on Tuesday 6 February

3-1. Let X be a topological space, let S Ď X and let p P X. Show:

r p P IntXS s ô r S P NXppq s.

3-2. Let φ : R 99K R, let p P R and let q ą 0. Assume: φ Ñ q near p.

Show: DU P Nˆ
R ppq s.t. φ˚pUq ą 0.



3-3. Let α, β, γ : R 99K R. Let S Ď dom rpα, β, γqs. Let p P IntRS and

let q P R. Assume that α ď β ď γ on S. Assume that αppq “ γppq.

Assume that α1ppq “ q “ γ1ppq. Show: β1ppq “ q.

3-4. Let W be a normed vector space. Let f, g : R 99K W . Let U be

an open subset of R. Assume: U Ď dom rpf, gqs. Assume: f “ g on U .

Show: f 1 “ g1 on U .

3-5. Define f : R 99K R by fpxq “ rx2srsinpx´3qs. Let β :“ adj00f .

Show: β1p0q “ 0.

Homework 2: Due on Tuesday 30 January

2-1. Let X and Y be topological spaces. Let X0 Ď X and let Y0 Ď Y .

Let f : X0 99K Y0. Show:

r f is pX, Y q-continuous s ñ r f is pX0, Y0q-continuous s.

2-2. Let X, Y and Z be topological spaces. Let f : X 99K Y and let

g : X 99K Z. Let a P X, b P Y and c P Z. Assume:

(1) f Ñ b in Y near a in X and

(2) g Ñ c in Z near a in X.

Show: pf, gq Ñ pb, cq in Y ˆ Z near a in X.

2-3. Show: @z P R, D!x P R s.t. x5 ` x3 “ z.

2-4. Let X and Y be topological spaces. Let f : X 99K Y . Let

X0 Ď dom rf s. Assume that f is pX, Y q-continuous on X0. Show that

f |X0 is pX0, Y q-continuous.

2-5. Let f : R 99K R. Let α, β P dom rf s. Assume that f is semimono-

tone on rα|βs. Show: f˚prα|βsq Ď rfpαq|fpβqs.

Homework 1: Due on Tuesday 23 January

1-1. Let X and Y be metric spaces, and let f : X Ñ Y . Assume that

f is not uniformly continuous. Show: Dε ą 0, Dp, q P XN s.t., @j P N,

r dX p pj , qj q ă 1{j s and r dY p fppjq , fpqjq q ě ε s.

1-2. Let K be a sequentially compact metric space, let Y be a metric

space, and let f : K Ñ Y . Assume that f is not uniformly continuous.



Show: Dε ą 0, Ds, t P KN, Du P K s.t.

p r s‚ Ñ u in K s and r t‚ Ñ u in K s and

r @j P N, dY p fpsjq , fptjq q ě ε s q.

1-3. Let X be a metric space, and let s P XN. Assume that s‚ is

convergent in X. Show that s‚ is Cauchy in X.

1-4. Let X be a metric space, and let s P XN. Assume that s‚ is

Cauchy and subconvergent in X. Show that s‚ is convergent in X.

1-5. Let X be a metric space, and let s P XN. Assume that s‚ is

Cauchy in X. Show that s‚ is bounded in X.


