Homework for MATH 4604 (Advanced Calculus II)
Spring 2018

Homework 14: Due on Tuesday 1 May

14-1. Let W be a normed vector space, let f: R --» W and let p € R.
Show: (£)/(0) = /(7).

14-2. Let V, W be finite dimensional vector spaces, o, : V --» W,
p = 0. Assume: o = f near Oy and o € 0,(V, W). Show: 3 € 8,(V,W).
14-3. Let § > 0, let I := (—4,9) and let o : R --» R. Assume: Vz € [,
a(x) € [0|z]. Show that o € O (R, R).

14-4. Let k € Ny and let f € 0x(R,R). Let g : R --» R. Assume that
g = f near 0. Assume that g(0) = 0. Show that g € 0541 (R, R).

14-5. Let V', W be finite dimensional vector spaces. Let f,g: V --» W.
Let pe V. Assume: f = g near p. Show: LINS,f < LINS,g.

Homework 13: Due on Tuesday 24 April
13-1. Let V, W be finite dimensional VSs. Show: L(V, W) < Oy (V, W).

13-2. Let m,n e N. Let V := (R™,| e |, 1) and let W := (R",| @ |,,1).
Let Z be a normed vector space. Let = € B(V, W, Z). Show: 3K > 0
such that, Vo e V., Vw e W, |v=w|z < K- |v|y - |w|w.

13-3. Let ¢,m,n € N. Let U := (RY| o |p1), let V := (R™,| o ;1)
and let W := (R™,| e |,1). Let Z be a normed vector space. Let
FeT(UV,W,Z). Show: 3K > 0 such that, Yue U, Vv e V, Yw e W,

Fluo,w)lz < K-Jul- oy - fwly.
13-4. Let U, V and W be finite dimensional normed vector spaces. Let

Z be a normed vector space. Let F' € T(U,V,W,Z). Show: 3K > 0
such that, Vue U, Vo e V, YVw e W,

Fu,v,w)lz < K-|uly-|vly-|ww.

13-5. Let S V, W and Z all be finite dimensional vector spaces, and
let x € B(V,W, Z). Show: [O(S,V)] =[O(S,W)] < O(S, 2).

*
S

Homework 12: Due on Tuesday 17 April



12-1. Let V and W both lie finite dimensiAonal vector spaces, and let
[o ], o] e N(W). Show: OV, W,|e]) = OV, W,|e]).

12-2. Let V and W both be finite dimensional vector spaces, and let
a:V --» W. Assume that dom [a] € Ny (0y). Assume that « is
continuous at Oy. Show: ae O(V,W).

12-3. Let V and W both be finite dimensional vector spaces, and let
o], e eN(V), and let p > 0. Show:
(1) op(V. W, | o) < 0p(V, W, o) and
(2) Op(V, W, | s ]) € Op(V, W, | o).
12-4. Let V and W both be finite dimensional vector spaces, and let
g = 0. Assume p < ¢q. Show: 0,(V,W) 2 O (V,W).
12-5. Let p,q = 0. Show:

([ (O(R,R)) - (04(R,R)) S Opso(R,R) | and
[ (34(R,R)) 0 (55(R,R)) S Ogp(R,R) ] ).

Homework 11: Due on Tuesday 10 April

11-1. Let S < R. Assume that S has a minimum. (That is, assume:
Ja € S s.t. a < S.) Show that inf S = minS € S.

11-2. Let U be a vector space, let |o |, | o] € N (V) and let S < U. Let
V= (U,|e|) and let W := (U, || e ). Assume both that |e| << | e,
and that S is bounded in W. Show that S is bounded in V.

11-3. Let V and W be normed vector spaces, and let T' € L(V,W).
Assume that 7' : V' — W is bounded below. Show that T is 1-1.

11-4. Let T e L(R* R*) be defined by Tz = (6x1,5x2,8x3,7x4) and
define V := (R, ] @ |;5). Show that Tyy = 5 and that Tyy = 8.

11-5. Let V and W be normed vector spaces and let T : V <> W be
a vector space isomorphism. Assume 7 : V — W is bounded below.

Show that 77! : W — V is bounded.

Homework 10: Due on Tuesday 3 April

10-1. Let V and W be normed vector spaces, T' € L(V, W) and ¢ > 0.
Show: [T is e-bounded below | « [Vz e V, |Tz|w = e|z|y ].

10-2. Let m € N. Show: | e |00 < | @ |mo <|® |1 <m-| om0



10-3. Let V be a normed vector space, let Z be a topological space, let
p:V --» Z and let pe V. Let A := u(p + o). Show: l(i)m A = lim p.
\% p

10-4. Let X be a metric space, let D < X and let p € IntxD. Show
that there exists B € Bx(p) such that B < D.

10-5. Let g : R --» R. Let p,q € R. Assume ¢ has a local unique min
at p in R. Show: g + C§ has a local unique min at p in R.

Homework 9: Due on Tuesday 27 March

9-1. Let V and W be normed vector spaces, T' € L(V,W) and K = 0.
Show: [ Tis K-bounded | < [VzeV, |Tzlw < K- |z|v ]

9-2. Let V and W be normed vector spaces and let K > 0. Let
T e L(V,W) be K-bounded. Show: T is K-Lipschitz. That is, show:

Vr,yeV, [[T@)] = [TW] lw < K-z —ylv.

9-3. Let Y and Z be metric spaces and let K > 0. Let f:Y --» Z
be a K-Lipschitz function. Let x € dom [f] and let » > 0. Show that:

f*(BY(xar)) - BZ(f(w)7KT)'

9-4. Let V and W be normed vector spaces and let T € L(V,W).
Assume that T is continuous at 0y,. Show that 7" is bounded.

9-5. Let f,g : R --» R. Assume: IM € R s.t. (M, ) < dom|[g'/f].
Assume: lim f =0 = lim g. Show: lim (¢/f) =* lim(¢'/f’).
0 0 0 0

Homework 8: Due on Tuesday 20 March

8-1. Let W be a vector space and let u,v,v’" € W. Assume that
Rov = Rv’ and that u|v. Show that u|v’.

8-2. Let u,v € R?. Show:

[u[v] < [ (u=0z) or (v=09) or (slu =slv) ].

8-3. Let u,v € R%. Show:

(ulv) < (Det[ﬂ:o).



8-4. Let V and W be normed vector spaces. Let x : R --» V and
y: R --» W. Let p e R. Assume that x and y are both continuous
at p. Show that (x,y) is continuous at p.

8-5. Let V and W be normed vector spaces. Let x : R --» V and
y:R--»W. Let p € LPDg(z,y). Show: (z,y)'(p) =" (2'(p), y'(p))-

Homework 7: Due on Tuesday 6 March
7-1. Let f:R--+ R, pe R and § > 0. Assume

(1) (p—=6,p+6) <= doml[f],
(2) f is strictly decreasing on (p — 4, p| and
(3) f is strictly increasing on [p,p + 0).

Show that f has a local unique minimum at p in R.

7-2. Let g : R --» R and p € IntDgg. Assume both that g(p) = 0 and
that ¢’(p) > 0. Show: 39 > 0 such that all three of the following hold:

(A) (p—d,p+4) < dom]g],
(B) g<0on (p—0,p) and
(C) g>0on (p,p+9).

7-3. Let f : R --» R and let p € IntDg(f’). Assume both that f'(p) =0
and that f”(p) > 0. Show: f has a local unique minimum at p in R.

7-4. Let f : R --» R and let p € IntDg(f’). Assume both that f'(p) =0
and that f”(p) < 0. Show: f has a local unique maximum at p in R.

7-5. Let f: R --» R. Asume both that 0 € IntDg f and that f(0) = 0.
Define g : R — R by g(z) = 2*. Assume that f/g — 1 near 0. Show
that f has a local unique minimum at 0 in R.

Homework 6: Due on Tuesday 27 February

6-1. Let f: R --» R be continuous, and let I < dom [f]. Assume that
I is an interval. Show: f,(I) is an interval.

6-2. Let X, Y < R. Let f: X <> Y be continuous. Let X, := Intg X.
Show that f~! is continuous on f,(Xp).

6-3. Let f: R --» R be str. increasing. Show: f~1! is str. increasing.

6-4. Let X, Y < R. Let f: X <> Y be strictly increasing. Let a € R.
Assume: X = [a, ). Show: f~! is continuous at f(a).



6-5. Let X, Y < R. Let f: X <> Y be strictly increasing. Let a € R.
Assume: 3b € (a,0) s.t. X = [a,b). Show: f~! is continuous at f(a).

Homework 5: Due on Tuesday 20 February
5-1. Show: Yw,z € R, cos(w+z) = (cosw)-(cosx) — (sinw)-(sinz).

5-2. Show: Vx e R,

sin(2x) = 2-(sinz)- (cosz) and

cos(2z) = (cos’w) — (sin®z).

5-3. Let f: R — R, a:= f(0). Assume [ = f. Show: f = a - exp.
5-4. Show: Vw,z € R, exp(w+x) = (expw) - (expz).
5-5. Let f: R — R. Assume that f’ = f. Let g := f2. Show: ¢’ = 2g.

Homework 4: Due on Tuesday 13 February
4-1. Let m € R. Define A : R — R by A(x) = ma. Show: X = Cg".
4-2. Let S € R. Show: —(LPgS) = LPr(-5S5).

4-3. Let f: R --» R, p e R. Define fy : R --» R by fo(x) = f(—=).
Let pg := —p. Assume that f has a local maximum at p in R. Show
that fy has a local maximum at py in R.

4-4. Let f: R --» R, pe R. Define f; : R --» R by fi(z) = —[f(x)].
Assume that f has a local minimum at p in R. Show that f; has a
local maximum at p in R.

4-5. Let f : R --» R, p € dom|[f’]. Assume that f has a local
extremum at p. Show that f’'(p) = 0.

Homework 3: Due on Tuesday 6 February
3-1. Let X be a topological space, let S <€ X and let p e X. Show:

[pelntxS] = [SeNx(p) ]

3-2. Let ¢ : R --» R, let p € R and let ¢ > 0. Assume: ¢ — ¢ near p.
Show: U € N (p) s.t. ¢.(U) > 0.



3-3. Let a, 8,7 : R --» R. Let S < dom [(a, ,7)]. Let p € IntgS and
let ¢ € R. Assume that o < § < v on S. Assume that a(p) = v(p).
Assume that o/ (p) = ¢ = 7/(p). Show: f'(p) = q.

3-4. Let W be a normed vector space. Let f,g: R --» W. Let U be
an open subset of R. Assume: U < dom [(f,g)]. Assume: f =g on U.
Show: f' = ¢ on U.

3-5. Define f : R -—-» R by f(z) = [#?][sin(z7?)]. Let 8 := adjjf.
Show: '(0) = 0.

Homework 2: Due on Tuesday 30 January

2-1. Let X and Y be topological spaces. Let Xqg € X and let Yy € Y.
Let f: Xy --» Yy. Show:

[ fis (X,Y)-continuous | = [ fis (Xo, Yp)-continuous |.

2-2. Let X, Y and Z be topological spaces. Let f : X --» Y and let
g: X --+»7Z. Letae X,beY and ce Z. Assume:

(1) f > bin Y near a in X and
(2) g — cin Z near a in X.

Show: (f,g) — (b,c) in Y x Z near a in X.
2-3. Show: Vz e R, Ilz e Rs.t. 2° + 2% = 2.

2-4. Let X and Y be topological spaces. Let f : X --» Y. Let
Xo € dom [f]. Assume that f is (X,Y)-continuous on Xy. Show that
f1Xo is (Xo, Y')-continuous.

2-5. Let f: R --» R. Let o, 8 € dom [ f]. Assume that f is semimono-
tone on [a]8]. Show: fu([al3]) < [f(@)|£(5)].

Homework 1: Due on Tuesday 23 January

1-1. Let X and Y be metric spaces, and let f : X — Y. Assume that
f is not uniformly continuous. Show: 3¢ > 0, Ip, g € XV s.t., Vj e N,

[dx (pj,q;) < 1/ ] and [dy (f(p;), f(g)) = €]

1-2. Let K be a sequentially compact metric space, let Y be a metric
space, and let f: K — Y. Assume that f is not uniformly continuous.



Show: 3¢ > 0, 3s,t € KN, Ju e K s.t.
( [ se >uin K] and [t, —win K| and
[VieN,  dv(f(s;), f(t;)) = ] )
1-3. Let X be a metric space, and let s € X~. Assume that s, is

convergent in X. Show that s, is Cauchy in X.

1-4. Let X be a metric space, and let s € X~. Assume that s, is
Cauchy and subconvergent in X. Show that s, is convergent in X.

1-5. Let X be a metric space, and let s € X~. Assume that s, is
Cauchy in X. Show that s, is bounded in X.




