Quantified equivalences

(1) Axiom of Extensionality / Set-equality equivalency: Let A and
B be sets. Then “A = B” is equivalent to the quantified state-
ment ‘Vz, [(re€ A) < (ze€ B)]".

(2) Subset equivalency: Let A and B be sets. Then “A < B” is
equivalent to the quantified statement “Yx € A, [x € B]".

(3) Union equivalency / Intersection equivalency: Let S be a set
of sets. Then, Vz,

<[zeU8] < [3Xe$s.t.zeX]> &

([zeﬂS] = [VXeS,zeX]).

(4) Function-equality equivalency: Let f and g be functions and
let S be a set. Assume that dom[f] € S and that dom[g] < S.
Then the statement “f = ¢” is equivalent to the quantified
statement “Vz € S, [ f(z) = g(x)]”.

(5) Union-closure equivalency: Let & be a set of sets, X a set.
Then “X € (S).” is equivalent to the quantified statement
“Vze X, JA e S st. z € A < X”. In other words, “some of
the sets in § will cover X exactly” is equivalent to “every point
of X can be covered by a set from S without going outside X”.

(6) Base equivalency: Let B be any set of sets. Then the state-
ment “B is a base for a topology” is equivalent to “(B)_ is
a topology”, which is equivalent to the quantified statement
“YU,V € B, U n B e {B),”. In other words, a set of sets is a
base for a topology iff “each pairwise-intersection is a union”.

(7) Forward-image containment equivalency: Let f be a function.
Let S, T be sets. Then “f,(S) < T is equivalent to the quan-
tified statement “Vz € dom|f], ([z€ S| = [f(zx)eT])".

(8) Open equivalency: Let X be a topological space, W < X. Then
“W is open in X7 is equivalent to the quantified statement
“Yg e W, 3V € Nx(q) s.t. V. W”. In other words, “the set
is open” is equivalent to “every point of the set is covered by a
neighborhood that stays inside the set”.

(9) Closure point equivalency: Let Z be a topological space, S < Z,
q € Z. Then the statement “q € Clz(S)” is equivalent to the

quantified statement “YU € Nz(q) s.t. U n S # &7.
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(10)

(11)

(12)

(13)

(14)

(15)

(16)

Interior point equivalency: Let Z be a topological space, S < Z,
q € Z. Then the statement “q € Intz(S)” is equivalent to the
quantified statement “IU € Nz(q) s.t. U < S”.

Boundary point equivalency: Let Z be a topological space, let
S < Z and let ¢ € Z. Then “q € 04(S)” is equivalent to the
quantified statement “VU € Nz(q), U n S # & # U\S”.

Limit point equivalency: Let Z be a topological space, let S € Z
and let ¢ € Z. Then “q € LP4(S)” is equivalent to the quantified
statement “VP e N} (q), Pn S # .

Topological space function-limit equivalency: Let Y and Z be
topological spaces, f : Y --» Z, ae€e Y, be Z. Then: “f - b
in Z near a in Y” is equivalent to the quantified statement
“YV e Nz(b), 3U € Ny (a) s.t., Vo € dom][f],

[zreU] = [flx)eV].

Metric space function-limit equivalency: Let Y and Z be metric
spaces and let f :Y --» Z Let ae Y, be Z. Then: “f - b
in Z near a in Y” is equivalent to the quantified statement
“Ye >0, 30 > 0 s.t., Vo € dom|[f],

[0 < dy(z,a) < 0] = [dz(f(x),b) <e]".

Normed vector space function-limit equivalency: Let Y and Z
be normed vector spaces, f : Y --» Z, a€e Y, be Z. Then:
“f > bin Z near a in Y” is equivalent to the quantified state-
ment “Ve > 0, 3§ > 0 s.t., Vo € dom|[f],

[0 <]z —aly <] = [[lf(@)] -blz <e]"

Topological space sequence-limit equivalency: Let Z be a topo-
logical space. Let s € Z¥ b e Z. Then: “s, — bin Z7 is
equivalent to “VV € Nz(b), 3K € N s.t., Vj € N,

[j=2K] = [s;eV].

Metric space sequence-limit equivalency: Let Z be a metric
space. Let s € ZN, b e Z. Then “s, — b in Z” is equivalent
to the quantified statement “Ve > 0, 4K € N s.t., Vj € N,

[i=>K] = [dz(s;j,b) <e].
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(18) Normed vector space sequence-limit equivalency: Let Z be a
normed vector space, s € ZN, b e Z. Then: “s, — bin Z” is
equivalent to “Ve > 0, 3K e N s.t., Vj e N,

[j=K] = [ls; —blz <e].

(19) Topological space continuity equivalency: Let Y and Z be topo-
logical spaces, let f : Y --» Z and let a € dom[f]. Then the
statement “f is (Y, Z)-continuous at a” is equivalent to the
statement “VV € Nz(f(a)), 3U € Ny (a) s.t., Vo € dom|[f],

[zeU] = [flx)eV]".

(20) Metric space continuity equivalency: Let Y and Z be metric
spaces, let f 1Y --» Z and let a € dom|[f]. Then the statement
“f is (Y, Z)-continuous at a” is equivalent to the quantified
statement “Ve > 0, 30 > 0 s.t., Vo € dom][ f],

[dy(z,a) <] = [dz(f(z), fla)) <]

(21) Normed vector space continuity equivalency: Let Y and Z be
normed vector spaces, let f : Y --» Z and let a € dom|f].
Then the statement “f is (Y, Z)-continuous at a” is equivalent
to the quantified statement “Ve > 0, 30 > 0 s.t., Vo € dom][ f],

[le —aly <d] = [Ilf@)] - [f@)]lz <e]"

(22) K-bounded quantified equivalence: Let V', W be normed vector
spaces, T'e L(V, W), K = 0. Then:
[ Tis K-bounded | < [Yue Sy, |T(z)lw < K ].
(23) Another K-bounded quantified equivalence: Let V and W be
normed vector spaces, T € L(V,W) and K > 0. Then:
[ T is K-bounded | < [VzeV, |T(z)|lw < K-|z|v |
(24) d-bounded below quantified equivalence: Let V', W be normed
vector spaces, T € L(V,W), 6 > 0. Then:
[ T is 6-bdd below | < [Vue Sy, |T(x)lw = 0 ].
(25) Another d-bounded below quantified equivalence: Let V and W
be normed vector spaces, T € L(V,W) and § > 0. Then:
[ T'is -bdd below | < [VzeV, |T(z)lw = §-|z|v ]

Other useful facts
(A) For any set S of sets, for any X € S, we have: X < | JS.



(B) For any vector space V, for any k € N, for any z1,...,2, €V,

<{$1,...,l‘k} >lin = {01$1+-"+Ck$k|Cl,...,CkER}.

(C) For any function f, for any set S, for any x, if [ ( x € dom[f] )
and (x €S )], then [ f(x) € f.(S5) ].



