
Homework for MATH 4604 (Advanced Calculus II)

Spring 2019

Homework 13: Due on Tuesday 30 April

13-1. Let W P TNSR`, φ : RÑ W .

Assume: @k P IW , 0 P dom rppπW
k q ˝ φq

1s.

Show: 0 P dom rφ1s.

13-2. Let V,W P TNSR`, f : V 99K W , q, u P V .

Assume: @k P IW , q P dom rBuppπ
W
k q ˝ fqs.

Show: q P dom rBuf s.

13-3. Let V,W P TNSR`, f : V 99K W , p P V .

Assume: f2 is continuous near p.

Show: @i, j P IV , BiBjf is continuous near p.

13-4. Let V,W P TNSR`, f : V 99K W , p P V .

Assume: @h, i, j P IV ,

BhBiBjf is both defined near p and bounded near p.

Show: f2 is continuous near p.

13-5. Let V,W P TNSR`, f : V 99K W , p P V .

Assume: @h, i, j P IV ,

BhBiBjf is both defined near p and continuous at p.

Show: f3 is continuous at p.

Homework 12: Due on Tuesday 23 April

12-1. Let V,W P TNSR`, f : V 99K W , k P N0.

Assume: @m P IW , pπW
m q ˝ f P OV R

k .

Show: f P OVW
k .

12-2. Let V,W,X P TNSR`, k P N0.

Show: pOWX
k q ˝ p pOVW

1 q Ď OV X
k and

p pOWX
1 q ˝ pOVW

k q Ď OV X
k and

p pOWX
k q ˝ p pOVW

1 q Ď pOV X
k .

12-3. Let V,W P TNSR`, f : V 99K W , k P N0.

Assume: f0V “ 0W .

Assume: @j P IV , Bjf P pOVW
k . Show: f P pOVW

k`1 .



12-4. Let V,W P TNSR`, f : V 99K W , k P N0.

Assume: f0V “ 0W . Assume: @j P IV , pBjfq0V “ 0W .

Assume: @i, j P IV , BiBjf P pOVW
k . Show: f P pOVW

k`2 .

12-5. Let V,W P TNSR`, f : V 99K W .

Assume: f0V “ 0W .

Assume: @j P IV , Bjf is both defined near 0V and continuous at 0V .

Show: 0V P dom rf 1s.

Homework 11: Due on Tuesday 16 April

11-1. Let V :“ R2, S :“ V b V , f : R 99K V , g : V 99K R.

Let p P R. Assume f 1p “ p1, 2q and f2p “ p3, 4q.

Let q :“ fp. Assume g1q “ p5, 6q and g2q “

„

7 8

9 0



.

Compute: pg ˝ fq1p and pg ˝ fq2p.

11-2. Let V :“ R2, S :“ V b V , A :“

„

1 2

2 4



.

Show: @q P V , A ‚S pqb2q ě 0.

11-3. Let V :“ R2, S :“ V b V , a, b, c P R, A :“

„

a b

b c



, z :“ 02.

Assume: a ą 0 and ac´ b2 ą 0.

Show: @q P V ˆz , A ‚S pqb2q ą 0.

11-4. Let V :“ R2, S :“ V b V , f : R 99K V , g : V 99K R.

Let p P R. Assume f 1p ‰ p0, 0q and f2p ‰ /.

Let q :“ fp. Assume g1q “ p0, 0q and g2q “

„

1 2

2 5



.

Show: pg ˝ fq2p ą 0.

11-5. Let V,W P TNSR`, f : V 99K W , i P IV , j P IW , W 1 :“ W b V .

Show: pπW 1

j}i q ˝ pf
1q Ď pπW

j q ˝ pBifq.

Homework 10: Due on Tuesday 9 April

10-1. Let V,W,X P TNSR`, f : V 99K W , g : W 99K X, u P V .

Show: @p P V , pBV X
u pg ˝ fqqp “˚ pg1fpq ˚RVW ppBVW

u fqpq.



10-2. Let S, V,W,Z P TNSR`, ˚ P BZ
VW .

Let f : S 99K V , g : S 99K W , u P S.

Show: @p P S, pBSZu pf˚gqqp “
˚ p ppBSVu fqpq˚gp q ` p fp˚ppB

SW
u gqpq q.

10-3. Let V,W,X P TNSR`, A P X b V bW , y P V , z P W .

Show: pA ˚R,W,XbV zq ˚RVX y “ A ˚R,VbW,X py b zq.

10-4. Let V,W,X P TNSR`, f : V 99K W , g : W 99K X, u, v P V .

Show: BV X
v BV X

u pg ˝ fq Ě pg2 ˝ fq ˚R,WbW,X ppBVW
u fq b pBVW

v fqq

` pg1 ˝ fq ˚RWX pBVW
v BVW

u fq.

10-5. Let V :“ R2, W :“ R, g : V 99K W , z :“ 02, i :“ i
εV1
z .

Assume: pgz “ 0q & ppBVW
1 gqz “ 0q. Show: g ˝ i P OWW

1 .

Homework 9: Due on Tuesday 2 April

9-1. Let V,W P TNSR`, α : V 99K W , δ ą 0, B :“ BV p0V , δq.

Assume: B Ď dom rαs. Assume: @q P B, |αq|W ď |q|V .

Show: α P pOVW
1 .

9-2. Let S, T P TNSR`, f : S 99K T , x, v P S.

Show: pBSTv fqx “˚ pf 1xq ˚RST v.

9-3. Let V :“ R2, W :“ R, f : V 99K W , z :“ 02.

Assume: pf 1 is defined near zq & pfz “ 0q.

Let g :“ BVW
1 f , h :“ BVW

2 f , i :“ i
εV1
z .

Show: Dσ P pOWW
1 , Dτ P pOV V

1 s.t.

f “ pg ˝ i ˝ σ ˝ πV
1 q ¨ π

V
1 ` ph ˝ τq ¨ πV

2 near z.

9-4. Let V :“ R2, W :“ R, h : V 99K W , z :“ 02.

Assume: z P dom rh1s. Assume: hz “ pB
VW
1 hqz “ pB

VW
2 hqz “ 0.

Show: h P OVW
1 .

9-5. Let V :“ R2, W :“ R, f : V 99K W , z :“ 02.

Let α :“ pB1B1fqz, β :“ pB1B2fqz, δ :“ pB2B2fqz,

λ :“ pB1fqz, µ :“ pB2fqz, ρ :“ fz.

Assume α ‰ /, β ‰ /, δ ‰ /, λ ‰ /, µ ‰ /, ρ ‰ /.

Define C P CW
V , L P LW

V , Q P QW
V by

Cpx, yq “ ρ, Lpx, yq “ pλ, µq ‚V px, yq,

P px, yq “

„

α β

β δ



‚VbV ppx, yqb2q.



Let R :“ f ´

ˆ

C ` L`
P

2!

˙

.

Show: pB1B1Rqz “ pB1B2Rqz “ pB2B2Rqz “ pB1Rqz “ pB2Rqz “ Rz “ 0.

Homework 8: Due on Tuesday 26 March

8-1. Let S, T P TNSR`, R : S 99K T .

Assume p R0S “ 0T q & p R10S “ 0TbS q. Show: R P OST
1 .

8-2. Let S, T P TNSR`, f : S 99K T .

Let p P dom rf 1s, L :“ LinST
f 1
p

, R :“ fT
p ´ L.

Show: p R0S “ 0T q & p R10S “ 0TbS q.

8-3. Let S P TNSR`, p, v P S, i :“ ivp. Show: i1 “ Cv
R.

8-4. Let S, T P TNSR`, f : S 99K T , p, v P S.

Show: pBSTv fqp “
˚ pDST

p fqv.

8-5. Let V :“ R2, W P R, R : V 99K W ,

δ ą 0, J :“ p´δ; δq, x P J .

Assume: J2 Ď dom rR1s.

Show: Dα P r0|xs s.t. R|
px,0q
p0,0q “ ppBVW

1 Rqpα, 0qq ¨ x.

Homework 7: Due on Tuesday 12 March

7-1. Let V,W P TNSR and let L,M P LW
V .

Assume: rLsWV “ rM sWV . Show: L “M .

7-2. Let V,W P TNSR and let A P W b V .

Show: DL P LW
V s.t. rLsWV “ A.

7-3. Let I be a finite set and let z P RI .

Show:
ÿ

jPI

|zj| ď
a

# I ¨

d

ÿ

jPI

z2j .

7-4. Let U, V,W P TNSR and let B P BW
UV .

Show: DC ě 0 s.t., @p P U , @q P V ,

|Bpp, qq|W ď C ¨ |p|U ¨ |q|V .

7-5. Let T, U, V,W P TNSR and let ˚ P BW
UV .

Show: BNZTU ˚ BNZTV Ď BNZTW .

Homework 6: Due on Tuesday 5 March



6-1. Let T P TNSR, v P T . Show: v “
ÿ

jPIT

vjε
T
j .

6-2. Let S, T P TNSR, A P T b S, L :“ LinST
A , i P IS.

Show: LpεSi q “
ÿ

jPIT

Aj}i ¨ ε
T
j .

6-3. Let S, T P TNSR`, C P CT
S , p P S. Show: DST

p C “ 0T
S .

6-4. Let S, T P TNSR`, L P LT
S , p P S. Show: DST

p L “ L.

6-5. Let V,W P TNSR`, Q P QW
V , B P SBW

V .

Assume: Q “ Bp‚, ‚q. Show: @x P V , DVW
x Q “ 2 ¨ pBpx, ‚qq.

Homework 5: Due on Tuesday 26 February

5-1. Let S :“ R2 and let T :“ R. Show: QST Ď pOST
2 .

5-2. Let S, T P TNSR`. Show: pBNZST q ¨ pCVZSRq Ď CVZST .

5-3. Let S P TNSR`, f, g : R 99K S, p P R.

Show: pf ‚ gqTp “ pfT
p q ‚ pgpq ` pfpq ‚ pg

T
p q ` pfT

p q ‚ pg
T
p q.

5-4. Let S, T, U P TNSR`, f : S 99K T , g : T 99K U .

Let p P S, q :“ fp. Show: pf ˝ gqTp “ pg
T
q q ˝ pf

T
p q

5-5. Let S, T P TNSR, i P IS, j P IT . Show: i}j P ISbT .

Homework 4: Due on Tuesday 19 February

4-1. Let k P N0, α P pOk and λ :“ adj00

ˆ

α

| ‚ |k

˙

. Show: λ P BNZ.

4-2. Let f : R 99K R and let U P R.

Assume that U is open in R and that U Ď dom rf 1s.

Assume that f is semi-increasing on U .

Let T :“ f 1˚pUq. Show: T ě 0.

4-3. Let f : RÑ R and let J be an interval.

Assume that f is c/d on J . Let I :“ IntRJ and T :“ f 1˚pIq.

Assume T ě 0. Show: f is semi-increasing on J .

4-4. Let f : R 99K R and let p P R.

Show: pfpp` ‚qq1 “ f 1pp` ‚q.



4-5. Let f : R 99K R and let p P dom rf s.

Show: r p f has a strict local minimum at p in R q
ô p fT

p has a strict local minimum at 0 in R q s.

Homework 3: Due on Tuesday 12 February

3-1. Define α : R 99K R by αh “
h2

9 ¨ p3` hq
. Show: α P pO2.

3-2. Define r : R 99K R by rx “ 1{x. Show: r13 “ ´1{9.

3-3. Define L P L by Lx “ 7x. Show: L1 “ C7
R.

3-4. Let a, b P R. Assume a ă b. Let I :“ pa; bq, J :“ ra; bs.

Show: IntRJ “ I and ClRI “ J .

3-5. Find a continuous function f : RÑ R such that

r fp´2q “ fp2q s & r @x P p´2; 2q, f 1x ‰ 0 s.

Homework 2: Due on Tuesday 5 February

2-1. Let f : R 99K R, a P R, p P dom rf s, S Ď R and q :“ fp.

Show: p f ą a on S q ô p fT
p ą a´ q on S ´ p q.

2-2. Show: pBNZq ˝ pCVZq Ď BNZ.

2-3. Let j, k P N. Show: pOj ˝ Ok Ď Ojk.

2-4. Let φ P CVZ, ε ą 0. Show: DB P BRp0q s.t. |φ| ă ε on B.

2-5. Let α P O1, L P Lzt0u. Show: DB P BRp0q s.t. |α| ď |L| on B.

Homework 1: Due on Tuesday 29 January

1-1. Let j P N0. Show: Oj Ě pCVZq ¨ p| ‚ |jq.

1-2. Show: CVZ Ď BNZ.

1-3. Show: pBNZq ¨ pBNZq Ď BNZ.

1-4. Show: pBNZq ¨ pCVZq Ď CVZ.

1-5. Let j P N0. Show: Oj Ď pOj.


