
Homework for MATH 4604 (Advanced Calculus II)

Spring 2020

Homework 8: Due on Tuesday 31 March

8-1. Let V,W P ES, f : V 99K W , q, u P V .

Assume: f “ 0W near q in V .

Show: ∇uf “ 0W near q in V .

8-2. Let V,W P ES, f : V 99K W , q P V .

Assume: f “ 0W near q in V .

Show: @k P N, @u1, . . . , uk P V ,

∇uk ¨ ¨ ¨∇u1f “ 0W near q in V .

8-3. Let W P ES, φ : R 99K W , t P R.

Assume: φ “ 0 near t in R.

Show: φ1t “ 0.

8-4. Let V :“ R2, f : V 99K R.

Let S :“ tpx, yq P R2 |x2 ď y ď 3x2u.

Assume: f “ 0 on V zS.

Show: @k P N, @u1, . . . , uk P V ,

∇uk ¨ ¨ ¨∇u1f “ 0 on V zS.

8-5. Let V :“ R2, f : V 99K R, u P V .

Let S :“ tpx, yq P R2 |x2 ď y ď 3x2u.

Assume: f “ 0 on V zS. Assume: f0V “ 0.

Show: p∇ufq0V “ 0.

Homework 7: Due on Wednesday 25 March

7-1. Let V P ES, x, u P V , s P R.

Show: pαuxq
T
s “ αu0V .

7-2. Let V P ES, x, u P V , s P R.

Show: pαuxq
1
s “ u.

7-3. Let V P ES, f : V 99K W , q, u P V .

Define S : V Ñ V by: @x P V , Sx “ x` q.

Show: ∇upf ˝ Sq “ p∇ufq ˝ S.

7-4. Let V,W P ES, C P CVW , u P V .

Show: ∇uC “ 0VW .
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7-5. Let V,W P ES, f, g : V 99K W , x, u P V .

Assume: f “ g near x in V .

Show: f ˝ αux “ g ˝ αux near 0 in R.

Homework 6: Due on Wednesday 18 March

6-1. Let V,W P ES, let ˚ P BV VW and let # :“ Sym˚.

Show: # P SBVW and Qd#
“ Qd˚.

6-2. Let V,W P ES, let ˚ P SBVW and let Q :“ Qd˚.

Show: @u, v P V , u ˚ v “
Qu`v ´Qu ´Qv

2
.

6-3. Let V :“ R2 and W :“ R. Define Q : V Ñ W by:

@x, y P R, Qpx, yq “ 3x2 ´ 4xy ` 5y2.

LetB P SBVW . Assume: QdB “ Q. Show: rBs “

„
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6-4. Let V :“ R2. Define Q : V Ñ R by:

@x, y P R, Qpx, yq “ 2x2 ` 6xy ` 5y2.

Show: Q ą 0 on V ˆ0V .

6-5. Let V :“ R2. Define Q : V Ñ R by:

@x, y P R, Qpx, yq “ 2x2 ` 6xy ` 4y2.

Find x, y P R s.t. Qpx, yq ă 0.

Homework 5: Due on Tuesday 3 March

5-1. Let α, β P N, V :“ Rα, W :“ Rβ, L P ALVW .

Show: LinrLs “ L.

5-2. Let α, β P N, V :“ Rα, W :“ Rβ, S P W b V .

Show: rLinS s “ S.

5-3. Let α, β, γ P N, V :“ Rα, W :“ Rβ, X :“ Rγ.

Let L P LVW and let M P LWX . Show: rM ˝Ls “ rM s ¨ rLs.

5-4. Let α, β, γ P N, V :“ Rα, W :“ Rβ, X :“ Rγ.

Let B P BVWX . Show: BilinrBs “ B.

5-5. Let α, γ P N, V :“ Rα, X :“ Rγ, ˚ P BV VX .

Define Q : V Ñ X by: @v P V , Qv “ v ˚ v. Show: Q P QV
X .

Homework 4: Due on Tuesday 25 February
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4-1. Define a P RN0 by: @j P N0, aj “ 1{pj!q. Show: RCa “ 8.

4-2. Let a P RN0 , x, r P R, i, j P N0, b :“ P‚SS
a
x, c :“ P‚SS

|a|
r .

Assume: |x| ď r. Show: |bj ´ bi| ď |cj ´ ci|.

4-3. Let α P r0;8qN0 , r P r0; RCαq, c :“ P‚SS
α
r .

Show: c is convergent in R.

4-4. Let a P RN0 and let α :“ |a|. Show: RCa “ RCα.

4-5. Let a P RN0 . Show: RCa “ RCa˚ .

Homework 3: Due on Tuesday 18 February

3-1. Let X be a metric space, s P XN, q P X, m P N.

Define t P XN by: @j P N, tj “ sj`m.

Assume: tÑ q in X. Show: sÑ q in X.

3-2. Let X and Y be metric spaces, s P XN, t P Y N.

Show: r ps, tq is Cauchy in X ˆ Y s

ô r p s is Cauchy in X q & p t is Cauchy in Y q s.

3-3. Let X and Y be complete metric spaces.

Show X ˆ Y is complete.

3-4. Let p, q, r P N, A P Rpˆq, B P Rqˆr. Show: |AB| ď |A| ¨ |B|.

3-5. Let V P ES. Show:

(a) | ‚ |V is Lipschitz-1 from V to R
and (b) } ‚ }V is Lipschitz-

?
#IV from V to R.

Homework 2: Due on Tuesday 11 February

2-1. Show: @` P N, pp‚q`q1 “ ` ¨ p‚q`´1.

2-2. Let m P R, L : RÑ R. Assume: @x P R, Lx “ m ¨ x.

Show: p @x P R, L1x “ m q & p @x P R, L2x “ 0 q.

2-3. Let c P R, Q : RÑ R. Assume: @x P R, Qx “ c ¨ x2.

Show: p @x P R, Q1x “ 2 ¨ c ¨ x q & p @x P R, Q2x “ 2 ¨ c q.

2-4. Let α, β : R 99K R. Assume: @x P R, βx “
˚ αx.

Show: @x P R, β1x “
˚ α1x.

2-5. Let a P R. Define T : RÑ R by: @h P R, Th “ h` a.

Show: T 1 “ C1
R.
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Homework 1: Due on Tuesday 4 February

1-1. Let f : R 99K R and let p P Df .

Show: p f has a global strict-maximum at p q

ô p fT
p has a global strict-maximum at 0 q.

1-2. Let f : R 99K R, let c P R, let L P LINScf and let ε ą 0.

Show: L´ ε ¨ | ‚ | ď fT
c ď L` ε ¨ | ‚ | near 0 in R.

1-3. Let f : R 99K R, let c P R and let L P LINScf .

Assume: f has a local semi-maximum at c in R.

Show: L “ 0.

1-4. Let φ : R 99K R, let a ą 0 and let Q :“ a ¨ p‚q2.

Assume: φ´Q P O2.

Show: φ has a local strict-minimum at 0 in R.

1-5. Let f, g : R 99K R and let c P R.

Assume: f “ g near c in R.

Show: LINScf Ď LINScg.


