
Solutions for MATH 4604 (Advanced Calculus II)

Spring 2020

Homework 6: Due on Wednesday 18 March

6-1. Let V,W P ES, let ˚ P BV VW and let # :“ Sym˚.

Show: # P SBVW and Qd#
“ Qd˚.

Proof: We have: @u, v P V ,

u#v “
u ˚ v ` v ˚ u

2
“
u ˚ v ` v ˚ u

2
“
v ˚ u` u ˚ v

2
“ v#u.

Then # P SBVW . Want: Qd#
“ Qd˚. Want: @u P V , Qd#

u “ Qd˚u.

Given u P V . Want: Qd#
u “ Qd˚u. We have:

Qd#
u “ u#u “

u ˚ u` u ˚ u

2
“ u ˚ u “ Qd˚u, as desired. QED

6-2. Let V,W P ES, let ˚ P SBVW and let Q :“ Qd˚.

Show: @u, v P V , u ˚ v “
Qu`v ´Qu ´Qv

2
.

Proof: Given u, v P V . Want: u ˚ v “
Qu`v ´Qu ´Qv

2
.

We have: Qu`v “ Qd˚u`v “ pu`vq ˚ pu`vq “ pu˚uq`2 ¨ pu˚vq`pv ˚vq

and Qu “ Qd˚u “ u ˚ u, Qv “ Qd˚v “ v ˚ v,

so Qu`v ´Qu ´Qv “ 2 ¨ pu ˚ vq.

Then u ˚ v “
2 ¨ pu ˚ vq

2
“
Qu`v ´Qu ´Qv

2
. QED

6-3. Let V :“ R2 and W :“ R. Define Q : V Ñ W by:

@x, y P R, Qpx, yq “ 3x2 ´ 4xy ` 5y2.

LetB P SBVW . Assume: QdB “ Q. Show: rBs “

„

3 ´2

´2 5



.

Proof: Let u :“ εV1 and v :“ εV2 .

Let x :“ Bpu, uq and y :“ Bpu, vq and z :“ Bpv, vq.

Then, as B P SBVW , we get: y “ Bpv, uq. Then rBs “

„

x y

y z



.

We have u “ εV1 “ p1, 0q and v “ εV2 “ p0, 1q. Then u` v “ p1, 1q.

We have Qpuq “ Qp1, 0q “ 3 ¨ 12 ´ 4 ¨ 1 ¨ 0` 5 ¨ 02 “ 3.

We have Qpvq “ Qp0, 1q “ 3 ¨ 02 ´ 4 ¨ 0 ¨ 1` 5 ¨ 12 “ 5.

We have Qpu` vq “ Qp1, 1q “ 3 ¨ 12 ´ 4 ¨ 1 ¨ 1` 5 ¨ 12 “ 3´ 4` 5 “ 4.

1



2

By HW#2, we have Bpu, vq “
rQpu` vqs ´ rQpuqs ´ rQpvqs

2
.

Then y “ Bpu, vq “
4´ 3´ 5

2
“

4´ 8

2
“
´4

2
“ ´2.

Also, x “ Bpu, uq “ QdBpuq “ Qpuq “ 3.

Also, z “ Bpv, vq “ QdBpvq “ Qpvq “ 5.

Then rBs “

„

x y

y z



“

„

3 ´2

´2 5



, as desired. QED

6-4. Let V :“ R2. Define Q : V Ñ R by:

@x, y P R, Qpx, yq “ 2x2 ` 6xy ` 5y2.

Show: Q ą 0 on V ˆ0V .

Proof: Want: @u P V ˆ0V , Qu ą 0.

Given u P V ˆ0V . Want: Qu ą 0. Want: 2 ¨Qu ą 0.

Since u P V ˆ0V “ V zt0V u, we conclude: u ‰ 0V .

Since u P V ˆ0V Ď V “ R2, choose x, y P R s.t. u “ px, yq.

Then Qu “ Qpuq “ Qpx, yq “ 2x2 ` 6xy ` 5y2.

Then 2 ¨Qv “ 4x2 ` 12xy ` 10y2 “ p2x` 3yq2 ` y2.

Want: p2x` 3yq2` y2 ą 0. Let w :“ 2x` 3y. Want: w2` y2 ą 0.

Let s :“ w2 ` y2. Want: s ą 0.

Assume s ď 0. Want: Contradiction.

Since s ď 0 and y2 ě 0, we get: s´ y2 ď 0.

Since w2 “ s´ y2 ď 0 and w2 ě 0, we get: w2 “ 0. Then w “ 0.

Then s “ w2 ` y2 “ 02 ` y2 “ y2, so s “ y2.

Since s ď 0 and s “ y2 ě 0, we get: s “ 0.

Then y2 “ s “ 0. Then y “ 0.

Then 0 “ w “ 2x` 3y “ 2x` 3 ¨ 0 “ 2x. Then x “ 0.

Then 0V ‰ u “ px, yq “ p0, 0q “ 0V . Contradiction. QED

6-5. Let V :“ R2. Define Q : V Ñ R by:

@x, y P R, Qpx, yq “ 2x2 ` 6xy ` 4y2.

Find x, y P R s.t. Qpx, yq ă 0.

Solution: Let x :“ ´3 and y :“ 2. Then Qpx, yq “ ´2 ă 0.

Homework 5: Due on Tuesday 3 March

5-1. Let α, β P N, V :“ Rα, W :“ Rβ, L P ALVW .

Show: LinrLs “ L.
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Proof: Let S :“ rLs, F :“ LinS. Then: F “ LinrLs. Want: F “ L.

Want: @v P V , Fv “ Lv. Given v P V . Want: Fv “ Lv.

We have: Fv “ LinSpvq “
ÿ

kPIW

ÿ

jPIV

vj ¨ Skj ¨ ε
W
k “

ÿ

jPIV

ÿ

kPIW

vj ¨ Skj ¨ ε
W
k

“
ÿ

jPIV

vj ¨

«

ÿ

kPIW

Skj ¨ ε
W
k

ff

.

Want:
ÿ

jPIV

vj ¨

«

ÿ

kPIW

Skj ¨ ε
W
k

ff

“ Lv.

By the reproducing formula, v “
ÿ

jPIV

vj ¨ ε
V
j .

So, as L P ALVW , we conclude: Lv “
ÿ

jPIV

vj ¨ rLpε
V
j qs.

Want:
ÿ

jPIV

vj ¨

«

ÿ

kPIW

Skj ¨ ε
W
k

ff

“
ÿ

jPIV

vj ¨ rLpε
V
j qs.

Want: @j P IV ,
ÿ

kPIW

Skj ¨ ε
W
k “ LpεVj q.

Given j P IV . Want:
ÿ

kPIW

Skj ¨ ε
W
k “ LpεVj q.

Let w :“ LpεVj q. Want:
ÿ

kPIW

Skj ¨ ε
W
k “ w.

By the reproducing formula, w “
ÿ

kPIW

wk ¨ ε
W
k .

Want:
ÿ

kPIW

Skj ¨ ε
W
k “

ÿ

kPIW

wk ¨ ε
W
k .

Want: @k P IW , Skj “ wk.

Given k P IW . Want: Skj “ wk.

Recall that S “ rLs and that w “ LpεVj q.

Then Skj “ rLskj “ pLpε
V
j qq ‚ ε

W
k “ w ‚ εWk “ wk, as desired. QED

5-2. Let α, β P N, V :“ Rα, W :“ Rβ, S P W b V .

Show: rLinS s “ S.

Proof: Since S P W b V , we get: LinS P LVW .

Let L :“ LinS. Want: rLs “ S.

We have L “ LinS P LVW , so rLs P W b V . Also, S P W b V .

Want: @k P IW , @j P IV , rLskj “ Skj.

Given k P IW , j P IV . Want: rLskj “ Skj.

We have rLskj “ pLpε
V
j qq ‚ ε

W
k . Want: pLpεVj qq ‚ ε

W
k “ Skj.
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Let w :“ LpεVj q. Want: w ‚ εWk “ Skj. Want: wk “ Skj.

Let v :“ εVj . Then w “ Lpvq “ LinSpvq “
ÿ

KPIW

ÿ

JPIV

vJ ¨ SKJ ¨ ε
W
K .

Since v “ εVj , we see that: @J P IV , vJ “ δjJ .

Then w “
ÿ

KPIW

ÿ

JPIV

δjJ ¨ SKJ ¨ ε
W
K “

ÿ

KPIW

SKj ¨ ε
W
K .

Then wk “
ÿ

KPIW

SKj ¨ pε
W
K qk “

ÿ

KPIW

SKj ¨ δ
k
K “ Skj, as desired. QED

5-3. Let α, β, γ P N, V :“ Rα, W :“ Rβ, X :“ Rγ.

Let L P LVW and let M P LWX . Show: rM ˝Ls “ rM s ¨ rLs.

Proof: We have M ˝L P LVX , so rM ˝Ls P XbV . Then rM ˝Ls P Rγˆα.

Since M P LWX and L P LVW , we get: rM s P X bW and rLs P W b V .

Then rM s P Rγˆβ and rLs P Rβˆα, and so rM s ¨ rLs P Rγˆα.

Want: @k P r1..γs, @i P r1..αs, rM ˝ Lski “ prM s ¨ rLsqki.

Given k P r1..γs, i P r1..αs. Want: rM ˝ Lski “ prM s ¨ rLsqki.

By definition of matrix multiplication,

we get: prM s ¨ rLsqki “
β
ÿ

j“1

rM skj ¨ rLsji.

Want: rM ˝ Lski “
β
ÿ

j“1

rM skj ¨ rLsji.

Let w :“ LpεVi q and let x :“Mpwq.

Then: pM ˝ LqpεVi q “MpLpεVi qq “Mpwq “ x.

Then: rM ˝ Lski “ ppM ˝ LqpεVi qq ‚ ε
W
k “ x ‚ εWk “ xk.

Want: xk “
β
ÿ

j“1

rM skj ¨ rLsji.

By the reproducing formula, w “
β
ÿ

j“1

wj ¨ ε
W
j .

So, since M P LWX Ď ALWX , we get Mpwq “
β
ÿ

j“1

wj ¨ pMpε
W
j qq.

Then xk “ pMpwqqk “
β
ÿ

j“1

wj ¨ rpMpε
W
j qqks.

Want:
β
ÿ

j“1

wj ¨ rpMpε
W
j qqks “

β
ÿ

j“1

rM skj ¨ rLsji.
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Want: @j P r1..βs, wj ¨ rpMpε
W
j qqks “ rM skj ¨ rLsji.

Given j P r1..βs. Want: wj ¨ rpMpε
W
j qqks “ rM skj ¨ rLsji.

We have rM skj “ pMpε
W
j qq ‚ ε

X
k “ pMpε

W
j qqk.

Also, rLsji “ pLpε
V
i qq ‚ ε

W
j “ w ‚ εWj “ wj.

Then wj ¨ rpMpε
W
j qqks “ rLsji ¨ rM skj “ rM skj ¨ rLsji, as desired. QED

5-4. Let α, β, γ P N, V :“ Rα, W :“ Rβ, X :“ Rγ.

Let B P BVWX . Show: BilinrBs “ B.

Proof: Let T :“ rBs, F :“ BilinT . Then: F “ BilinrBs.

Want: F “ B. Want: @v P V , @w P W , Fpv,wq “ Bpv,wq.

Given v P V , w P W . Want: Fpv,wq “ Bpv,wq.

We have: Bpv,wq “ BilinTpv,wq
“

ÿ

kPIX

ÿ

iPIV

ÿ

jPIW

vi ¨ wj ¨ Tkij ¨ ε
X
k

“
ÿ

iPIV

ÿ

jPIW

ÿ

kPIX

vi ¨ wj ¨ Tkij ¨ ε
X
k

“
ÿ

iPIV

ÿ

jPIW

vi ¨ wj ¨

«

ÿ

kPIX

Tkij ¨ ε
X
k

ff

.

Want:
ÿ

iPIV

ÿ

jPIW

vi ¨ wj ¨

«

ÿ

kPIX

Tkij ¨ ε
X
k

ff

“ Bpv,wq.

By the reproducing formula, v “
ÿ

iPIV

vi ¨ ε
V
i and w “

ÿ

jPIW

wj ¨ ε
W
j .

So, asB P BVWX , we conclude: Bpv,wq “
ÿ

iPIV

ÿ

jPIW

vi ¨ wj ¨ rBpε
V
i , ε

W
j qs.

Want:
ÿ

iPIV

ÿ

jPIW

vi ¨ wj ¨

«

ÿ

kPIX

Tkij ¨ ε
X
k

ff

“
ÿ

iPIV

ÿ

jPIW

vi ¨ wj ¨ rBpε
V
i , ε

W
j qs.

Want: @i P IV , @j P IW ,
ÿ

kPIX

Tkij ¨ ε
X
k “ BpεVi , ε

W
j q.

Given i P IV , j P IW . Want:
ÿ

kPIX

Tkij ¨ ε
X
k “ BpεVi , ε

W
j q.

Let w :“ BpεVi , ε
W
j q. Want:

ÿ

kPIX

Tkij ¨ ε
X
k “ w.

By the reproducing formula, w “
ÿ

kPIX

wk ¨ ε
X
k .

Want:
ÿ

kPIX

Tkij ¨ ε
X
k “

ÿ

kPIX

wk ¨ ε
X
k .

Want: @k P IX , Tkij “ wk.
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Given k P IX . Want: Tkij “ wk.

Recall that T “ rBs and that w “ BpεVi , ε
W
j q.

Then Tkij “ rBskij “ pBpε
V
i , ε

W
j qq ‚ ε

X
k “ w ‚ εXk “ wk. QED

5-5. Let α, γ P N, V :“ Rα, X :“ Rγ, ˚ P BV VX .

Define Q : V Ñ X by: @v P V , Qv “ v ˚ v. Show: Q P QV
X .

Proof: Let T :“ r˚s. Then T P X b V b V “ Rγˆαˆα.

For all i, j P IV , let xij :“
ÿ

kPIX

Tkij ¨ ε
X
k and let Mij :“ C

xij
V ¨ πVi ¨ π

V
j .

Then, @i, j P IV , we have: xij P X, so C
xij
V P CVX , so Mij PMV X

2 .

Then
ÿ

iPIV

ÿ

jPIV

Mij P HV X
2 “ QV

X . Want: Q “
ÿ

iPIV

ÿ

jPIV

Mij.

Want: @v P V , Qpvq “

˜

ÿ

iPIV

ÿ

jPIV

Mij

¸

pvq.

Given v P V . Want: Qpvq “

˜

ÿ

iPIV

ÿ

jPIV

Mij

¸

pvq.

Want: Qv “
ÿ

iPIV

ÿ

jPIV

pMijqv.

We have: @i, j P IV , pMijqv “ pC
xij
V ¨ πVi ¨ π

V
j qv

“ pC
xij
V qv ¨ pπ

V
i qv ¨ pπ

V
j qv

“ xij ¨ vi ¨ vj “ vi ¨ vj ¨ xij.

Want: Qv “
ÿ

iPIV

ÿ

jPIV

vi ¨ vj ¨ xij.

By the reproducing formula, v “
ÿ

iPIV

vi ¨ ε
V
i and v “

ÿ

jPIV

vj ¨ ε
V
j .

Then: Qv “ v ˚ v “

«

ÿ

iPIV

vi ¨ ε
V
i

ff

˚

«

ÿ

jPIV

vj ¨ ε
V
j

ff

“
ÿ

iPIV

ÿ

jPIV

vi ¨ vj ¨ rε
V
j ˚ ε

V
j s.

Want:
ÿ

iPIV

ÿ

jPIV

vi ¨ vj ¨ rε
V
j ˚ ε

V
j s “

ÿ

iPIV

ÿ

jPIV

vi ¨ vj ¨ xij.

Want: @i, j P IV , εVi ˚ ε
V
j “ xij.

Given i, j P IV . Want: εVi ˚ ε
V
j “ xij.

Want: @` P IX , pεVi ˚ ε
V
j q` “ pxijq`.

Given ` P IX . Want: pεVi ˚ ε
V
j q` “ pxijq`.

Since xij “
ÿ

kPIX

Tkij ¨ ε
X
k , we get pxijq` “

ÿ

kPIX

Tkij ¨ pε
X
k q`.
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Then: pxijq` “
ÿ

kPIX

Tkij ¨ δ
k
` “ T`ij.

Since T “ r˚s, we get T`ij “ pε
V
i ˚ ε

V
j q ‚ ε

X
` .

Then pεVi ˚ ε
V
j q` “ pε

V
i ˚ ε

V
j q ‚ ε

X
` “ T`ij “ pxijq`, as desired. QED

Homework 4: Due on Tuesday 25 February

4-1. Define a P RN0 by: @j P N0, aj “ 1{pj!q. Show: RCa “ 8.

Proof: Let T :“ ts ě 0 |TSas is bounded in Ru.
Then RCa “ sup T . Want: sup T “ 8. Want: T “ r0;8q.

By definition of T , we have T Ď r0;8q. Want: r0;8q Ď T .

Want: @s P r0;8q, s P T . Given s P r0;8q. Want: s P T .

Since s ě 0, it suffices to show: TSas is bounded in R.

Want: ta0, a1s, a2s
2, a3s

3, . . .u is bounded in R.

Define b P RN0 by: @j P N0, bj “ ajs
j.

Then Ib “ tb0, b1, b2, b3, . . .u “ ta0, a1s, a2s2, a3s3, . . .u.
Want: Ib is bounded in R. Want: b is convergent in R.

Want: bÑ 0 in R. Let c :“ 1{2. Then c P p0; 1q.

By Theorem 4.14.3, it suffices to show:

Dk P N0 s.t. @j P rk..8q, bj`1{bj ď c.

By the Archimedean Principle, choose k P N s.t. k ą 2s´ 1.

Then k P N Ď N0. Want: @j P rk..8q, bj`1{bj ď c.

Given j P rk..8q. Want: bj`1{bj ď c.

We have bj`1 “ aj`1s
j`1 “ sj`1{ppj ` 1q!q “ rsj{pj!qs ¨ rs{pj ` 1qs,

“ bj ¨ rs{pj ` 1qs, so bj`1{bj “ s{pj ` 1q.

Since j P rk..8q ě k ą 2s´ 1, we get j ą 2s´ 1, so j ` 1 ą 2s,

so p1{2q ¨ pj ` 1q ą s, and so 1{2 ą s{pj ` 1q.

Then bj`1{bj “ s{pj ` 1q ă 1{2 “ c, as desired. QED

4-2. Let a P RN0 , x, r P R, i, j P N0, b :“ P‚SS
a
x, c :“ P‚SS

|a|
r .

Assume: |x| ď r. Show: |bj ´ bi| ď |cj ´ ci|.

Proof: Let k :“ minti, ju and ` :“ maxti, ju.

Then |bj ´ bi| “ |b` ´ bk| and |cj ´ ci| “ |c` ´ ck|.

Want: |b` ´ bk| ď |c` ´ ck|. We have k ď `. Let Q :“ pk..`s.

We have: @n P N0, bn “ PnSS
a
x “

n
ÿ

m“1

am ¨ x
m.
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Since bk “
k
ÿ

m“1

am ¨ x
m and b` “

ÿ̀

m“1

am ¨ x
m,

it follows that: b` ´ bk “
ÿ

mPQ

am ¨ x
m.

We have: @n P N0, cn “ PnSS
|a|
r “

n
ÿ

m“1

|a|m ¨ r
m
“

n
ÿ

m“1

|am| ¨ r
m.

Since ck “
k
ÿ

m“1

|am| ¨ r
m and c` “

ÿ̀

m“1

|am| ¨ r
m,

it follows that: c` ´ ck “
ÿ

mPQ

|am| ¨ r
m.

Since 0 ď |x| ď r, we get r ě 0, and so |r| “ r.

Then |c` ´ ck| “

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

mPQ

|am| ¨ r
m

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

mPQ

| |a|m ¨ r
m
|

“
ÿ

mPQ

|am| ¨ |r
m
| “

ÿ

mPQ

|am| ¨ |r|
m
“

ÿ

mPQ

|am| ¨ r
m.

Since |x| ď r, we get: @m P N0, |am| ¨ |x|
m ď |am| ¨ r

m.

Then:
ÿ

mPQ

|am| ¨ |x|
m
ď

ÿ

mPQ

|am| ¨ r
m.

Then |b` ´ bk| “

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

mPQ

am ¨ x
m

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

mPQ

|am ¨ x
m
| “

ÿ

mPQ

|am| ¨ |x
m
|

“
ÿ

mPQ

|am| ¨ |x|
m
ď

ÿ

mPQ

|am| ¨ r
m
“ |c` ´ ck|. QED

4-3. Let α P r0;8qN0 , r P r0; RCαq, c :“ P‚SS
α
r .

Show: c is convergent in R.

Proof: We have: @n P N0, cn “ PnSS
α
r “

n
ÿ

m“1

αm ¨ r
m.

Claim: c is semi-increasing.

Proof of claim: Want: @i P N, ci ě ci´1.

Given i P N. Want: ci ě ci´1.

Since ci´1 “
i´1
ÿ

m“1

αm ¨ r
m and ci “

i
ÿ

m“1

αm ¨ r
m,

it follows that: ci ´ ci´1 “ αi ¨ r
i.

Since α P r0;8qN0 , we get: αi P r0;8q.

Since αi P r0;8q ě 0 and r P r0;8q ą 0, it follows that αi ¨ r
i ě 0.

Then ci ´ ci´1 “ αi ¨ r
i ě 0, and so ci ě ci´1, as desired.
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End of proof of claim.

By Theorem 3.11.2, @τ P RN0 ,

r p Iτ is bounded in R q & p τ is semi-increasing q s

ñ r τ is convergent in R s.
So, by the claim, it suffices to show: Ic is bounded in R.

Since r P r0; RCαq,RCα, by Theorem 4.16.16,

choose s ą r s.t. TSαs is bounded in R.

Choose B P BRp0q s.t. TSαs Ď B.

Choose M ą 0 s.t. B “ BRp0,Mq.

We have r P r0; RCαq ě 0. Then 0 ď r ă s.

Let u :“ r{s. Then 0 ď u ă 1. Then u P r0; 1q. Also r “ su.

We have TSαs “ tα0, α1s
1, α2s

2, α3s
3, . . .u.

Then: @j P N0, αjs
j P TSαs .

Then: @j P N0, αjs
j P TSαs Ď B “ BRp0,Mq ăM .

Then: @j P N0, αjs
j ăM .

Then, since u ě 0, we get: @j P N0, αjs
juj ďMuj.

Then: @j P N0, αjr
j “ αj ¨ psuq

j “ αjs
juj ďMuj.

Let R :“M{p1´ uq. As M ą 0 and 1´ u ą 0, we get: R ą 0.

Any ball in a metric space is bounded, so BRp0, Rq is bounded.

It therefore suffices to show: Ic Ď BRp0, Rq.

Want: @y P Ic, y P BRp0, Rq.

Given y P Ic. Want: y P BRp0, Rq. Want: y P p´R;Rq.

Want: ´R ă y ă R. Want: 0 ď y ă R.

Since y P Ic and Dc “ N0, choose k P N0 s.t. y “ ck.

Then y “ α0 ` α1r ` α2r
2 ` α3r

3 ` ¨ ¨ ¨ ` αkr
k.

So, since α0, . . . , αk P Iα Ď r0;8q ě 0 and since r P r0; RCαq ě 0,

we conclude: y ě 0. It remains to show that: y ă R.

Recall: @j P N0, αjr
j ďMuj. Then:

k
ÿ

j“0

αjr
j
ď

k
ÿ

j“0

Muj.

By a theorem proved in class, 1` u` u2 ` u3 ` ¨ ¨ ¨ ` uk ă 1{p1´ uq.

So, as M ą 0, we get: M ¨ p1` u` u2 ` u3 ` ¨ ¨ ¨ ` ukq ăM{p1´ uq.

Then y “ α0 ` α1r ` α2r
2 ` α3r

3 ` ¨ ¨ ¨ ` αkr
k

“

k
ÿ

j“0

αjr
j
ď

k
ÿ

j“0

Muj “M ¨

k
ÿ

j“0

uj

“M ¨ p1` u` u2 ` u3 ` ¨ ¨ ¨ ` ukq

ăM{p1´ uq “ R, as desired. QED
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4-4. Let a P RN0 and let α :“ |a|. Show: RCa “ RCα.

Proof: We have: @s ě 0, |s| “ s.

Also: @s ě 0, TSas “ tajs
j s.t. j P N0u.

Then: @s ě 0,

|TSas | “ t|ajs
j| s.t. j P N0u

“ t|aj| ¨ |s
j| s.t. j P N0u

“ t|a|j ¨ |s|
j s.t. j P N0u

“ tαj ¨ s
j s.t. j P N0u “ TSαs .

By a theorem from class, we know: @s ě 0,

p TSas is bounded in R q ô p |TSas | is bounded in R q.
Then ts ě 0 s.t. TSas is bounded in Ru

“ ts ě 0 s.t. |TSas | is bounded in Ru
“ ts ě 0 s.t. TSαs is bounded in Ru.

Then RCa “ sup ts ě 0 s.t. TSas is bounded in Ru
“ sup ts ě 0 s.t. TSαs is bounded in Ru “ RCα. QED

4-5. Let a P RN0 . Show: RCa “ RCa˚ .

Proof: Let b :“ a˚ . Want: RCa “ RCb.

Want: (1) RCa ě RCb and (2) RCb ě RCa.

Proof of (1): Assume: RCa ă RCb. Want: Contradiction.

Since RCa ă RCb, choose s ą RCa s.t. TSbs is bounded in R.

Since s ą RCa ě 0, we get s ą 0. Then |s| “ s.

Choose C P BRp0q s.t. TSbs Ď C.

Choose M ą 0 s.t. C “ BRp0,Mq.

We have TSbs “ tb0, b1s, b2s
2, b3s

3, . . .u “ ta1, 2a2s, 3a3s
2, 4a4s

3, . . .u.

Then ta1, 2a2s, 3a3s
2, 4a4s

3, . . .u “ TSbs Ď C “ BRp0,Mq.

Then: @j P N, |jajs
j´1| ăM .

Then: @j P N, |ajs
j| “ |s| ¨ |jajs

j´1|{|j|

“ s ¨ |jajs
j´1|{j ă s ¨M{j ď s ¨M .

Then ta1s, a2s
2, a3s

3, a4s
4, . . .u Ď BRp0, sMq.

Then ta1s, a2s
2, a3s

3, a4s
4, . . .u is bounded in R.

So, since ta0u is bounded in R,

we get: ta0u
Ť

ta1s, a2s
2, a3s

3, a4s
4, . . .u is bounded in R.

Then ta0, a1s, a2s
2, a3s

3, a4s
4, . . .u is bounded in R.

We have TSas “ ta0, a1s, a2s
2, a3s

3, . . .u.
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Then TSas is bounded in R. Recall: s ą 0.

Then s P tr ě 0 |TSar is bounded in Ru.
Then s ď suptr ě 0 |TSar is bounded in Ru. Recall that s ą RCa.

Then RCa ă s ď suptr ě 0 |TSar is bounded in Ru “ RCa.

Then RCa ă RCa. Contradiction.

End of proof of (1).

Proof of (2): Assume: RCb ă RCa. Want: Contradiction.

Since RCb ă RCa, choose t ą RCb s.t. TSat is bounded in R.

Since t ą RCb ě 0, we get t ą 0. Then t ě 0.

So, since TSat is bounded in R, we get t P tr ě 0 |TSar is bounded in Ru.
Then t ď suptr ě 0 |TSar is bounded in Ru “ RCa.

We have RCb ă t. Let s :“ pRCb ` tq{2. Then RCb ă s ă t.

Then 0 ď RCb ă s ă t ď RCa.

Let u :“ s{t. Then 0 ă u ă 1 and s “ tu.

Since TSat is bounded in R, choose C P BRp0q s.t. TSat Ď C.

Choose M ą 0 s.t. C “ BRp0,Mq.

Since s ą RCb “ suptr ě 0 |TSbr is bounded in Ru,
we see that s R tr ě 0 |TSbr is bounded in Ru,
and so TSbs is not bounded in R.

Define β P RN0 by: @j P N0, βj “ bjs
j.

Then TSbs “ tβ0, β1, β2, . . .u “ Iβ.

Then Iβ is not bounded in R,

so β is not convergent in R,

so  pβ Ñ 0 in Rq.
Choose ε ą 0 s.t., @` P N0, Dj P r`..8q s.t. dRpβj, 0q ě ε.

Define γ P RN0 by: @j P N0, γj “ pj ` 1q ¨ uj.

By the Archimedean Principle, choose k P N such that k ą 2u{p1´ uq.

Recall: u ă 1. Let c :“ pu` 1q{2. Then u ă c ă 1.

So, since 0 ď u, we get 0 ă c ă 1, and so c P p0; 1q.

We have: @j P N0, γj`1{γj “ rpj ` 1q{js ¨ u “ u` ru{js.

We have u` rp1´ uq{2s “ p1´ u` 2uq{2 “ pu` 1q{2 “ c.

We have: @j P rk..8q, j ě k ą 2u{p1´ uq, so 1´ u ą 2u{j,

so p1´ uq{2 ą u{j, so u{j ă p1´ uq{2,

so u`ru{js ă u`rp1´uq{2s, so γj`1{γj ă c.

Then, by Theorem 4.14.3, we get γ Ñ 0 in R.

Recall: t ą 0 and M ą 0 and ε ą 0. Then pt{Mq ¨ ε ą 0.

Choose ` P N0 s.t., @j P r`..8q, dRpγj, 0q ă pt{Mq ¨ ε.
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By choice of ε, choose j P r`..8q s.t. dRpβj, 0q ě ε.

Since j P r`..8q, by choice of `, we have dRpγj, 0q ă pt{Mq ¨ ε.

Then |γj| “ |γj ´ 0| “ dRpγj, 0q ă pt{Mq ¨ ε, so pM{tq ¨ |γj| ă ε.

We have: aj`1t
j`1 P TSat Ď C Ď BRp0,Mq, so dRpaj`1t

j`1, 0q ăM .

Then: |aj`1|¨t
j`1 “ |aj`1t

j`1| “ |aj`1t
j`1´0| “ dRpaj`1t

j`1, 0q ăM .

Then: |aj`1| ¨ t
j “ |aj`1| ¨ t

j`1{t ăM{t.

Then: |aj`1| ¨ t
j ¨ |γj| ď pM{tq ¨ |γj|. Recall: s “ tu.

We have: βj “ bjs
j “ bjptuq

j “ a˚j t
juj “ pj ` 1qaj`1t

juj “ aj`1t
j ¨ γj,

so |βj| “ |aj`1| ¨ t
j ¨ |γj| ď pM{tq ¨ |γj|.

Then ε ď dRpβj, 0q “ |βj ´ 0| “ |βj| ď pM{tq ¨ |γj| ă ε.

Then ε ă ε. Contradiction.

End of proof of (2). QED

Homework 3: Due on Tuesday 18 February

3-1. Let X be a metric space, s P XN, q P X, m P N.

Define t P XN by: @j P N, tj “ sj`m.

Assume: tÑ q in X. Show: sÑ q in X.

Proof: Want: @ε ą 0, DK P N s.t., @j P N,

r j ě K s ñ r dpsj, qq ă ε s.

Given ε ą 0. Want: DK P N s.t., @j P N,

r j ě K s ñ r dpsj, qq ă ε s.

Since tÑ q, choose L P N s.t., @i P N,

r i ě L s ñ r dpti, qq ă ε s.

Since L,m P N, we conclude: L`m P N.

Let K :“ L`m. Then K P N.

Want: @j P N, r j ě K s ñ r dpsj, qq ă ε s.

Given j P N. Want: r j ě K s ñ r dpsj, qq ă ε s.

Assume: j ě K. Want: dpsj, qq ă ε.

Let i :“ j ´m. Then i`m “ j. Then si`m “ sj.

Since i`m “ j ě K “ L`m, we get: i ě L.

Since j,m P N Ď Z, we get: j ´m P Z.

Since i “ j ´m P Z and i ě L P N ą 0, we conclude: i P N.

Then, by definition of t, we have ti “ si`m.

Since i P N and i ě L, by choice of L, we get: dpti, qq ă ε.

So, since ti “ si`m “ sj, we get: dpsj, qq ă ε, as desired. QED
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3-2. Let X and Y be metric spaces, s P XN, t P Y N.

Show: r ps, tq is Cauchy in X ˆ Y s

ô r p s is Cauchy in X q & p t is Cauchy in Y q s.

Proof: Proof of ñ:

Assume: ps, tq is Cauchy in X ˆ Y .

Want: (1) s is Cauchy in X and (2) t is Cauchy in Y .

Proof of (1):

Want: @ε ą 0, DK P N s.t., @i, j P N,

r i, j ě K s ñ r dpsi, sjq ă ε s.

Given ε ą 0. Want: DK P N s.t., @i, j P N,

r i, j ě K s ñ r dpsi, sjq ă ε s.

Since ps, tq is Cauchy in X ˆ Y , choose K P N s.t., @i, j P N,

r i, j ě K s ñ r dp ps, tqi , ps, tqj q q ă ε s.

Then K P N.

Want: @i, j P N, r i, j ě K s ñ r dpsi, sjq ă ε s.

Given i, j P N.

Want: r i, j ě K s ñ r dpsi, sjq ă ε s.

Assume: i, j ě K. Want: dpsi, sjq ă ε.

Since i, j ě K, by choice of K, we get: dp ps, tqi , ps, tqj q q ă ε.

Let a :“ dpsi, sjq and let b :“ dpti, tjq.

Then dp psi, tiq , psj, tjq q “
?
a2 ` b2.

Then
?
a2 ` b2 “ dp psi, tiq , psj, tjq q “ dp ps, tqi , ps, tqj q ă ε.

Since a “ dpsi, sjq ě 0, we get: a “
?
a2.

Since 0 ď a2 ď a2 ` b2, we get
?
a2 ď

?
a2 ` b2.

Then dpsi, sjq “ a “
?
a2 ď

?
a2 ` b2 ă ε, as desired.

End of proof of (1).

Proof of (2):

Want: @ε ą 0, DK P N s.t., @i, j P N,

r i, j ě K s ñ r dpti, tjq ă ε s.

Given ε ą 0. Want: DK P N s.t., @i, j P N,

r i, j ě K s ñ r dpti, tjq ă ε s.

Since ps, tq is Cauchy in X ˆ Y , choose K P N s.t., @i, j P N,

r i, j ě K s ñ r dp ps, tqi , ps, tqj q q ă ε s.

Then K P N.

Want: @i, j P N, r i, j ě K s ñ r dpti, tjq ă ε s.
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Given i, j P N.

Want: r i, j ě K s ñ r dpti, tjq ă ε s.

Assume: i, j ě K. Want: dpti, tjq ă ε.

Since i, j ě K, by choice of K, we get: dp ps, tqi , ps, tqj q q ă ε.

Let a :“ dpsi, sjq and let b :“ dpti, tjq.

Then dp psi, tiq , psj, tjq q “
?
a2 ` b2.

Then
?
a2 ` b2 “ dp psi, tiq , psj, tjq q “ dp ps, tqi , ps, tqj q ă ε.

Since b “ dpti, tjq ě 0, we get: b “
?
b2.

Since 0 ď b2 ď a2 ` b2, we get
?
b2 ď

?
a2 ` b2.

Then dpti, tjq “ b “
?
b2 ď

?
a2 ` b2 ă ε, as desired.

End of proof of (2). End of proof of ñ.

Proof of ð:

Assume: p s is Cauchy in X q & p t is Cauchy in Y q.

Want: ps, tq is Cauchy in X ˆ Y .

Want: @ε ą 0, DK P N s.t., @i, j P N,

r i, j ě K s ñ r dp ps, tqi , ps, tqj q ă ε s.

Given ε ą 0. Want: DK P N s.t., @i, j P N,

r i, j ě K s ñ r dp ps, tqi , ps, tqj q ă ε s.

Let σ :“ ε{
?

2. Then σ ą 0.

Since s is Cauchy in X, choose L P N s.t., @i, j P N,

r i, j ě L s ñ r dpsi, sjq ă σ s.

Since t is Cauchy in X, choose M P N s.t., @i, j P N,

r i, j ěM s ñ r dpti, tjq ă σ s.

Let K :“ maxtL,Mu. Then K P N.

Want: @i, j P N, r i, j ě K s ñ r dp ps, tqi , ps, tqj q ă ε s.

Given i, j P N. Want: r i, j ě K s ñ r dp ps, tqi , ps, tqj q ă ε s.

Assume: i, j ě K. Want: dp ps, tqi , ps, tqj q ă ε.

Since i, j ě K ě L, by choice of L, we get: dpsi, sjq ă σ.

Since i, j ě K ěM , by choice of M , we get: dpti, tjq ă σ.

Let a :“ dpsi, sjq and let b :“ dpti, tjq. Then a ă σ and b ă σ.

Also, dp psi, tiq , psj, tjq q “
?
a2 ` b2.

We have a “ dpsi, sjq ě 0 and b “ dpti, tjq ě 0.

Since 0 ď a ă σ, we get 0 ď a2 ă σ2.

Since 0 ď b ă σ, we get 0 ď b2 ă σ2.

Then 0 ď a2 ` b2 ă 2 ¨ σ2. Then
?
a2 ` b2 ă

?
2 ¨ σ2.

Since σ ą 0, we get
?
σ2 “ σ. Since σ “ ε{

?
2, we get

?
2 ¨ σ “ ε.

Then dp ps, tqi , ps, tqj q “ dp psi, tiq , psj, tjq q “
?
a2 ` b2 ă

?
2 ¨ σ2
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“
?

2 ¨
?
σ2 “

?
2 ¨ σ “ ε, as desired.

End of proof of ð. QED

3-3. Let X and Y be complete metric spaces.

Show X ˆ Y is complete.

Proof: Let Z : X ˆ Y . Want Z is complete.

Want: @u P ZN, r u is Cauchy in Z s ñ r u is convergent in Z s.

Given u P ZN. Want: r u is Cauchy in Z s ñ r u is convergent in Z s.

Assume: u is Cauchy in Z. Want: u is convergent in Z.

Define p : Z Ñ X by: @z P Z, pz “ z1.

Define q : Z Ñ Y by: @z P Z, qz “ z2.

We have: @z P Z, z “ pz1, z2q “ ppz, qzq.

Let s :“ p ˝ u and let t :“ q ˝ u.

Then we have: @j P N,

uj “ p puj , quj q “ p pp ˝ uqj , pq ˝ uqj q “ p sj , tj q “ ps, tqj.

Then u “ ps, tq. So, as u is Cauchy in Z and Z “ X ˆY , we get:

ps, tq is Cauchy in X ˆ Y .

Then, by HW#3-2, s is Cauchy in X and t is Cauchy in Y .

So, since X and Y are both complete,

s is convergent in X and t is convergent in Y .

Choose a P X and b P Y s.t. sÑ a in X and tÑ b in Y .

Then, by a theorem from class, we have: ps, tq Ñ pa, bq in X ˆ Y .

So, since u “ ps, tq and Z “ X ˆ Y , we get: uÑ pa, bq in Z.

Then u is convergent in Z, as desired. QED

3-4. Let p, q, r P N, A P Rpˆq, B P Rqˆr. Show: |AB| ď |A| ¨ |B|.

Proof: Since |AB| ě 0, we get |AB| “
a

|AB|2.

Since |A| ¨ |B| ą 0, we get |A| ¨ |B| “
a

p|A| ¨ |B|q2.

Want:
a

|AB|2 ď
a

p|A| ¨ |B|q2.

Want: 0 ď |AB|2 ď p|A| ¨ |B|q2.

We have 0 ď |AB|2. Want: |AB|2 ď p|A| ¨ |B|q2.

We have |AB|2 “
p
ÿ

i“1

r
ÿ

k“1

ppABqikq
2
“

p
ÿ

i“1

r
ÿ

k“1

˜

q
ÿ

j“1

Aij ¨Bjk

¸2

.

Also, p|A| ¨ |B|q2 “ |A|2 ¨ |B|2 “

˜

p
ÿ

i“1

q
ÿ

`“1

A2
i`

¸

¨

˜

q
ÿ

m“1

r
ÿ

k“1

Bmk

¸
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“

p
ÿ

i“1

q
ÿ

`“1

q
ÿ

m“1

r
ÿ

k“1

A2
i` ¨B

2
mk “

p
ÿ

i“1

r
ÿ

k“1

˜

q
ÿ

`“1

q
ÿ

m“1

A2
i` ¨B

2
mk

¸

.

Want:
p
ÿ

i“1

r
ÿ

k“1

˜

q
ÿ

j“1

Aij ¨Bjk

¸2

ď

p
ÿ

i“1

r
ÿ

k“1

˜

q
ÿ

`“1

q
ÿ

m“1

A2
i` ¨B

2
mk

¸

.

Want: @i P r1..ps, @k P r1..rs,

˜

q
ÿ

j“1

Aij ¨Bjk

¸2

ď

q
ÿ

`“1

q
ÿ

m“1

A2
i` ¨B

2
mk.

Given i P r1..ps and k P r1..rs.

Want:

˜

q
ÿ

j“1

Aij ¨Bjk

¸2

ď

q
ÿ

`“1

q
ÿ

m“1

A2
i` ¨B

2
mk.

Let v :“ pAi1, . . . , Aiqq and let w :“ pB1k, . . . , Bqkq.

Then v ‚ w “
q
ÿ

j“1

Aij ¨Bjk. Want: pv ‚ wq2 ď
q
ÿ

`“1

q
ÿ

m“1

A2
i` ¨B

2
mk.

We have: |v|2 “
q
ÿ

`“1

A2
i` and |w|2 “

q
ÿ

m“1

B2
mk.

Then: |v|2 ¨ |w|2 “

˜

q
ÿ

`“1

A2
i`

¸

¨

˜

q
ÿ

m“1

B2
mk

¸

“

q
ÿ

`“1

q
ÿ

m“1

pA2
i` ¨B

2
mkq.

Want: pv ‚ wq2 ď |v|2 ¨ |w|2.

By Cauchy-Schwarz, we have: |v ‚ w| ď |v| ¨ |w|.

Since 0 ď |v ‚ w| ď |v| ¨ |w|, we get: |v ‚ w|2 ď p|v| ¨ |w|q2.

Then pv ‚ wq2 “ |v ‚ w|2 ď p|v| ¨ |w|q2 “ |v|2 ¨ |w|2. QED

3-5. Let V P ES. Show:

(a) | ‚ |V is Lipschitz-1 from V to R
and (b) } ‚ }V is Lipschitz-

?
#IV from V to R.

Proof:

Proof of (a):

Let f :“ | ‚ |V . Want: f is Lipschitz-1 from V to R.

Want: @x, y P V , dRpfx, fyq ď 1 ¨ pdV px, yqq.

Given x, y P V . Want: dRpfx, fyq ď 1 ¨ pdV px, yqq.

Want: |fx ´ fy| ď |x ´ y|.

Want: p fx ´ fy ď |x ´ y | q & p fy ´ fx ď |x ´ y | q.

We have: @z P V , fz “ p| ‚ |V qz “ |z|.

Want: p |x| ´ |y| ď | x ´ y | q & p |y| ´ |x| ď | x ´ y | q.

We have: |x| “ |x ´ y ` y | ď |x ´ y| ` |y|.
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Then: |x| ´ |y| ď |x ´ y |. Want: |y| ´ |x| ď |x ´ y |.

We have: |y| “ | y ´ x ` x | ď | y ´ x | ` |x|.

Then: |y| ´ |x| ď | y ´ x | “ |x ´ y |, as desired.

End of proof of (a).

Proof of (b):

Let L :“
?

#IV and let f :“ } ‚ }V .

Want: f is Lipschitz-L from V to R.

Want: @x, y P V , dRpfx, fyq ď L ¨ pdV px, yqq.

Given x, y P V . Want: dRpfx, fyq ď L ¨ pdV px, yqq.

Want: |fx ´ fy| ď L ¨ |x ´ y|.

By a theorem from class, we have:

@z P V , }z} ď L ¨ |z|.

Then: }x ´ y } ď L ¨ |x ´ y|.

Want: |fx ´ fy| ď }x ´ y }.

We have: @z P V , fz “ p} ‚ }V qz “ }z}.

Want: p fx ´ fy ď }x ´ y } q & p fy ´ fx ď }x ´ y } q.

Want: p }x} ´ }y} ď }x ´ y } q & p }y} ´ }x} ď }x ´ y } q.

We have: }x} “ }x ´ y ` y } ď }x ´ y } ` }y}.

Then: }x} ´ }y} ď }x ´ y }. Want: }y} ´ }x} ď }x ´ y }.

We have: }y} “ } y ´ x ` x } ď } y ´ x } ` }x}.

Then: }y} ´ }x} ď } y ´ x } “ }x ´ y }, as desired.

End of proof of (b). QED

Homework 2: Due on Tuesday 11 February

2-1. Show: @` P N, pp‚q`q1 “ ` ¨ p‚q`´1.

Proof: Let S :“ t` P N | pp‚q`q1 “ ` ¨ p‚q`´1u. Want: S “ N.

By a result from class, @m P R, pm ¨ p‚qq1 “ Cm
R . Then p1 ¨ p‚qq1 “ C1

R.

Then pp‚q1q1 “ p1 ¨ p‚qq1 “ C1
R “ p‚q

0 “ 1 ¨ p‚q0 “ 1 ¨ p‚q1´1, so 1 P S.

Want: @` P S, `` 1 P S. Given ` P S. Want: `` 1 P S.

Since ` P S, we have pp‚q`q1 “ `¨p‚q`´1. Want: pp‚q``1q1 “ p``1q¨p‚q`.

Want: @x P R, pp‚q``1q1x “ pp`` 1q ¨ p‚q`qx.

Given x P R. Want: pp‚q``1q1x “ pp`` 1q ¨ p‚q`qx.

By the Product Rule, pp‚q ¨ p‚q`q1x “
˚ p‚q1x ¨ pp‚q

`qx ` p‚qx ¨ pp‚q
`q1x.

Recall: p1 ¨ p‚qq1 “ C1
R. Then p‚q1 “ C1

R. Then p‚q1x “ pC
1
Rqx “ 1.

Recall: pp‚q`q1 “ ` ¨ p‚q`´1. Then pp‚q`q1x “ p` ¨ p‚q
`´1qx “ ` ¨ x`´1.
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Then pp‚q ¨ p‚q`q1x “
˚ p‚q1x ¨ pp‚q

`qx ` p‚qx ¨ pp‚q
`q1x

“ 1 ¨ x` ` x ¨ ` ¨ x`´1

“ x` ` ` ¨ x ¨ x`´1

“ x` ` ` ¨ x` “ p1` `q ¨ x` ‰ /.

Then pp‚q ¨ p‚q`q1x “ p1` `q ¨ x` “ p`` 1q ¨ x` “ pp`` 1q ¨ p‚q`qx,

as desired. QED

2-2. Let m P R, L : RÑ R. Assume: @x P R, Lx “ m ¨ x.

Show: p @x P R, L1x “ m q & p @x P R, L2x “ 0 q.

Proof: By a result from class, pm ¨ p‚qq1 “ Cm
R .

We have: @x P R, Lx “ m ¨ x “ pm ¨ p‚qqx. Then L “ m ¨ p‚q.

Then L1 “ pm ¨ p‚qq1 “ Cm
R . Then: @x P R, L1x “ pC

m
R qx “ m.

Then: @x P R, L1x “ m. Want: @x P R, L2x “ 0.

As L1 “ Cm
R , we get: L2 “ pCm

R q
1. By a result from class, pCm

R q
1 “ 0.

Then L2 “ pCm
R q

1 “ 0. Then: @x P R, L2x “ 0x “ 0.

Then: @x P R, L2x “ 0, as desired. QED

2-3. Let c P R, Q : RÑ R. Assume: @x P R, Qx “ c ¨ x2.

Show: p @x P R, Q1x “ 2 ¨ c ¨ x q & p @x P R, Q2x “ 2 ¨ c q.

Proof: We have: @x P R, Qx “ c ¨ x2 “ pc ¨ p‚q2qx. Then Q “ c ¨ p‚q2.

Want: (1) @x P R, Q1x “ 2 ¨ c ¨ x and (2) @x P R, Q2x “ 2 ¨ c.

Proof of (1):

Given x P R. Want: Q1x “ 2 ¨ c ¨ x.

By HW#2-1, we have: pp‚q2q1 “ 2 ¨ p‚q2´1.

Then: pp‚q2q1x “ p2 ¨ p‚q
2´1qx “ 2 ¨ x2´1 “ 2 ¨ x.

By linearity of derivative, pc ¨ p‚q2q1x “
˚ c ¨ pp‚q2q1x.

Then Q1x “ pc ¨ p‚q2q1x “
˚ c ¨ pp‚q2q1x “ c ¨ 2 ¨ x ‰ /.

Then Q1x “ c ¨ 2 ¨ x. Q1x “ c ¨ 2 ¨ x “ 2 ¨ c ¨ x, as desired.

End of proof of (1).

Proof of (2):

By (1), we have: @x P R, Q1x “ 2 ¨ c ¨ x.

Let m :“ 2 ¨ c We have: @x P R, Q1x “ m ¨ x.

Then: @x P R, Q1x “ m ¨ x “ pm ¨ p‚qqx. Then Q1 “ m ¨ p‚q.

Let L :“ m ¨ p‚q. Then Q1 “ L.

We have @x P R, Lx “ pm ¨ p‚qqx “ m ¨ x.
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Then, by HW#2-2, we get: @x P R, L1x “ m.

Then: @x P R, Q2x “ L1x “ m “ 2 ¨ c. Then: @x P R, Q2x “ 2 ¨ c.

End of proof of (2). QED

2-4. Let α, β : R 99K R. Assume: @x P R, βx “
˚ αx.

Show: @x P R, β1x “
˚ α1x.

Proof: Given x P R. Want: β1x “
˚ α1x.

Want: p α1x ‰ / q ñ p β1x “ α1x q.

Assume α1x ‰ /. Want: β1x “ α1x.

By a theorem from class, it suffices to show: β “ α near x in R.

Want: DB P BRpxq s.t. β “ α on B.

Since α1x ‰ /, we get x P Dα1 , and so, by a theorem from class,

we conclude: α is defined near x in R.

Choose B P BRpxq s.t. B Ď Dα.

Then B P BRpxq. Want: β “ α on B.

Want: @t P B, βt “ αt. Given t P B. Want: βt “ αt.

Since t P B Ď Dα, we get αt ‰ /. Since B P BRpxq, we get B Ď R.

Since t P B Ď R, by hypothesis, we have: βt “
˚ αt.

Since βt “
˚ αt ‰ /, we conclude βt “ αt, as desired. QED

2-5. Let a P R. Define T : RÑ R by: @h P R, Th “ h` a.

Show: T 1 “ C1
R.

Proof: As @h P R, Th “ h` a “ pp‚q ` Ca
Rqh, we get: T “ p‚q ` Ca

R.

By a theorem from class, we have @m P R, pm ¨ p‚qq1 “ Cm
R .

Then p1 ¨ p‚qq1 “ C1
R. Then p‚q1 “ p1 ¨ p‚qq1 “ C1

R.

By a theorem from class, pCa
Rq
1 “ 0.

Want: @h P R, T 1h “ pC
1
Rqh. Given h P R. Want: T 1h “ pC

1
Rqh.

We have p‚q1h “ pC
1
Rqh “ 1 and pCa

Rq
1
h “ 0h “ 0.

By linearity of the derivative, p p‚q ` Ca
R q
1
h “

˚ p‚q1h ` pCa
Rq
1
h.

Then T 1h “ p p‚q ` Ca
R q
1
h “

˚ p‚q1h ` pCa
Rq
1
h “ 1` 0 “ 1 ‰ /.

Then T 1h “ 1 “ pC1
Rqh, as desired. QED

Homework 1: Due on Tuesday 4 February

1-1. Let f : R 99K R and let p P Df .

Show: p f has a global strict-maximum at p q

ô p fT
p has a global strict-maximum at 0 q.
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Proof: Since p P Df , we get pfT
p q0 “ 0. Let g :“ fT

p . Then g0 “ 0.

Since p P Df , we get: fp P If . Want: p f has a global strict-maximum at p q

ô p g has a global strict-maximum at 0 q.

Proof of ñ:

Assume: f has a global strict-maximum at p

Want: g has a global strict-maximum at 0.

Want: @h P pDgq
ˆ
0 , gh ă g0. Given h P pDgq

ˆ
0 . Want: gh ă g0.

Since h P pDgq
ˆ
0 Ď Dg, we get: gh ‰ /.

We have: fp`h ´ fp “ pf
T
p qh “ gh.

Then fp`h ´ fp “ gh ‰ /, so fp`h ‰ /, so p` h P Df .

Since h P pDgq
ˆ
0 Ď Rˆ0 , we get: h` p P Rˆp , so h` p ‰ p.

Since h` p P Df and h` p ‰ p, we get: h` p P pDf q
ˆ
p .

As f has a global strict-maximum at p, we get: @x P pDf q
ˆ
p , fx ă fp.

So, since h` p P pDf q
ˆ
p , we see that: fh`p ă fp. Then fh`p´ fp ă 0.

Then gh “ fh`p ´ fp ă 0 “ g0, as desired.

End of proof of ñ.

Proof of ð:

Assume: g has a global strict-maximum at 0.

Want: f has a global strict-maximum at p

Want: @x P pDf q
ˆ
p , fx ă fp.

Given x P pDf q
ˆ
p . Want: fx ă fp.

Since x P pDf q
ˆ
p Ď Df , we get: fx P If . Since p P Df , we get: fp P If .

Since fx, fp P If Ď R, we get fx ´ fp P R. Want: fx ´ fp ă 0.

We have: gx´p “ pf
T
p qx´p “ fp`x´p ´ fp “ fx ´ fp.

Then gx´p “ fx ´ fp P R, so gx´p ‰ /, so x´ p P Dg.

Since x P pDf q
ˆ
p Ď Rˆp , we get x´ p P Rˆ0 , so x´ p ‰ 0.

Since x´ p P Dg and x´ p ‰ 0, we get: x´ p P pDgq
ˆ
0 .

As g has a global strict-maximum at 0, we get: @h P pDgq
ˆ
0 , gh ă g0.

So, since x´ p P pDgq
ˆ
0 , it follows that: gx´p ă g0.

Then fx ´ fp “ gx´p ă g0 “ 0, as desired.

End of proof of ð. QED

1-2. Let f : R 99K R, let c P R, let L P LINScf and let ε ą 0.

Show: L´ ε ¨ | ‚ | ď fT
c ď L` ε ¨ | ‚ | near 0 in R.

Proof: Want: DB P BRp0q s.t. L´ ε ¨ | ‚ | ď fT
c ď L` ε ¨ | ‚ | on B.

Since L P LINScf , we get: fT
c ´ L P O1.
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Let ρ :“ fT
c ´ L. Then ρ P O1.

Choose δ ą 0 s.t., @h P R, p |h| ă δ q ñ p |ρh| ă ε ¨ |h|1 q.

Let B :“ BRp0, δq. Then B P BRp0q.

Want: L´ ε ¨ | ‚ | ď fT
c ď L` ε ¨ | ‚ | on B.

Want: @h P B, pL´ ε ¨ | ‚ |qh ď pfT
c qh ď pL` ε ¨ | ‚ |qh.

Given h P B. Want: pL´ ε ¨ | ‚ |qh ď pfT
c qh ď pL` ε ¨ | ‚ |qh.

Want: Lh ´ ε ¨ |h| ď pfT
c qh ď Lh ` ε ¨ |h|.

Let s :“ Lh and t :“ pfT
c qh and u :“ ε ¨ |h|. Want: s´ u ă t ă s` u.

Since h P B “ BRp0, δq, we get: dph, 0q ă δ.

Then |h| “ |h´ 0| “ dph, 0q ă δ. Then, by choice of δ, |ρh| ă ε ¨ |h|1.

We have ρh “ pf
T
c ´ Lqh “ pf

T
c qh ´ Lh “ t´ s.

Then |t´ s| “ |ρh| ă ε ¨ |h|1 “ ε ¨ |h| “ u.

Then |t´ s| ă u, and so s´ u ă t ă s` u, as desired. QED

1-3. Let f : R 99K R, let c P R and let L P LINScf .

Assume: f has a local semi-maximum at c in R.

Show: L “ 0.

Proof: Since L P LINScf , we get Dcf “ L and L P L.

Since L P L, we get L : RÑ R. Then DL “ R.

Since 1 P R “ DL, we conclude that: L1 ‰ /.

So, since L1 “ pDcfq1 “ f 1c, we get f 1c ‰ /. Then c P Df 1 .

Then c P Df 1 Ď Df . Then pfT
c q0 “ 0.

Since L P LINScf , we get fT
c ´ L P O1.

Since f has a local semi-maximum at c in R,

it follows that fT
c has a local semi-maximum at 0 in R.

Let g :“ fT
c . Then g0 “ 0 and g ´ L P O1.

Also, g has a local semi-maximum at 0 in R.

Choose A P BRp0q s.t. g ď g0 on A. Then g ď 0 on A.

Since g ´ L P O1 and L P L “ H1, choose δ ą 0 s.t., @h P BRp0, δq,

r p Lh ă 0 q ñ p gh ă 0 q s & r p Lh ą 0 q ñ p gh ą 0 q s.

Choose γ ą 0 s.t. A “ BRp0, γq. Let β :“ mintγ{2, δ{2u.

Then β ď γ{2 ă γ and β ď δ{2 ă δ.

Also, since γ{2, δ{2 ą 0, we conclude that β ą 0. Then |β| “ β.

Assume L ‰ 0. Want: Contradiction.

Since L P L, choose m P R s.t. L “ m ¨ p‚q.

Since L ‰ 0, we get m ‰ 0. Then m P Rˆ0 .

Since m P Rˆ0 , it follows that |m| ą 0. Let h :“ pm{|m|q ¨ β.

Then dph, 0q “ |h´ 0| “ |h| “ p|m|{|m|q ¨ |β| “ 1 ¨ β “ β.
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Since dph, 0q “ β ă γ, we get h P BRp0, γq.

Since dph, 0q “ β ă δ, we get: h P BRp0, δq.

Since h P BRp0, γq “ A and since g ď 0 on A, we conclude: gh ď 0.

Since m P Rˆ0 , it follows that m2 ą 0.

We have Lh “ m ¨ h “ m ¨ pm{|m|q ¨ pδ{2q “ pm2 ¨ δq{p2 ¨ |m|q.

So, since m2 ą 0 and δ ą 0 and |m| ą 0, we get: Lh ą 0.

So, since h P BRp0, δq, by choice of δ, we conclude that gh ą 0.

Then 0 ă gh ď 0, so 0 ă 0. Contradiction. QED

1-4. Let φ : R 99K R, let a ą 0 and let Q :“ a ¨ p‚q2.

Assume: φ´Q P O2.

Show: φ has a local strict-minimum at 0 in R.

Proof: We have Q “ a ¨ p‚q2 P H2.

Since φ´Q P O2 and Q P H2, choose δ ą 0 s.t., @h P BRp0, δq,

r p Qh ă 0 q ñ p φh ă 0 q s & r p Qh ą 0 q ñ p φh ą 0 q s.

Want: DB P BRp0q s.t. φ ą φ0 on Bˆ0 .

Let B :“ BRp0, δq. Then B P BRp0q. Want: φ ą φ0 on Bˆ0 .

Want: @h P Bˆ0 , φh ě φ0. Given h P Bˆ0 . Want: φh ą φ0.

Since φ´Q P O2 Ď O0 “ CVZ, we get: pφ´Qq0 “ 0.

We have Q0 “ pa ¨ p‚qq0 “ a ¨ 02 “ 0.

Then φ0 “ φ0 ´ 0 “ φ0 ´Q0 “ pφ´Qq0 “ 0.

Since h P Rˆ0 , we get h2 ą 0. So, since a ą 0, we get a ¨ h2 ą 0.

Then Qh “ pa ¨ p‚q
2qh “ a ¨ h2 ą 0.

So, since h P B “ BRp0, δq, by choice of δ, we get: φh ą 0.

Then φh ą 0 “ φ0, as desired. QED

1-5. Let f, g : R 99K R and let c P R.

Assume: f “ g near c in R.

Show: LINScf Ď LINScg.

Proof: Want: @L P LINScf , L P LINScg.

Given L P LINScf . Want: L P LINScg.

Know: fT
c ´ L P O1. Want: gTc ´ L P O1.

Want: fT
c ´ L “ gTc ´ L near 0 in R.

Want: DA P BRp0q s.t. fT
c ´ L “ gTc ´ L on A.

Since f “ g near c in R, choose B P BRpcq s.t. f “ g on B.

Since B P BRpcq, we get c P B.
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So, since f “ g on B, we get fc “ gc.

Choose δ ą 0 s.t. B “ BRpc, δq.

Let A :“ BRp0, δq. Then A P BRp0q.

Want: fT
c ´ L “ gTc ´ L on A.

Want: @h P A, pfT
c ´ Lqh “ pg

T
c ´ Lqh.

Given h P A. Want: pfT
c ´ Lqh “ pg

T
c ´ Lqh.

Since h P A “ BRp0, δq, we get dph, 0q ă δ.

Since c, h P R, we get pc` hq ´ c “ h and h “ h´ 0.

Then dpc` h, cq “ |pc` hq ´ c| “ |h| “ |h´ 0| “ dph, 0q ă δ.

As dpc`h, cq ă δ, we get: c`h P BRpc, δq. Then c`h P BRpc, δq “ B.

So, since f “ g on B, we get fc`h “ gc`h.

Recall that fc “ gc. Then pfT
c qh “ fc`h ´ fc “ gc`h ´ gc “ pg

T
c qh.

Then pfT
c ´ Lqh “ pf

T
c qh ´ Lh “ pg

T
c qh ´ Lh “ pg

T
c ´ Lqh. QED


