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ASYMPTOTIC ANALYSIS OF THE BOUNDARY LAYER
FOR THE REISSNER-MINDLIN PLATE MODEL*

DOUGLAS N. ARNOLD' anp RICHARD S. FALK?

Abstract. We investigate the structure of the solution of the Reissner—-Mindlin plate equations
in its dependence on the plate thickness in the cases of soft and hard clamped, soft and hard simply
supported, and traction free boundary conditions. For the transverse displacement, rotation, and
shear stress, we develop asymptotic expansions in powers of the plate thickness. These expansions
are uniform up to the boundary for the transverse displacement, but for the other variables there is a
boundary layer, which is stronger for the soft simply supported and traction-free plate and weaker for
the soft clamped plate than for the hard clamped and hard simply supported plate. We give rigorous
error bounds for the errors in the expansions in Sobolev norms. As an application, we derive new
regularity results for the solutions and new estimates for the difference between the Reissner—Mindlin
solution and the solution to the corresponding biharmonic model.
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1. Introduction. The Reissner-Mindlin model for the bending of an isotropic
elastic plate in equilibrium determines w, the transverse displacement of the midplane,
and ¢, the rotation of fibers normal to the midplane, as the solution of the partial
differential equations

—t*div CE(¢) — M (gradw — ¢) = F,
—Atdiv (gradw — ¢) = G.

Here F' is the applied couple per unit area, G is the applied transverse load density
per unit area, ¢ is the plate thickness, A\ = Ek/2(1 + v) with F the Young’s modulus,
v the Poisson ratio, and k the shear correction factor, £(¢) is the symmetric part of
the gradient of ¢, and the fourth-order tensor C is defined by

E
for any 2 x 2 matrix 7 (Z denotes the 2 x 2 identity matrix). These equations are
satisfied on the plane region €2 occupied by the midsection of the plate. In this paper,
we investigate the dependence on the plate thickness of solutions to some boundary
value problems associated to these equations.
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We consider various homogeneous boundary conditions of physical interest:

(1.1) ¢ n=¢-s=w= (hard clamped),

(1.2) ¢ -n=Ms(p)=w=0 (soft clamped),

(1.3) Mp(p)=¢p-s=w=0 (hard simply supported),
(1.4) Mn(¢p) = Ms(¢p) =w=0 (soft simply supported),
(1.5) M (@) = Ms(¢p) = 0w/On—¢-n=0 (free),

in which n and s denote the unit normal and counterclockwise tangent vectors, re-
spectively, and M, (¢) :=n - CE(P)n, Ms(¢p) := s - CE(P)n. Each of the first four
boundary value problems admits a unique solution w € H(Q), ¢ € H'(Q) for any
F € L?(Q) and G € L?(2). The existence theory for the free plate is slightly more
complicated and will be discussed in §6.

We do not treat the Reissner—-Mindlin model in its full generality. In addition to
the assumption of homogeneous boundary conditions, we shall assume that there is
no applied couple, so F' = 0, and that the constitutive parameters E, v, and k are
independent of t. It seems clear that the techniques developed here apply to more
general situations as well.

We also suppose that G = gt3, where the function ¢ does not depend on ¢. This is
a convenient normalization, which leads to ¢ and w having a nonzero limit as ¢ tends to
zero. Given that the first differential equation and the boundary conditions are taken
to be homogeneous, this normalization is not restrictive. If G were to be proportional
to some other function h(t), we could make the change of dependent variables ¢ =
t3¢p/h(t), @ = t3w/h(t) and the new variables would satisfy the Reissner—Mindlin
equations with load proportional to t3.

With these assumptions, the Reissner—Mindlin equations become

(1.6) —div C&(¢p) — M2 (gradw — ¢) = 0,
(1.7) — M 2div(gradw — ¢) = g.

After a similar normalization of the load, the biharmonic model for plate bending
may be written

DA%’wy=g inQ,

and so its solution wy is independent of the plate thickness. In contrast, the solution
of the Reissner—Mindlin model exhibits a complex dependence on the plate thickness,
which we investigate in the present paper. In previous work [1], we gave an analysis
of the boundary layer for the Reissner—-Mindlin model of hard clamped and hard
simply supported plates. There are many additional complications in the case of more
general boundary conditions, and so the analysis of [1] is not easily extended to the
soft simply supported and free plates, for example. In this paper, we analyze the
boundary layer for all the boundary conditions mentioned above in a unified fashion.
While the approach here is more complete, it is also simpler than that of [1] in a
number of ways. Thus the present paper essentially supersedes that one. We shall
show that the boundary layer is strongest for the soft simply supported and free plate,
somewhat weaker for the clamped and hard simply supported plate, and weakest for
the soft clamped plate. In addition, we shall demonstrate that for the soft clamped
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and hard simply supported plates, there is no boundary layer near a flat portion of
the boundary.

We shall develop asymptotic expansions with respect to ¢ for w and ¢ (as well
as for other quantities associated with the solution such as the shear strain). The
expansions take the forms

W~ Wy +twy +tws + o
® ~ do + XxPo + (1 + xP1) + 12 (P2 + xP2) + -+,

where the interior expansion functions w; and ¢; are independent of ¢ and the boundary
correctors @; depend on ¢ only through the quantity p/t, p being the distance of a
point of Q from the boundary. More specifically,

where 6 is a coordinate which roughly gives arc length parallel to the boundary (see
§2), and the function 431'(77, ) has the form of a polynomial with respect to n with coef-
ficients depending smoothly on @ times exp(—+/12k7). Thus @; represents a boundary-
layer function, which essentially lives in a strip of width ¢ around the boundary. Fi-
nally, x is a cutoff function which is independent of ¢ and identically equal to unity in
a neighborhood of 02.

After some preliminary material in §2, we construct the terms of the asymptotic
expansions in §3 (for all of the boundary conditions except for those of the free plate,
which is treated in §6). Then, in the following two sections, we justify the expansions
rigorously in the case of the soft simply supported plate, proving a priori bounds
for the terms of the expansions in §4 and performing the error analysis in §5. This
analysis can be adapted easily to the cases of hard simply supported and hard and soft
clamped plates, and somewhat less easily to the case of the free plate. The necessary
modifications are discussed in § 6. To make it easier for the reader to follow some of the
computations performed in the derivation and analysis of the asymptotic expansions,
we have included in an appendix a summary of the main formulas we have used. In
the remainder of this introduction, we summarize some of the principal results.

For each of the boundary conditions, wy is the solution of the biharmonic equation

DA%wy=g

determined by appropriate boundary conditions, namely

8w0
= — = O
“O T o
for the hard and soft clamped plates,
32&)0

woz(l—y)a 5 +vAwy =0
n

for the hard and soft simply supported plates, and

82wy 9 Awy 9 <62w0 8wo> ~0

1— 1L (L0 %0
(=) n? on +( V)as oson " 0s

+rvAwy =

for the free plate. In the last expression, x denotes the curvature of the boundary.
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The next term in the expansion of the transverse displacement, wq, vanishes for
the hard and soft clamped plates and the hard simply supported plate but not for
the soft simply supported or free plates. In these cases, it is the solution of the
homogeneous biharmonic problem

A2 =0 inQ
with the inhomogeneous boundary conditions

2 1— 3
w1 =0, (1—V)aa:21 +rvAw :—( v) 9w

3k 0s20n
for the soft simply supported plate and
0%wy 1 0Auwg

OAwy +(1_V)2 02w, —m% _ (A-v o - 92w _H%
on ds \ 9s0n ds ) \/3k Os dson 0s

for the free plate.

Note that the expansions for the soft and hard simply supported plates differ
already in the term w;. For the soft and hard clamped plates the terms wq, wy, and
wo all agree, but wz = 0 for the soft clamped plate and is generally nonzero for the
hard clamped plate.

Turning to the expansion of ¢, we find that in all five cases that ¢y = grad wg
and ¢, = grad w; while ¢» — gradws = A~ D Awy, which is never zero (except in
the trivial case g = 0). For the boundary correctors, we find that @ vanishes in all
five cases. For the soft simply supported and free plates,

. 1 92 0
1(0.0) =~ exp(—V12k) ( T ai) (0,0)s.

For the hard clamped and hard simply supported plate, ;1 vanishes as well as ¢y and
we have

— , 0
152(7779) = exp(— 12]977)%Aw0(079)3

1
6k(1 —v)
in both cases. For the soft clamped plate ®¢, ®1, and P, all vanish. In all five cases,
the first nonzero boundary corrector is purely tangential. Table 1 summarizes the
terms in the asymptotic expansions of w and ¢ which vanish.

TABLE 1
Vanishing terms in the asymptotic expansions.

soft simply supported - - b P -n
free - - Le:%) b -n
hard clamped w1 b1 &, P by -n
hard simply supported w1 b1 &y, P Py -n
soft clamped w1, w3 b1, P3 &y, b1, Do P33 -n

Using symbolic computation, we have computed exact solutions to the Reissner—
Mindlin system on circular and semiinfinite plates for particular choices of the load
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function g, and have explicitly computed the asymptotic expansions of w and ¢
through terms of order 6. These computations verify the sharpness of the results
in this paper in that no terms of the expansions vanish except those given in the
table. These results have been reported in [2].

As an application of our asymptotic analysis, we can determine the asymptotic
behavior of Sobolev norms of solutions of the Reissner—Mindlin system. Supposing
that g is sufficiently smooth, we have the following estimates, valid for both the soft
simply supported and free plate, in which the constant C' depends on g, €2, and the
elastic constants but is independent of ¢. Here || - ||s and | - |s denote the norms in
the Sobolev spaces H®(€2) and H?(0N2) (see §2).

The transverse displacement w and all of its derivatives are bounded uniformly
in ¢, that is,

lwlls <C, seR,

but the regularity of the rotation ¢ is limited by the boundary layer. For example,
for the soft simply supported and free plates, we have

||¢H€ < Ctmin(O,B/Zfs)’ se R,

so derivatives of order greater than 1 will generally tend to infinity in L? as t — 0.
The quantity ¢ :=t~2(gradw — ¢), which is proportional to the shear strain, is
often of interest. From the above expansions, we get

¢~ —t'xP1 + (gradws — o — xP2) + - -,

so it has a stronger boundary layer. Indeed, for the soft simply supported and free
plates, ¢ is not uniformly bounded in L?, or even in H* for s > —1/2:

||CH9 < Ctmin(O,fl/Qfs)’ seR.

The corresponding estimates for the hard clamped and hard simply supported
plates are

||¢||9 < C«tmin(O,S/275)7 se R, HC||9 < Ctmin(0,1/275), se R,
and for the soft clamped plate
”d)”s < Ctmin(O,?/Q—s)7 = R, HCHS < Ctmin(O’S/Q_s), seR.

Of course, the boundary layer does not limit the regularity of ¢ or ¢ at a positive
distance from 02 nor does it affect the smoothness of their restrictions to 9€). Thus

@150 +19ls + 1€l o) +1€ls <O, s €R,

for any compact subdomain 2. of Q.

In the limit as ¢ — 0, the variables w and ¢ tend in L? to the leading terms
of their asymptotic expansions. The number of derivatives which converge and the
rate of convergence may be determined by examining the first neglected interior and
boundary terms of the expansions. For any s € R, we get for the soft simply supported
and free plate

lw —wolls < Ct, ld — olls < C¢min(1,3/2-5)

Note that the rate of convergence for ¢ depends on the Sobolev norm under consid-
eration. For each of the variables, taking more terms from the expansion increases
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the rate of convergence and taking sufficiently many terms in the expansions gives ap-
proximation of any desired algebraic order of convergence in ¢ in any desired Sobolev
space (provided g is sufficiently regular). For example,

lw —wo —twrls <CE, [l — o — t(p1 + xB)|s < CE™nEP/272),

For the hard clamped and hard simply supported plates, the analogous results are

||(.d — WOHS < Ct27 ||¢ _ d)OHS < Cftmin(2,5/2—s)7
”w —wp — t2w2||s < Ct?’, H¢ — o — t2(¢2 + X¢2)||s < Cpmin(3,7/2-5)

For the soft clamped plate,

|w — wolls < Ct2, 1 — ol < Crmin7/2=9),
Hw — Wy — 752&12”S < Ct?” ||¢ — o — t2¢2||s < Ctmin(3’7/2_s)_

It is also possible to use our asymptotic expansions to derive estimates in function
spaces other than H®. The technique for doing this is described in [1]. Further
references for the Reissner-Mindlin model and its boundary-layer behavior can also
be found there. Many of the results in this paper were described without proof in [2],
where explicit illustrations of the theory are constructed.

2. Notation and preliminaries. The letter C' denotes a generic constant, not
necessarily the same in each occurrence. We assume that €2 is a smooth, bounded, and
simply connected domain in R?. The L2(2) and L?(92) inner products are denoted by
(+,+)and (-, -), respectively. We also use the usual L?-based Sobolev spaces H*({2)
and H*(9Q), real s > 0, with norms denoted by || - ||s and | - |s. When the domain
argument is omitted, L2 and H* refer to L2(Q2) and H*(£2). The space H® = H*(1)
is the closure of C§° in H?®. The interpolation inequality

(2.1) 191540 < Cllglls™ " Nlgllsus 820, u=v >0,

holds. If g € L? and A™! g denotes the unique function in H2 N H' whose Laplacian
is equal to g, then

CTH A gllasz < llglls < CIA™ gllara, 520,

where the constant C' may depend on s and 2 but not on g. In other words,
g || A7 g||s42 defines an equivalent norm on H® for s > 0. We also define some
negatively indexed norms which maintain this equivalence:

lglls == 1A gllsy2, —2<s<0.

For s = —1, this is equivalent to the norm in the dual space of H!. For s = —2, it
is equivalent to the norm in the dual space of H2 N H'. With this definition, (2.1)
holds for s > —2. We shall make frequent use of this fact to bound sums of the form
S o t']lglls+s by a multiple of the sum of the first and last terms.

We also require the quotient space H®/R. An element p € H®/R is a coset
consisting of all functions in H*® differing from a fixed function by a constant. The
quotient norm is given by

Iplls/m = glelgllq\ls.
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(In fact, [|p|ls/r = ||P|ls, where p is the unique function in the coset p having mean
value zero.)

We use boldface type to denote 2-vector-valued functions, operators whose values
are vector-valued functions, and spaces of vector-valued functions. Script type is used
in a similar way for 2 x 2-matrix objects. Thus, for example, divp € L? for ¢p € H',
while div T € L? for T € H!. Finally, we use various standard differential operators:

_ [ 0r/ox o O O
gradr-(ar/ay), divy = o + 3y

div (tll tlg) _ (6t11/8w+6t12/8y>7

t21 tgg 8t21/8$ + 0t22/8y
_ (—9p/0y _ 0% _0ve
curlp = ( ap/ox ) roty = By T

Note that these differential operators annihilate constants and consequently induce
operators on the quotient space H®/R for each s. We denote the induced operator
in the same way as the original. Thus, for example, if p € H'/R, curlp denotes the
element of L? obtained by applying the curl to any element in the coset p.

We record here for later reference the identity

(22) D> fi=jj) = Zijf(z‘,j»

To describe the boundary layer, we define the usual boundary-fitted coordinates in a
neighborhood of the boundary. Let py be a positive number less than the minimum
radius of curvature of 92 and define

Q={z—pn,|z€0Q0<p<po},

where n, is the outward unit normal to Q at z. Let z(8) = (X(9),Y (0)), 6 € [0, L),
be a parametrization of 92 by arclength which we extend L-periodically to 8 € R.
The correspondence

(p,6) > = — priz = (X(8) — pY'(6), Y (6) + pX'(6))

is a diffeomorphism of (0, pp) X R/L on Q. Let k(#) denote the curvature of 9 at
z(0) and set
1

a(p,0) := T=r@)

The unit vector fields of the outward normal and the counterclockwise tangent extend
from 0f2 to g as functions of @, independent of p, and satisfy

n = —gradp = —o(p,d) ! curl, s=o0(p,0) ' gradd = — curl p.

We shall also use the stretched variable p = p/t. When required for clarity, we use
hats to denote the change of variables to (p, #) coordinates, that is,

f(p,0) := f(x,y).
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3. An asymptotic expansion of the solution. We now develop asymptotic
expansions of ¢ and w with respect to the plate thickness. Such expansions normally
consist of two parts, an interior expansion and a boundary-layer expansion. Now it
follows easily from (1.6) and (1.7) that the transverse displacement w satisfies the
biharmonic equation

(3.1) DA?’w=g—-\"1Dt?Ay,

which indicates that w admits no boundary layer and hence can be described by
an interior expansion alone. However, the rotation vector ¢ satisfies the singular
perturbation equation given in (1.6) and hence can be expected to include a boundary
layer. Thus we shall seek expansions of the form

oo oo o0
wwztiwm ¢Nzti¢i+ztid’i,
i=0 i=0 i=1

where w; and ¢; are smooth functions independent of ¢, while ®;(z,y) = ®;(p, ) with
& a smooth function on [0,00) x O. We have suppressed the term @ since it turns
out to be zero in all cases. In order that the expansion for ¢ is defined everywhere in €2
even though @®; is defined only on 2y, we introduce a smooth cutoff function x which
is a function of p alone, independent of # and ¢, and identically one for 0 < p < po/3,
identically zero for p > 2pg/3.

In this section, we give precise definitions of all the functions ¢;, w;, and @;. In §5
(Theorems 5.1-5.3), we shall prove the validity of the expansions. More precisely, we
shall show that by choosing n large enough we can make the corresponding remainder

terms
n n n
wP ::w—thwi, oF :=¢—Ztl¢i—xztlsﬁi
i=0 i=0 i=1

smaller than any desired power of ¢ in any Sobolev norm.
Taking the divergence of (1.6) and using (1.7), we see that div ¢ satisfies Poisson’s
equation:

DAdiveg =g.

This suggests an alternate form for the asymptotic expansion of ¢ in which the terms
of the boundary-layer expansion are divergence free and hence can be written as the
curls of scalar functions. Inserting some convenient factors, the alternate expansion is

oo oo
¢ ~ Z tip; — N\ Lyt? Z t' curl P;
i=0 i=0

with P;(z,y) = P,(p,0) with P, : [0, 00) x 9Q — R smooth. Now

curlp + % curld = —t7! 88];2

op;
00

%

dp

curl P, = s—a(p,0)

n.

Formally inserting the Taylor expansion

7(p.8) = Y In(O)pl = S [0}t
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and equating the two forms of the boundary-layer expansion, we get that
o0 o0

(3.2) A2 Z t'curl P, = Z t'P;.
i=0 i=1

This gives the relation between ®; and P;:

LJor R 0P s ‘
_ 1 2 i—J
(3.3) ®; =\ mﬁs+2%mwmp45?fn . i> 1.

We now proceed to the definitions of w;, ¢, and P; (with @; determined from P; by
(3.3)).

In order to motivate the definitions of the expansion functions, we shall reason
formally. Let ¢’ denote > :° t'¢; and let p® denote Y :° t'P; (these definitions
are only formal, since the sums need not be convergent). We want pairs (¢!,w) to
solve the Reissner-Mindlin differential equations and —A~1¢2(curlp?,0) to solve the
corresponding homogeneous differential equations, so that the pair (¢, w), which (when
X = 1) is formally their sum, will satisfy the inhomogeneous equations. Inserting the
expansions for ¢! and w into the Reissner-Mindlin equations and equating like powers
of t gives the equations

(34) )\((}51 — grad wi) =div Cg(qZSi,Q),
(3.5) Adiv(¢; — grad w;) = d;ag,
where §;; is the Kronecker symbol. These equations are to hold for 2 = 0,1,... with

the convention that ¢; = 0 for j < 0. From (3.4) and (3.5), we easily deduce that w;
satisfies the biharmonic problem

(36) DA2 W; = 51‘09_ (Sig)\_lDAg,
as is to be expected in view of (3.1). It follows from (3.4) that
[i/2]
¢; = grad Z()FlD)k AP wi o
k=0

or, in light of (3.6),

(3.7 ¢; = grad z;,
with
(38) Zi = w; + A7'D Aw;_9+ (5¢4)\_2Dg.

To obtain differential equations satisfied by the boundary-layer functions, we note that
(curl P,0) solves the homogeneous Reissner—Mindlin system if and only if P solves
the differential equation

1—
(3.9) —ﬁxqp31AP+P=o
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In (p,0) coordinates, we have (on )

o*pP P o*pP P
AP_|gradp|2 +Ap8 4—|grad0|2 +A98—
dp* Jdp 00

9%p oP 62P , L, OP

—#(0)a(p.0) 5 +alp 0)' =gz + K 0)o(p.0)’ 55

s P
PP & P 9P opP
- 2+Z ( _p+2602+380>

In the last step, we have (formally) replaced each coefficient with its Taylor series in
p. It is easy to check that

(310) ol =-EOP,  a=(G+DROY, =" [5(O)F =" K/(6).

Switching to the stretched variable p, this becomes

AP=t"

28P+°° 1aP a?P+ 0P
o0+ 559
7=0
Thus if we write (3.9) in (p, §) variables, insert Y ;- ¢'P; for P, and equate like powers
of t, we get

1-vd*P; R
(311) — )\_1D 9 VW + Pi = ,FZ(/)7 9)
P 02P,_ . P, _
=\ E p’( 79 = 1—|—a§(9 80; 2+a§a 80J 2), i=0,1,...,

where again P; is to be interpreted as 0 for j < 0. Note that (3.11) is an ordinary
differential equation for the function P; in the independent variable p in which 6 enters
as a parameter. We shall only consider solutions which satisfy the decay condition

(3.12) lim P; =0.

p—00
This will ensure that each P; decays exponentially with p and is therefore negligible
outside of .

The differential equations (3.6) and (3.11), together with appropriate boundary
conditions, will be used to define the functions w; and P;. Then the ¢; are given by
(3.7) and the ®; by (3.3).

We now derive the boundary conditions and, for each of the boundary value
problems we consider, show that the w; and P; are uniquely determined. The bound-
ary conditions for w; and P; will be obtained from the boundary conditions for the
Reissner-Mindlin system by inserting the asymptotic expansions and equating like
powers of the thickness, and then using (3.7) to eliminate the ¢;.

The hard clamped plate. The boundary condition w = 0 leads, of course, to

(3.13) w; =0 on 0.
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The boundary conditions ¢ -n = 0 and ¢ - s = 0 give ¢; - n + P, - n = 0 and
¢;-s+P;-s=0. Using (3.3), these become

0P;_»

(3.14) ¢i-n=—-\""1 5 n 09
and
P;_
(3.15) bis= —)\‘1881'5 L on 9.
In view of (3.7), (3.14) can be expressed equivalently as
(%Ji _ 8Pl-,2 _ 8Awi,2 _ 89

1 =\ —AT'DE=E AT D Q
(3.16) on a6 on AP, on ot
and, using (3.13) and (3.7), we can write (3.15) as

8Pi oA W;—1

1,99
—a—ﬁ—DT—‘y—(Slg,)\ D% on 0f).

We now show that all the w; and P; are uniquely determined by (3.6), (3.11),
(3.13)—(3.15), and (3.12). Indeed, from (3.11), (3.12), and (3.17), we immediately
infer that Py = 0. We can then uniquely determine w; for ¢ = 0,1, 2 from (3.6), (3.13),
and (3.16). These being known, P;, ¢ = 1, 2, 3 are uniquely determined, from which
we can in turn compute w; for i = 3, 4, 5 and so forth. Note that wg is determined
from the usual boundary value problem for a clamped Kirchhoff plate. Also, (3.6),
(3.13), and (3.16) all have vanishing right hand sides for ¢ = 1, so w; and therefore ¢,
vanish.

The soft clamped plate. In this case, the boundary conditions (3.13) and (3.14)
apply, but instead of ¢ - s = 0 we must enforce Mg¢p = 0 on 9. Using (3.3) and the

(3.17)

fact that e ) o o0&
e S (PR S ST
Ms® = 5 < t BE s+ 50 n) ,
we get
(3.18)
82Pi 8Pi71 82Pi,2 2\
= - Ms i
2 " op 007 D= s
OP;_, 0%P;_, 02 0 1
- — 2 — R i — DA i— i Dagq).
K 7 + 907 + 950 "9s (Aw Wi—g + 04 g)

We conclude that wg is uniquely determined and that w; again vanishes. Now since
0wy /0s0n = Owy/0s = 0, we infer that Py and Py vanish as well and therefore that
ws does. The other terms can be computed as follows: first ws, then P, and Ps, then
wy and ws, then Py and Ps, etc. It is interesting to note that wg, wi, ws, and Py are
the same for the hard and soft clamped plates but w3 and P; are not (they vanish for
the latter but not for the former).

We now show that for the soft clamped plate all the P; vanish for any values
of 0 such that x(f) = 0. Thus there is no boundary layer near a flat portion of the
boundary. (This property holds as well for the hard simply supported plate but not
for the other boundary conditions we consider.) To prove it in the case of the soft
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clamped plate, we note first that by (3.7), ¢; is a gradient for all . Using this fact,
one computes that

Myé; = D(1 - v) <8¢58' LR s) .

In view of (3.14), we have
5‘2Pi_2
00*
wherever k = 0. Our claim then follows from the defining equations for the P; and
induction.

The hard simply supported plate. For the hard simply supported plate, the bound-
ary conditions are (3.13), (3.15), and, arising from the condition M, ¢ = 0,

Msp; = —2"'D(1 —v)

_ OP; 9  0°Piy
1 Mpp; = 2"'D(1 — Q,
(3.19) ¢ (1-v) </<; 50 2007 on J
where we have used (3.3) and the fact that
oP 0P
M,®=D(—-t"1—. — .s]).
( t FE n-+v 20 s)

Using (3.7) and (3.8), we may rewrite this as

62
(320) D |:(]. — V)W + VA:| (wi + )\_1D Awi,Q + 5i4)\_2Dg)

OP;_ 0%P;_
_y—1 _ i—2 i—1
=A""D(1-v) (n 20 + 969; )

Since (3.17) holds, we again have Py = 0. Using (3.13) and (3.20), we see that wy is
determined from the usual boundary value problem for a simply supported Kirchhoff
plate and that w; vanishes. We can then continue by computing P, and P, then ws
and ws, etc.

Now since ¢; is a gradient, one can verify that

_ OMy¢; 0 |09 s
R Js 0s

If we assume that x vanishes on a nondegenerate interval, then, combining this equa-
tion with (3.19) and (3.15), we can express div C £(¢;) - s in terms of P;_5 and P;_;
for 6 in this interval. Now (3.15) and (3.4) combine to give

0F;

op
Thus, on an interval where k vanishes, 9P;/0p may be expressed in terms of P;,_; and
P;_5 on that interval. A simple induction allows us to conclude that all the P; vanish
for such 6.

The soft simply supported plate. In this case, the boundary conditions are (3.13),
(3.18), and (3.19). We can compute wy and ¢ from the same equations as for the
hard simply supported case. Then Py can be computed (it need not vanish), and then
w1 (which also need not vanish), Py, etc.

divCE&(¢;) - s +D(1-v) — Ko -n|.

=—divC&(¢;) - s.
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4. A priori estimates for the soft simply supported plate. We now con-
sider in detail the case of the soft simply supported plate. An easy computation shows
that

A IR i
Py(p,0) = D(1 —v) gsgz (0,0)e?,  where ¢ = % = V12k.

We may show in general that P, are polynomials in p times the decaying exponential
e~ . The specific form is given in the following theorem.
THEOREM 4.1. Fori e N,

i i i—j 1
. s Y —
Pi(p,0) = e3> > cima(0)p" 55 Msh (0,6),
k=0 j=0 1=0
where the oy are smooth functions of 0 which depend only upon the domain ).
Proof. Let us say that a function is of type (m,n) if it is a sum of terms of the
form

o ——

a(0)3" < Mo55(0,0)

P o0
with k, 7,1 € N satisfying £k < m, j 4+ 1 < n, and « a smooth function of § depending
only on Q. We wish to show that P; is of type (¢,) for i € N. We shall use induction
on i. The result is known for ¢ = 0. If we assume its validity for 0,1,... ;i — 1, we
easily check that F; defined in (3.11) is of type (i — 1,¢) and that the right hand side
of (3.18) is of type (0,4) (there is no p dependence since this is on the boundary). It
is then easy to see that the unique solution P; of (3.11), (3.12), and (3.18) must be of
type (i,1), as desired. 0

Using this formula, we now turn to the derivation of a priori estimates for the
interior expansions and boundary correctors. The following estimates are obtained
immediately from the form of P;.

THEOREM 4.2. For any i € N and s € R there exists a constant C' depending
only on Q, E, v, k, s, and i, such that

0P,

Pis+ a~
& ‘f%

7
<CY  [Msjlsriy.
S j=0

Using this result, we next obtain bounds for the terms in the interior expansions
of ¢ and w.
THEOREM 4.3. For all real s > 0 and i € N, there exists a constant C such that
[wills+2 + [ @ills+1 < Cllgllsti-2-

Proof. Let Bs denote the boundary differential operator

2
Bsw = D[(1 — V)a—(;} +rvAwl.
on

It easily follows from (3.8), (3.6), (3.13), and (3.20) that

DA%z =609 inQ, 2z =A"'DAw;_o+6u\"2Dg on 09,
oP,_, 9*P_,
a0 200p

Byz; = \'D(1 —v) (/4; n Of.
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s—1/2>

Applying standard estimates for the biharmonic, we obtain for s > 0 that

il s+2

OP;_ 0°P;_
<C <5i0||9||s—2 + [ Awi—2|sy3/2 + dialglsyssa + |W2|s—1/2 + ‘ 898ﬁ1

s+1/2>

0P
dp

<C <5io||9||s—2 + lwi—2|ls+4 + biallglls+2 + [Pim2|st1/2 + '

i—1
< C | Siollglls—2 + lwi-zllssa + Giallgllsra + Y [Mohjlorij1/2
=0
i—1
< C | iollglls—2 + llwi—allsra + Siallgllsra + Y lldjllsriosen
=0

Now ¢; = grad z; and by the definition of z; and the triangle inequality, it easily
follows that

[wills+2 < C ([zills+2 + [[wi-2lls+4 + diallglls+2) -
Combining these results, we obtain

i—1

willss2 + 1illst1 < C | Giollglls—2 + llwi—allsra + Siallgllsra + Y lldjllsri—sen
=0

The result for ¢ = 0 follows directly and the result for ¢ > 1 is then obtained by
induction. 0

COROLLARY 4.4. For real s > —1/2 and i € N, there exists a constant C such
that
op;
dp

|Pi|s+‘

+ | Msils < Cllglls4i-s/2-

S

Proof. Since

0? 0
Ms¢j = Ms(gradzj) = D(l — V) (858n — K/BS> Zj

on 02, we have

0z

on

s+Hi—j+1

|Mspjlsyi—j < C ( + |zj|s+ij+1> < Cl|zjllsyiojis/2
< C (lwjllsvi-gasz + llwj—2lls+i-jros2 + djallgllssivjrs/2)
< Cllgllsyi-se, J=0,1,...,i.

The result follows from this estimate and Theorem 4.2.
We next consider the derivation of interior norm estimates for the boundary
correctors. To get these results, we make use of the following elementary lemma.
LEMMA 4.5. Suppose a >0, b > 1, and p(x) is a polynomial of degree < n with
positive coefficients. Then there exists a constant K,(a) depending only on n and a
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such that

/boo p(z)e™ % de < K, (a)e “®p(b).

Proof. 1t clearly suffices to prove the result for p(x) = z™. In this case, it reduces
to showing that

/ (1+x/b)"e *dx < K,(a) forallb>1,
0
which is obvious. 0
Next recall that
Q={z—pnz|z€dQ, 0<p<po}

and set
D ={z—pn.|2€0Q, po/3<p<po},
so x =1 on Qp\ Q2 and x = 0 on a neighborhood of 2\ Q. The following result is

similar to results previously derived in [1] (cf. Theorems 4.1 and 4.5).
LEMMA 4.6. Suppose k,l,n,s € N,

P(p,0) = &(0) exp(—cp)p(p),

and

R al+n
N

P(p.0),
where « is a smooth function depending on 02 and p is a polynomial. Then there

exists a constant C' depending only on Q, p, k, I, n, and s such that

S

<Oty ™Al

m=0

Moreover, for any 7 > 0, there exists a constant C' depending on C and j such that

S

1flls.0n < CH/2H75 5" 470l .

m=0

We now obtain bounds on the P; in ).
THEOREM 4.7. For any i,j,k,l,n,s € N, there is a constant C' such that

R al+n .
(1) 10 g Pllasn < CEP glhisja + gl ssiare),
n al+n

PHS o < Ct]<t1/2 “Ngllngiz 3/2 +t1/2|‘an+S+z 3/2)
Proof. From Lemma 4.6 and Theorem 4.1, we get

H a s : m :
” ’ l@enP”S Qo < Ctl/z Z t Z|Ms¢j|n+m+i7j-

m=0  j=0
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By Corollary 4.4, this is bounded by

S

cl/2s Z t" gl npmti-z/2 < C(tl/Z_s||9Hn+i73/2 + t1/2||g||n+s+i73/2)'

m=0

Similarly,

g, Ot

Hp aAlaenP”‘)’ Q1 S C t1/2+j * Z th|M ¢]‘”+m+7 -J

m=0 7=0

S
< Oyt Z "N gllntmti—z/2

m=0

< Cjtj(t1/275||g||n+i73/2 + t1/2H9Hn+s+i—3/2)- 0

Using (3.3), we easily obtain the following, where ¢f = """ t'®; and pf =

S 1P

COROLLARY 4.8. For any s,n,j € N, there is a constant C' such that

< C(t1/275||9||—3/2 + t"H/QHanJrs—z%/z),
[0 ls.20 < CE* 5 glln—s/2 + /2| gllnss—5/2),
162|500 < CE gl _3/2 + t" 2| gllns5—5/2),
e < CEE gl —sj2 + "2 gllnss—3/2),
1@nlls,0, < Ctj(t1/2fs||9||n—5/2 + t1/2H9Hn+s—5/2),
B 110, < CE (7 *||gll—s/2 + "/ ?[|gllnts—s/2)-

~ o~ o~~~ —~
e

0 N O Ot s W
NN A N SN N

5. Error estimates for the soft simply supported plate. In this section, we
shall derive estimates for differences between the solution components of the Reissner—
Mindlin equations and finite sums of the asymptotic expansions. We shall not bound
these differences directly but rather first bound their images under a differential op-
erator and then apply a priori estimates for the operator. The differential operator
we employ is not the Reissner-Mindlin operator but rather a singularly perturbed
Stokes-like operator which arises in an equivalent formulation of the Reissner—Mindlin
equations due to Brezzi and Fortin [3].

The Brezzi-Fortin formulation begins with the Helmholtz decomposition of the
transverse shear stress vector

(5.1) M~ ?(gradw — ¢) = gradr + curlp, r¢ H' pe H'/R.
Then it is easy to see that r may be determined by the Poisson equation
(5.2) —Ar=g

together with the homogeneous Dirichlet boundary condition, and then ¢ and p may
be determined from the perturbed Stokes-like system

(5.3) —div C&(¢p) — curlp = gradr,
(5.4) —rotp+A"HEAP=0
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together with the boundary conditions
dp
on

Note that p is only determined modulo R, i.e., up to an additive constant. Finally, w
satisfies

(5.5) Mp¢p =0, Mg =0, ¢-s+ N2 0.

(5.6) —Aw=—divp - A" Ar

and vanishes on the boundary.
The weak formulation of (5.3), (5.4), and the boundary conditions (5.5) seeks
¢ € H', p € H'/R such that

(5.7) a(¢, ) — (curlp, ) = (gradr,vp) for all o € H,
(5.8) —(¢+ X"t curlp,curlg) =0 forall g€ H'/R,
where

a(¢, ) = (CE(9),E(¢)).

To continue, we need to define an asymptotic approximation to p. From (3.5),
we see that A(¢; 12 — gradw;2) + d;0 gradr is divergence free. Therefore, we can
determine a function p;, unique modulo R, by

(5.9) curlp; = —A(¢pi2 — grad w;2) — dipgradr = —div C E(¢p;) — dipgrad r.
It follows immediately from Theorem 4.3 and regularity for the Dirichlet problem that
(5.10) [Pnlls/ < Cllglls4n—2, s€R, s=0.

Note that, by (3.7), curlp; is a gradient, so p; is harmonic for all .. We may now
write our asymptotic expansion of p:

e . e .
p~ Y tpitx ) _tP.
=0 =0

Let us now introduce some notation for the finite interior and boundary expansion
sums. Set
n n n n n
wf,{y, = Ztlwzﬁ ¢{z = th¢i7 p»{; = Ztlpia ¢E = Ztléﬂ pf = thph
i=0 i=0 =0 i=0 =0
and
E I

W =w—wh, Gy = =@, —Xb,, Dy =P Dy~ XDt
Note that we deliberately choose one less term in the boundary-layer expansion for p
than for the other terms.

The following three theorems give estimates in Sobolev norms of general index
for the differences between ¢, p, and w and their finite asymptotic approximations.
Note that the rates of convergence for ¢ and p decline as the index of the Sobolev
norm increases, but this is not true for w. This reflects the presence of a boundary
layer for the first two variables but not the third.
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THEOREM 5.1. For any n € N, there exists a constant C' independent of t such
that

lof I + P2 ]lo/m + t] curlpf o < C(tn+l/2||g||n—3/2 + t"+3/2“9||n—1/2)~

THEOREM 5.2. For any n,s € N, s > 2, there exists a constant C' independent
of t such that

o7 lls + tllp s /m < CE27% | glhn—s2 + " Igllnss—2)-

THEOREM 5.3. For any n,s € N, s > 2, there exists a constant C' independent
of t such that

[wZ]l2 < CE g1 + "2\ gllns1/2),
HWEHS < C(tn+1”9”n+373 + tn+SHan+2sf4)a s> 3.

The proofs depend on a number of estimates and equations which we collect here
and prove at the end of the section. These results show that the formal equations
(3.2) and (3.9) and the moment boundary conditions are indeed satisfied, at least to
high order, by the finite boundary-layer expansions.

LEMMA 5.4. For any n,s € N, there exists a constant C' for which

(5.11)
Xy + A1 curl(xpy_y)lls < CE 272 glln—s/2 + " /?||gllnys—3/2),
(5.12) [ div(xp))lls < CE 27 glln—s/z + "2 gllnrss/2);
(5.13)
1—v n —s n
1D——=rot(xp) = pyi1lls < CE 27 gllnsyz + "2 gllsrns/2),
(5.14)
— D(1—v)d?P, .
p-—" rot(xpZ) — pB | + " A‘lML; — P, =0 onoQ,
2 9
(5.15) M (¢l + ¢B) = Ddivel  on 09,
D1l —-v 82Pn
(5.16) M(p! 4+ ¢B) = 271 ( 5 o 52 n 99,
D
1— .
(5.17) Ma(¢), + ¢%) + D~ Y rot(x¢P) — pB_, =t"B, on 99.

In the interest of brevity, we introduce the following notation for the quantity on
the right-hand side of the estimate in Theorem 5.1:

A= tn+1/2”g”n73/2 + tn+3/2||g|‘n71/2-
Proof of Theorem 5.1. Tt follows immediately from (5.9) that
—div C&(¢L) — curlp!, = gradr, n=0,1,....

Therefore,
(5.18)

_a(d)rlw,l/)) + (Cllrlp,{wlb) = _(grad 7’7’111) - <Mn¢7l’17¢ ’I’L> - <Ms¢717,7¢ : S>7 1/’ € Hl‘
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Using the identity

a(¢p,y) = D

1—v

(rot @, rot ) + D(div ¢, div )

1—
2

+<Mn¢Dd1V¢5¢n>+<Ms+D Vr0t¢7¢’8>7

we get
(5.19)  —a(xpf,¥) + (curlxp? ,,v)

LV ot(xP) — xpP_y, ob4p) — D(div(x?), div )

1—v
2

Adding (5.7), (5.18), and (5.19) and using (5.15) and (5.17) gives the error equation
corresponding to (5.7):

—(Mn¢f—Ddiv¢f,w-n>— <MS¢E+D rot¢f—pfl,¢-s>, P e H.

1—v

(5:20) a@f.) - (curlpf. ) =~ (D15 ot(x@f) ~ ot y.rot )

— D (div(x¢Z?),divep) —t" (B, - s), € H'.

Turning to the second equation, we have from (5.9) that

¢! = gradw! — X\ 't?gradr — A2 curlpl_,.
Combining this with (5.1), we obtain
oF = grad(w — wl) — A712 curl p?
— A" eurlp,_ +t" P2 curlp,) — [x¢Z + A1 curl(xp?Z ).

Multiplying by curlq for ¢ € H', using the orthogonality of gradients and curls, and
rearranging, gives the error equation corresponding to (5.8):

(5.21)  (¢Z + 22 curlp? curlq) = — A1 (¢" ! curlp,_; + "2 curlp,, curl ¢)
— (x¢r, + A7t curl(xp;_,),curlq), g¢€H".

The desired error estimate will be obtained from (5.20) and (5.21) using a few choices
of the test functions 1 and ¢. For this we will need to bound various terms arising on
the right-hand sides.

Our first choice of test functions is ¥ = ¢f in (5.20) and ¢ = pZ — t"xP, in
(5.21). (The more obvious test function ¢ = pZ could also be used here, but not
for the case of the free plate, since there we will need ¢ to vanish on the boundary.)
Adding these equations and rearranging terms, we get

a(df, pE) + N2 || curl pZ |2 =Ty + To + - + Ty,

where

1—v
Ty =— (D 5 rot(x¢y) — xph_1, 1ot ¢f> ,

T, = D (div(xéD), div o)
T3 - _t7l<pn7¢g : S>,
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Ty =—-\"1 (t""‘1 curlp,_; 4+ t"2 curlpn,curlpf) ,
Ty = A~ 1" (t"'H curlp,_; 4+ t"2 curlpn,curl(xpn)) ,
Ts = — (x¢y, + A7t curl(xp;_,), curlpy) ,
Ty =t" (x¢f +A7? curl(xpf_l)vcurl(xﬁn)) :
Ty = t" ( ,curl(x P, )) = t"(rot ¢F, xP,) 4+ t"(Py, ¢F - 5),
Ty = A1 t2 (curlpf, curl(x]:’n)) .
By (5.13) and (5.12), we get

(5.22) T3] + |T2| < CAlly |1/

Next, from (4.1),

(5.23) | Ts + T| = [t" (vot 67, X Po)| < CAJl 7 |1/

Since the p,, are harmonic, using (5.10) we obtain for any ¢ that

g1 Ot ”*28p”"j>‘

G curlp,, curlq)| = ‘< “an t 5

curlp,_, + "2

<‘ | tn+1apn 1 +tn+28pn
on on

< Cllllg* (¢l curlqlo)/2A < CA2 +0(/lqllg/p + 7] curlq]|3),

< alo (" lpn=1llz/2 + " llpnlls/2)

where ¢ is the difference between ¢ and its mean value and § can be any positive
number and will be chosen later. Applying this twice and using (4.1), we get

(5.24) Ty| < CA* +6([[p7 |15/ + ]l curlp 7). |T5| < CA%
Finally, by (5.11),
(5.25) |Ts| < CtA| curl pZ o, |T7| < CAZ,
and, using (4.1),
(5.26) Ty < CtA| curl pE .
Combining (5.22)—(5.26) gives

(5.27) a(éy, )+ A2 eurlpll5 < CA +e(l| by 17 p+ 1Py 115/ + 7] curl il [13),

where € > 0 is arbitrary and C¢ > 0 depends on €.
To get control over the L? norm of pZ, we use another test function in (5.20).

Namely, we select ¥ € H' with rot 1 = ph and || < C|pEllo/r (this is always
possible). Then

Hpn ||0/]R - ||pn HO - (pnarOt ’l/’) (Cllrlpn,’lb) - a( o ’l/;)_[a( E,Q/J)—(Curlpf,’(b)].

Using (5.20) and noting that 1 vanishes on 92, we may write the term in brackets as

o

“rot(xeZ) — xp? 4. curlw) + D (div(xey,), divep) .
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Using (5.13), (5.12), and Schwarz’s inequality, we easily conclude
(5.28) Py 115/5 < CA® + Cll @717

The above estimates give us control over a(¢Z, ) IpEo/R, and t|| curl pZ||o.
The theorem would follow easily were ¥ +— a(1), 1/;) equivalent to the H' norm.
But this is not so, since a(t, ) vanishes for 1 in the three-dimensional space

R:={(a—by,c+bx)|abcecR}

of plane rigid motions. However, 1 +— a(),%)"/2 + || P is equivalent to the H*
norm, with P the L2-projection onto R. Therefore, we choose ¢ in (5.21) of mean
value zero such that curlg = P@Z, which is possible since the functions in R are
divergence free. Then

1PoIIE = (¢, curlq) = (¢7 + A't* curlpy, curlq) — A7 't* (curl p;, Pgy,).
Using (5.21), (5.11), (5.10), and Schwarz’s inequality, we conclude
(5.20) |PE|Z < CA? 4 Cot?|| curl p? 2.

It is a fairly easy matter to conclude the proof from (5.27)—(5.29). Adding 1/(2C5)
times (5.29) to (5.27), we get after simple manipulations

o 13 + £ curlp[I3 < CA* + Cae(l| 711 + [y 115 + ¢ curlpy[5),

for some constant C5. Then adding 1/(2C1) times (5.28) to this equation and similarly
manipulating, we obtain

7113 + IIp21IG = + 1 curl p|[§ < CA® + Cac(| 11T + Ik 15 + *]| curl pZ[|7).

Finally, choosing e sufficiently small we obtain the theorem. 0
Proof of Theorem 5.2. By standard regularity results for plane elasticity,

Hd)g”s <C (H div Cg(qsr?)”sz + |Mn¢g‘873/2 + ‘MS¢E|573/2 + ||P¢£||O) :
From (5.20),

—div C&(¢p%) = curlp? — curl {D i rot(x@?) — pr_l} + D grad div(y¢?5).

Then applying (5.13), (5.12), (5.15), (5.16), (4.1), Theorem 5.1, and the trace theorem,
we get

1671l < € (IpElls-1/m + ¢ glln-sy2 + "/l s1ns2) -

Next, using regularity for the Neumann problem for the Laplacian, we know that

s—3/2> .

Apf = \t"2 {rot qbf + rot[;@)f + A2 curl(prfl)]}

opE
<C||ApE|,s-
IPZ1.x ( ooz |

By (5.21),
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and
Opry _
on
— A2 {(ﬁf s+ AT <t"+1a%"n -+ t”“%) + [xpZ + A2 curl(xpZ_ )] - s} .

Applying (5.11), (5.10), the trace theorem, and (2.1), we obtain

% ls/m < CE (08 a1 + " 275 glln—sj2 + t"[|gllsn—2)-

Combining these bounds, we have

o lls + tlpy llo/m < CU @R ls—1 + 1w ls—1/m + 272 lIglln—s/2 + " [|glls-4n—2)-

For s = 2, the theorem follows from this relation and Theorem 5.1, and for s > 2, it
follows by induction on s. 0
Proof of Theorem 5.3. From (5.6) and (3.5), we get

n+s—1
A((") —w ) le(d) d) ) div <¢f+sl + Xd)'r?Jrsfl + Z tjd)J) .

j=n+1

The theorem follows by elliptic regularity for Poisson’s problem, Lemma 4.3, (5.12),
and Theorems 5.1 and 5.2. 0

We conclude this section with the proof of Lemma 5.4.

Proof of Lemma 5.4. From (3.3) and (2.2), we can express ¢Z in terms of the P;:

ApE = Ztl s+zn:n25tl (kpt)? 8P’ ’n

(5.30) =2=0 A
OP;_
1 Z 1 i _ n—i+1 i—2
—E t S—FE t'o[l — (kpt) |——= 20 "

Applying the identity
. o - s) -
My —Ddivyp =—-D(1 —v) | ——— +«k(¢p-n)| on 9N

and (3.19), we get that

PP, aPH
aeap o0

Mp¢E — Ddivep? = —X"'D(1—v) Ztl = —M,¢!

n’

which proves (5.15).
Applying the identity

_DA-v) | 068 O -n)
Mgyp = 5 l—t 97 + 90 . s)]
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to (5.30) and using (3.18), we get

— LI 2p. 2 p. D.
AM,pf = Lg V) Ztl [—t—la T + i mapﬁ_l

which proves (5.16).
Using (5.30) and the expansion

n—1 ~ ~ n ~ n+1 ~
: OP; oF; OP;_4 . OP;_o
t2 1 B - _ tz+2 t_l 7 7 _ _ tz 7 _ tl 7
curlp, g 8ﬁ8+080n ;1 By s ;2 o 20 n,

=0

we get

n—1

]5
(5.31) \pZ + 12 curlp? | = —t"Hg Z )i 19 5"

It now follows directly from Theorem 4.7 that

IApF + % curlp? |50, < C(E"3272| gllnz/o + "2 gllngs—3/2)-
Finally, using (4.6), we get
IAxey, + 2 curl(xpl,_1)l|s < [Ix(Ap) + t* curlpl)_,)|ls + ¢*[Ip), 1 - curl x|
< C([[IA@F + t? curlpf |ls.00 + (P51 ls.0.)
< C'(157#3/278||9||n—3/2 + tn+3/2||g||n+s—3/2)7

which proves (5.11).
Now for any 1,

o oy
dlvw,b—fa—p +069~s—<

From (5.31), we then have

9 n—1 813
div¢,§ = ( t~ ?—Fom) l t”“az yriml =t
It then follows easily from Theorem 4.7 that

Idiv(xd)lls,00 < CUE V22 llglln—s/2 + "2 gllnts-3/2)-

To complete the proof of (5.12), we use (4.8).
Finally, we give the proof of (5.13) and (5.14). For i = 0,1,... ,n, we get by
simple identities that

b, b, b, i , &b,
rot @; = aapl -8 +06891 n = aapz -8+ {Z(fip)] +U(fip)n_z+1} % “n

—tilg + oK
D

) - ot -s)

Jj=0
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Hence,
rot ¢, = Ztlm“p th t 18 s+ S(Hp)j+a(xp)"*i+l od;
=0 00
]5 nooo|nzt ) ‘ ob.
= 1 z 1 t j n—it1| 9Pi
P2 [?_%W) a0 |

where we used (3.3) and reindexed the first sum in the last step. Turning to the double
sum on the left-hand side, we use the identity (2.2) to obtain

t’L t t n—i+1| ¥*7 .
ZZ:; LZ_;) kpt) + o(kpt) ] 50 ™

%

U 8¢ n+1 n z+18@
=, Zt I(kpt) 69 t Z
1=0 j5=0
L 2 0d;
— tl ~\J —J tn+1 n 1+1 ‘n.
pre jzo(ﬁp) 00 T ; (p) 9 "

g(mmjaﬁ;‘j n=§(n,ﬁ)1 8@8‘5"") wbi, s]
~) 12(@)] {% E(nﬁ)lap Zga‘“] R 1}
a0y zj:(ﬁp)H% (M)lap”'ao”] A-lin(mﬁ)ﬂapiaﬁ'l
1:0150 A A =0 A
:AZ (s =2 1 Pg;*] A—l;omsvapgg-l
:A_lj;ﬁj il e o 331]
B ‘”1%,3 * D(12— a5

where the ag are defined in (3.10) and we used (3.11) in the last step. Collecting these
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results, we have
rot ¢5
n—1 7~ n ~
02D , 0?P; 2 R
=AY ey AT e - P
Y
o92p, 2 0P,

n
B n+1 ~Nn—i+1
t =
Y + D(l—V)p" + ;0’(&/)) 50 ™

+ ¢t Z o(kp) i % ‘n
i=0

— _Afltn

and so

— 1/)\_1 0%P,
2 p*

— VUV 1 8@1

1
b 00

n
+ tn+1 Z O_(HpA)n—H—l
1=0

rot 5 —pB | =1 [—D + P,

Equation (5.14) follows directly. Using Theorem 4.7 and (4.4), we then obtain

1—v n —s n
||D 92 rot d)f - pf—ll 5,820 < C(t +1/2 H9Hn73/2 +t +1/2||g||s+n73/2)'
Finally, using (4.8), we obtain
1—-v
1D=—5—= rot(xy) = xpy_1lls
1-v 1-v
< (D15 ot 0 < b )+ IDE 508 - curtl.
<C Dl Vot dB — pB B
< C(ID—5—rot & = pr_ills.o + lln lls.0n)
< C(tn+1/278||9||n—3/2 + tn+1/2H9\|s+n—3/2)'
This completes the verification of (5.13). 0

6. Other boundary conditions. In this section, we discuss the modifications
to the foregoing analysis necessary to handle the remaining four other boundary con-
ditions discussed in the introduction: the hard clamped plate, the soft clamped plate,
the hard simply supported plate, and the free plate. We shall see that Theorems 5.1—
5.3 remain true as stated in all cases.

For the hard clamped and hard simply supported plates, these were proved in [1].
(The method of proof was somewhat different and required slightly more regularity
to obtain the estimates for w. However, the present method of proof can easily be
adapted to correct this.) Since ¢; = 0 for these boundary conditions, it follows from
(5.9) that p; = 0 as well. Exploiting this, one may slightly improve the regularity
requirements for the estimates of ¢¥ and p¥. See [1] for the precise result.

The analysis for the soft clamped plate is very close to that presented here.
The space H' in which ¢ is sought is replaced by the subspace of H' consisting
of functions whose normal component vanishes on the boundary. Because of this, a
few terms which we estimated in §5 are zero, so the analysis is slightly simpler. A
more essential difference between the soft clamped and soft simply supported plates
is that the boundary layer for the former is much weaker. In fact, the boundary
layer for the soft clamped plate is weaker than for any of the other four boundary
conditions we consider. Specifically, as shown in §3, the boundary-layer expansion
functions Py and P; and consequently @, @1, and ¥, all vanish. Moreover, the
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interior expansion functions w;, ¢;, and p;, ¢ = 1 and 3, vanish as well. Consequently,
ot = oF = ¢F +12¢2 and pf = p¥ = p& + t2py. Thus, for example, we see from
Theorem 5.1 that ¢ — ¢g is O(t?) in H' and p—pg is O(t?) in L2. (These quantities are
only order O(t'/?) for the soft simply supported plate and the free plate and O(t3/?)
for the hard clamped and hard simply supported plates.)

It remains to consider the case of the free plate. First we summarize some basic
existence results for the biharmonic and Reissner-Mindlin plate models with traction
boundary conditions. Given functions g € L?(Q), f,h € L?(99), the variational
problem to find w € H?(2) satisfying

(CE(gradw), E(grad 1) = (g,1) — {f, ) + <h %> for all 4 € H2(0)

has a solution if and only if the given data is compatible in the sense that

(gvﬂ)_<fvu>+<h7g_z> =0 for aH;U'E]La

where L denotes the three-dimensional space of linear polynomial functions on 2. In
this case, the solution is determined up to the addition of an arbitrary element of L.
Performing integration by parts, one obtains the identity

(C&(gradw), E(grad p)) = (D A%w, p1) — (Bsw, ) + <ng, g_g> , w,p€H?,

where

0
Byw := M, grad w, Bsw := 8_MS gradw + [div C £(grad w)] - n.
s

From this we deduce the boundary value problem corresponding to the weak formu-
lation just discussed:

DA’w=g inQ, Bow=h, Bsw=f ondf.

Note that the traction-free biharmonic plate problem, i.e., the case when f = h = 0,
has a solution if and only if the load function g is orthogonal to L.

Analogously, the Reissner—Mindlin boundary value problem for a traction-free
plate, given by equations (1.6) and (1.7) and the boundary conditions (1.5), has a
solution if and only if the load g is compatible with the traction-free conditions, i.e., it
is L2-orthogonal to LL. The solution pair (w, ¢) is then determined up to the addition
of a pair in

Ly :={(l,gradl)|leL}.

We henceforth assume that g is compatible. We now proceed to the construction
of the expansion functions w;, ¢;, P;, and p; in the case of the free plate. The boundary
conditions we use are (3.18), (3.19), and, from the last equality in (1.5),

apzez

(6.1) (¢p; —gradw;) -m = —\"1 20

or, in view of (3.4),
op,

(6.2) divC&(¢;) - n= T
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Now, from (3.18) and (6.2), we have

0 . -1 1—-v 0 82.?7, 3]52-,1 82]57;,2 8?1
g5 Me®i T div CE(G) - n = A" D—=75 (apQ “Top o0 ) o0
~ o [ 8P, 9*P_,
_ 1 o v i o 4
=A""D(l-v) 50 (n ¥ 50 ,

where we used (3.11) with p = 0 in the last step. Using (3.7), we convert this to a
boundary condition on w;:
(6.3)

ngi = —Bg()\ilDAwi_Q =+ 51'4A72Dg) + )\71D(1 — I/)2 <I€

ap 90>

P, 0%P_,
00 '
The construction of expansion functions satisfying (3.6), (3.7), (3.11), (5.9),
(3.18), (3.19), (6.1), and (3.12) proceeds as follows. First we define w; € H? from
the biharmonic equation (3.6) together with the boundary conditions (3.20), which
we may write as

N .
(6.4) Bow; = —Bo(A™'D Aw;_o + 0\ "2Dg) + A" D(1 —v) <H8PZ‘2 0 PH) ,

20 000p

and (6.3). Note that for ¢ = 0 this is simply the biharmonic problem for a traction-free
plate with load g, so wy is determined up to addition of a linear function. As we shall
show shortly, this problem always admits a solution, so that once P; is known for
j < i, w; is determined up to addition of a linear function. Then ¢; is given by (3.7)
and (3.8) as before, so the pair (w;, ¢;) is determined up to addition of an element
of Ly. Note that Ms¢; is determined completely, and so we can uniquely determine
P; by the differential equation (3.11), the boundary condition (3.18), and the decay
condition (3.12). Thus we compute, in order, wy, ¢o, Po, w1, ¢1, P, ..., always with
(ws, ¢;) determined up to addition of an element of Ly, and P; determined completely.

To see that the biharmonic problems for the w; admit solutions, we must show
that

(65) (5709 — 51;2A71DAQ,/L) — <f, /L> + <h, gz> =0 for all 1% € ]L,

when f is given by the right-hand side of (6.3) and h by the right-hand side of (6.4).
Setting u = A™'D A w;_5 + §4A"2Dg and using the biharmonic equation satisfied by
w;—2 (which we can assume by induction), we get D A%y = ;A 1 Dg. Henceif p € L,

0
(6i0g — 8i2A ™" Dg, i) = —(Bgu, p) + <32U, a—ﬁ> .

Thus, to complete the verification of (6.5), it suffices to show

9 Kappl B PP, ou
a0 \""ap )" "\ o095 on
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OP; o _ OP; o ou
o3 M= \" 80 "on /"

for all 4 € L. These may be verified with elementary calculus, independent of the
particular functions P;_; and P;_o.

We now define functions p; and r, as was done in the beginning of §5 for the soft
simply supported plate. From (3.7), (3.8), and (3.6), we see that divdiv C &(¢;) =
809 Hence, defining r € H' /R by

and

ﬁ:O on 0f),

—Ar=g inQ
rgln,an

we see that div C £(¢;) + ;0 grad r is divergence free. Hence we may again define a
function p; € H', unique modulo R, by (5.9). Now from (5.9) and (6.2), we see that
d(p; + P;)/0s = 0. Therefore, we may normalize p; so that

(66) pi+P;, =0 on o0N.

This completes the construction of the expansion functions.

In §84 and 5, we presented the analysis of the asymptotic expansions in such a
way that they adapt with a minimum of effort to the case of the free plate. Due to
the different boundary conditions, we need to use different negatively indexed Sobolev
norms. Instead of the definition given in §2, we define || - ||s to be the norm in the
dual space H®. With this understanding all of the results of §4 hold with essentially
the same proofs. Of course, in the proof of Theorem 4.3, we use the traction problem
for the biharmonic rather than the simply supported plate problem.

Turning to the error analysis in §5, we again use the Helmholtz decomposition
as in (5.1), except that now r € H*/R and p € H'. We then recover the differential
equations (5.2)—(5.4), and (5.6), now with the boundary conditions

or 8_w

o —¢-n=0.

These determine (7, ¢, p,w) up to an additive constant in r and addition of an element
of Ly to (w, ¢).

The norms on the left-hand sides of the estimates in Theorems 5.1-5.3 need to
be modified in the obvious ways because of the indeterminancy in (¢,w) and the
determinancy of p. That is, the norms of ¢Z are in the Sobolev spaces modulo R,
those on w? in the Sobolev spaces modulo L, and those on pZ in the full Sobolev
spaces. The proofs of these theorems carry over easily. In particular, Lemma 5.4
holds without change.

The main part of the proof of Theorem 5.1 involved the choice of test functions
P = ¢~ in (5.20) and ¢ = pZ —t"xP, in (5.21). Notice that this choice of ¢ vanishes
on the boundary because of (6.6) and so is an allowable test function. This part of
the proof carries over to the free case without problem.

Two more choices of test functions complete the proof of the theorem. For the
second one, we take 1 € H' with rot 1 = pZ, which allows us to get control over the
full L? norm of pZ. Finally, to control the infinitesimal rotation in ¢Z, we choose a

no
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test function ¢ € H' in (5.21) with nonvanishing integral and use the fact that

[

defines a norm equivalent to the usual norm in H'/R?.

The proof of Theorem 5.2 adapts easily. Naturally, we use a Dirichlet rather than
a Neumann problem to obtain bounds on pZ, using that fact that pZ = t" P, on 0.
Analogously, to prove Theorem 5.3, we use a Neumann problem for wZ and the fact
that

P — a(yp, )2+

&uE . - n+s—1 )
D= bn =i Yt + ;) n.
n+1

Appendix. In this appendix, we collect some elementary formulas for the con-

venience of the reader.
It follows immediately from the definitions of rot and curl that

rotcurlg = — Ag, cur1q~n:f—q, curlq~s:%7
ds on
and
(rot 4, q) = (¢, curlq) — (¢ - 5,q).
Simple computations show that
div C &(gradv) = D grad A v, div C&(curlp) = D — ¥ curl Ap,

divdiv C&(¢p) = D Adiv ¢, A ¢ = grad div ¢ — curlrot ¢,

and on 0f,
_ _ (99 ¢
Mpd:=n CE(d))n—D(a n—|—1/as s),
D —v) (0¢ 0
0
My(gradv) =D |(1 —v)— +VvAv|,
on
0% ov
M;s(gradv) = D(1 —v) {&ean - H%} )
d%p op
M, (curlp) = D(1 —v) {— D50 n%] ,
_pA=n [P & Op
Mg(curlp) =D 5 o 9 o |
and
on _ 0s _ _
5 = 1S 55— T
v 0 Ov 0% Ov
n-Hw)n o s H(v)n—m— 95’ s H(v)s-w Ko



BOUNDARY LAYER FOR THE REISSNER—MINDLIN PLATE 515

where H(v) denotes the Hessian matrix of second partial derivatives of v.
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