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Abstract The known estimation and simulation methods for multivariate t distributions are
reviewed. A review of selected applications is also provided. We believe that this review will
serve as an important reference and encourage further research activities in the area.
Keywords Multivariate t distribution · Multivariate normal distribution ·
Estimation methods
1 Introduction
A p-dimensional random vector XT = (X1 , . . . , Xp ) is said to have the t distribution with
degrees of freedom ν, mean vector μ and correlation matrix R if its joint pdf is given by:
−(ν+p)/2

((ν + p)/2)
1
T −1
f (x) =
(x
−
μ)
R
(x
−
μ)
.
(1)
1
+
(πν)p/2 (ν/2)|R|1/2
ν
The degrees of freedom parameter ν is also referred to as the shape parameter, as the peakedness of (1) may be diminished, preserved or increased by varying ν [14]. The distribution
is said to be central if μ = 0. Note that if p = 1, μ = 0 and R = 1 then (1) reduces to
the univariate Student’s t distribution. If p = 2, then (1) is a slight modification of the bivariate surface of Pearson [43]. If ν = 1, then (1) is the p-variate Cauchy distribution. If
(ν + p)/2 = m, an integer, then (1) is the p-variate Pearson type VII distribution. The limiting form of (1) as ν → ∞ is the joint pdf of the p-variate normal distribution with mean
vector μ and covariance matrix R. The particular case of (1) for μ = 0 and R = Ip is a
mixture of the normal density with zero means and covariance matrix vIp —in the scale
parameter v.
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Multivariate t distributions are of increasing importance in classical as well as in
Bayesian statistical modeling; however, relatively little is known by means of mathematical
properties or statistical methods. These distributions have been perhaps unjustly overshadowed by the multivariate normal distribution. Both the multivariate t and the multivariate
normal are members of the general family of elliptically symmetric distributions. However,
we feel that it is desirable to focus on these distributions separately for several reasons:
• Multivariate t distributions are generalizations of the classical univariate Student t distribution, which is of central importance in statistical inference. The possible structures are
numerous, and each one possesses special characteristics as far as potential and current
applications are concerned.
• Application of multivariate t distributions is a very promising approach in multivariate
analysis. Classical multivariate analysis is soundly and rigidly tilted toward the multivariate normal distribution while multivariate t distributions offer a more viable alternative
with respect to real-world data, particularly because its tails are more realistic. We have
seen recently some unexpected applications in novel areas such as cluster analysis, discriminant analysis, multiple regression, robust projection indices, and missing data imputation.
• Multivariate t distributions for the past 20 to 30 years have played a crucial role in
Bayesian analysis of multivariate data. They serve by now as the most popular prior distribution (because elicitation of prior information in various physical, engineering, and
financial phenomena is closely associated with multivariate t distributions) and generate
meaningful posterior distributions.
In this paper, we provide a comprehensive review of estimation and simulation methods for
multivariate t distributions. A review of selected applications is also provided. We believe
that this review will serve as an important reference and encourage further research activities
in the area.
2 Tiku and Kambo’s Estimation Procedure
Suppose (X1 , X2 ) has the bivariate normal distribution with means (μ1 , μ2 ), variances
(σ12 , σ22 ), and correlation coefficient ρ. Its joint pdf can be factorized as
f (x1 , x2 ) = f (x1 | x2 )f (x2 ),
where
f (x1 | x2 ) =



1

σ1 1 − ρ 2


exp −

and
f (x2 ) ∝



1
σ1
2
−
μ
−
ρ
(x
−
μ
)
x
1
1
2
2
σ2
2σ12 (1 − ρ 2 )



1
1
exp − 2 (x2 − μ2 )2 .
σ2
2σ2

(2)

(3)

Numerous nonnormal distributions can be generated by replacing either f (x1 | x2 ) and/or
f (x2 ) by nonnormal distributions. Tiku and Kambo [56] studied the family of symmetric
bivariate distributions obtained by replacing (3) by the Student’s t density


1
(x2 − μ2 )2 −ν
f (x2 ) ∝ √
,
(4)
1+
kσ22
kσ2
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which yields the joint pdf
f (x1 , x2 ) =


(x2 − μ2 )2 −ν
kσ22
σ1 σ2 k(1 − ρ 2 )



1
σ1
2
× exp − 2
−
μ
−
ρ
(x
−
μ
)
x
,
1
1
2
2
σ2
2σ1 (1 − ρ 2 )




1

1+

(5)

where k = 2ν − 3 and ν ≥ 2. This is motivated by the fact that in many applications it is
reasonable to assume that the difference Y1 −μ1 −ρ(σ1 /σ2 )(Y2 −μ2 ) is normally distributed
and the regression of Y1 on Y2 is linear. Moreover, in numerous applications Y2 represents
time-to-failure with a distribution [11, 56], which might be symmetric but is not normally
distributed. Besides, most types of time-to-failure data are such that a transformation cannot
be performed to impose normality on the underlying distribution.
Here, we discuss estimation of the parameters μ1 , μ2 , σ1 , σ2 , and ρ when ν is known.
The method for estimating the location and scale parameters developed by Tiku and Suresh
[57] is used for this problem. For a random sample {(X1i , X2i ), i = 1, . . . , n} from (5), the
likelihood function is


L ∝ σ12 σ22 1 − ρ 2

−n/2



n

1+
i=1


× exp −

1
2
2σ1 (1 − ρ 2 )

n

X(2:i) − μ2
kσ22

−ν


X[1:i] − μ1 −

i=1

2 
ρσ1
(X(2:i) − μ2 )
,
σ2

where k = 2ν − 3, X(2:i) , i = 1, . . . , n are the order statistics of X2i and X[1:i] , i = 1, . . . , n
are the corresponding concomitant X1 observations. Consider the following three situations:
(i) Complete samples are available and ν is not too small (ν > 3).
(ii) Complete samples are available but ν is small (ν ≤ 3).
(iii) A few smallest or a few largest X2i observations and the corresponding concomitant
X[1:i] are censored due to the constraints of an experiment. This situation arises in
numerous practical situations. In a time mortality experiment, for example, n mice are
inoculated with a uniform culture of human tuberculosis. What is recorded is X2i : the
time to death of the first A(< n) mice, and X1i : the corresponding weights at the time
of death.
These situations also arise in the context of ranking and selection [5]. We provide some
details of the inference for situation (i) as described in Tiku and Kambo [56]. Using a linear
approximation of the likelihood based on the expected values of order statistics, it is shown
that the maximum likelihood estimators are
ρ σ1
(x̄2 − μ2 ),
σ2


2  2
s12
σ2
2
−1 ,
σ1 = s 1 + 2
s2 s22

μ1 = x̄1 −

μ2 = x̄2 −

ρ σ2
(x̄1 − μ1 ),
σ1
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σ2 =

s22 +


2  2
s12
σ1
−
1
,
s12 s12

ρ=

s12 σ2
,
s22 σ1

and

where (x̄1 , x̄2 ) are the usual sample means, (s12 , s22 ) are the usual sample variances, and s12
is the sample covariance. The estimators μ1 , μ2 , σ1 , σ2 , and ρ are asymptotically unbiased
and minimum variance bound estimators. The estimator σ12 is always real and positive while
the estimator ρ always assumes values between −1 and 1. The asymptotic variances and
covariances of the estimators can be written as


V1 0
,
V=
0 V2
where V1 is positive definite and is the asymptotic variance-covariance matrix of (μ1 , μ2 )
while V2 is positive definite and is√the asymptotic variance-covariance matrix of (σ1 , σ2 , ρ).
The asymptotic distribution of n(μ1 − μ1 , μ2 − μ2 ) is bivariate normal with zero
means and variance-covariance matrix nV1 . For testing H0 : (μ1 , μ2 ) = (0, 0) versus
H1 : (μ1 , μ2 ) = (0, 0), a useful statistic is Tp2 = (μ1 , μ2 )T V−1
1 (μ1 , μ2 ), the asymptotic null
distribution of which is chi-squared with degrees of freedom 2. Tiku and Kambo [56] also
provided evidence to the fact that the use of Tp2 in place of the Hotelling’s T 2 statistic can
result in a substantial gain in power.

3 ML Estimation via EM Algorithm
Consider fitting a p-variate t distribution to data x1 , . . . , xn with the log-likelihood function
n
ν +p
L(μ, R, ν) = − log |R| −
2
2

n

log(ν + si ),

(6)

i=1

where si = (x−μ)T R−1 (x−μ) and ν is assumed to be fixed. Differentiating (6) with respect
to μ and R leads to the estimating equations
μ = ave{wi xi }/ave{wi }

(7)


R = ave wi (x − μ)(x − μ)T ,

(8)

and

where wi = (ν + p)/(ν + si ) and “ave” stands for the arithmetic average over i = 1, 2, . . . , n.
Note that equations (7)–(8) can be viewed as an adaptively weighted sample mean and sample covariance matrix where the weights depend on the Mahalanobis distance between xi
and μ. The weight function w(s) = (ν + p)/(ν + s), where s = (x − μ)T R−1 (x − μ), is a
decreasing function of s, so that the outlying observations are downweighted. Maronna [38]
proved, under general assumptions, the existence, uniqueness, consistency, and asymptotic
normality of the solutions of (7)–(8). For instance, if there exists a > 0 such that, for every
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Table 1 Primary references for EM type algorithms
Algorithm

Primary references

Extended EM

Kent et al. (1994), Arsian et al. (1995)

Restricted EM

Arsian et al. (1995)

MC-ECM1

Liu and Rubin (1995)

MC-ECM2

Liu and Rubin (1995), Meng and van Dyk (1997)

ECME1

Liu and Rubin (1995), Liu (1997)

ECME2

Liu and Rubin (1995)

ECME3

Liu and Rubin (1995), Meng and van Dyk (1997)

ECME4

Liu and Rubin (1995), Liu (1997)

ECME5

Liu (1997)

PXEM

Liu et al. (1998)

hyperplane H , Pr(H ) ≤ p/(ν + p) − a, then (7)–(8) has a unique solution. Also, every
solution satisfies the consistency property that limn→∞ (μ, R) = (μ, R) with probability 1.
The standard approach for solving (7)–(8) for μ and R is the popular EM algorithm
because of its simplicity and stable convergence [6, 59]. The EM algorithm takes the form
of iterative updates of (7)–(8), using the current estimates of μ and R to generate the weights.
The iterations take the form

 
μ(m+1) = ave wi(m) xi ave wi(m)
and



R(m+1) = ave wi(m) xi − μ(m+1) xi − μ(m+1)

T

,

where


wi(m) = (ν + p) ν + xi − μ(m)

T

R(m)

−1 

xi − μ(m) .

This is known as the direct EM algorithm and is valid for any ν > 0. For details of this
algorithm see the pioneering papers of Dempster et al. [6, 7], Rubin [46], and Little and
Rubin [32]. Several variants of the above have been proposed in the literature, as summarized
in Table 1.
Consider the maximum likelihood (ML) estimation for a g-component mixture of t distributions given by
g

f (x; ) =

πi f (x; μi , Ri , νi ),
i=1

where

−(νi +p)/2
((νi + p)/2)
(x − μi )T R−1
i (x − μi )
,
f (x; μi , Ri , νi ) =
1+
(πνi )p/2 (νi /2)|Ri |1/2
νi
 = (π1 , . . . , πg−1 , θ T , ν T )T , θ = ((μ1 , R1 )T , . . . , (μg , Rg )T )T , and ν = (ν1 , . . . , νg )T . The
application of the EM algorithm for this model in a clustering context has been considered
by McLachlan and Peel [39] and Peel and McLachlan [44]. The iteration updates now take
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the form
n

μi(m+1) =

τij(m) u(m)
ij xj
j =1



n

τij(m) u(m)
ij
j =1

and
n

Ri(m+1) =


(m+1) 
τij(m) u(m)
xj − μi(m+1)
ij xj − μi

j =1

T



n

τij(m) ,
j =1

where
u(m)
ij =

νi(m) + p
−1

T (m) (x − μ(m) )
νi(m) + (xj − μ(m)
j
i ) Ri
i

and
τij(m) =

(m)
(m)
πi(m) f (xj ; μ(m)
i , Ri , νi )
.
f (xj ;  (m) )

The EMMIX program of McLachlan et al. [40] for the fitting of normal mixture models has
an option that implements the above procedure for the fitting of mixtures of t -components.
The program automatically generates a selection of starting values for the fitting if they are
not provided by the user. The user only has to provide the data set, the restrictions on the
component-covariance matrices (equal, unequal, diagonal), the extent of the selection of the
initial groupings to be used to determine the starting values, and the number of components
that are to be fitted. The program is available from the software archive StatLib or from
Professor Peel’s homepage at the Web site address http://www.maths.uq.edu.au/~gjm/.

4 Missing Data Imputation
When a data set contains missing values, multiple imputation for missing data [47] appears
to be an ideal technique. Most importantly, it allows for valid statistical inferences. In contrast, any single imputation method, such as filling in the missing values with either their
marginal means or their predicted values from linear regression, typically leads to biased
estimates of parameters and thereby often to an invalid inference [47, pp. 11–15].
The multivariate normal distribution has been a popular statistical model in practice for
rectangular continuous data sets. To impute the missing values in an incomplete normal data
set, Rubin and Schafer [48] (see also [49], and [33]) proposed an efficient method, called
monotone data augmentation (MDA), and implemented it using the factorized likelihood
approach. A more efficient technique to implement the MDA than the factorized likelihood
approach is provided by Liu [33] using Bartlett’s decomposition, which is the extension of
the Bayesian version of Bartlett’s decomposition of the Wishart distribution with complete
rectangular normal data to the case with monotone ignorable missing data.
When a rectangular continuous data set appears to have longer tails than the normal
distribution, or it contains some values that are influential for statistical inferences with the
normal distribution, the multivariate t distribution becomes useful for multiple imputation
as an alternative to the multivariate normal distribution. First, when the data have longer
tails than the normal distribution, the multiply imputed data sets using the t distribution
allow more valid statistical inferences than those using the normal distribution with some
“influential” observations deleted. Second, it is well known that the t distribution is widely
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used in applied statistics for robust statistical inferences. Therefore, when an incomplete data
set contains some influential values or outliers, the t distribution allows for a robust multiple
imputation method. Furthermore, the multiple imputation appears to be more useful than
the asymptotic method of inference since the likelihood functions of the parameters of the
t distribution given the observed data can have multiple modes. For a complete description
of the MDA using the multivariate t distribution, see [34]. See also [35] for extensions in
two aspects, including covariates in the multivariate t models (as in [36]), and replacing
the multivariate t distribution with a more general class of distributions, that is, the class of
normal/independent distributions (as in [27]). These extensions provide a flexible class of
models for robust multivariate linear regression and multiple imputation. Liu [35] described
methods to implement the MDA for these models with fully observed predictor variables
and possible missing values from outcome variables.

5 Laplacian T -Approximation
The Laplacian T -approximation [51] is a useful tool for Bayesian inferences for variance
component models. Let p(θ | y) be the posterior pdf of θ = (θ1 , . . . , θp )T given data y,
and let η = g(θ ) be the parameter of interest. Leonard et al. [30] introduced a Laplacian
T -approximation for the marginal posterior of η of the form
f (η | w, θ ∗η , Tη )
p ∗ (η | y) ∝ |Tη |−1/2 p(θ η | y)λ−w/2
η

(9)

to be the marginal posterior pdf of η, where f (η | w, θ ∗η , Tη ) denotes the pdf of η = g(θ )
when θ possesses a multivariate t distribution with mean vector θ ∗η , covariance matrix Tη ,
and degrees of freedom w. Here, θ η represents some convenient approximation to the conditional posterior mean vector of θ , given η, and w should be taken to roughly approximate
the degrees of freedom of a generalized multivariate T -approximation to the conditional
distribution of θ given η.
When θ η is the conditional posterior mode vector of θ , given η, (9) reduces to the Laplacian approximation introduced by Leonard [29] and shown by Tierney and Kadane [55] and
Leonard et al. [31] to possess saddlepoint accuracy as well as an excellent finite-sample accuracy, in many special cases. It was previously used for hierarchical models by Kass and
Steffey [24].

6 Sutradhar’s Score Test
Consider a random sample X1 , . . . , Xn from a p-variate t distribution with the pdf
f (xj ) =

−(ν+p)/2
(ν − 2)ν/2 ((ν + p)/2) 
.
ν − 2 + (xj − μ)T R−1 (xj − μ)
p/2
1/2
π (ν/2)|R|

Note this is a slight reparameterization of the usual t pdf. The log-likelihood
n

G=

log f (xj )
j =1

is a function of the parameters R, μ, and ν.
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Frequently in social sciences, and particularly in factor analysis, one of the main inference problems is to test the null hypothesis R = R0 when μ and ν are known. Sutradhar [53]
proposed Neyman’s [42] score test for this test for large n. Le r = (r11 , . . . , rhl , . . . , rpp )T be
the p(p + 1)/2 × 1 vector formed by stacking the distinct elements of R, with rhl being the
(h, l)th element of the p × p matrix R. Also let
(λ1 , . . . , λi , . . . , λp(p+1)/2 )T ≡ b(r0 , μ, ν)
and


(γ1 , . . . , γj , . . . , λp+1 )T ≡

ξ(r0 , μ, ν)



η(r0 , μ, ν)y

,

where b(r0 , μ, ν), ξ(r0 , μ, ν), and η(r0 , μ, ν) are the score functions obtained under the null
hypothesis r = r0 , by replacing μ and ν with their consistent estimates μ and ν in
∂G
,
∂r
∂G
ξ(r0 , μ, ν) =
,
∂μ

b(r0 , μ, ν) =

(10)
(11)

and
∂G
,
∂ν
p+1

η(r0 , μ, ν) =

(12)

respectively. Furthermore, let Ti (r0 , μ, ν) = λi − j =1 βij γj , where βij is the partial regression coefficient of λi on γj . Then, Neyman’s partial score test statistic is given by

W (μ, ν) = T

T





M11 − M12 M13

M22

M23
M33

−1 

MT12
MT13

−1
T,

(13)

where T ≡ [T1 (r0 , μ, ν), . . . , Tp(p+1)/2 (r0 , μ, ν)]T for i, r = 1, 2, 3; Mir are obtained from
Mir = E(−Dir ) by replacing μ and ν with their consistent estimates; and Dir for i, r =
1, 2, 3 are the derivatives given by
D11 =

∂ 2G
,
∂r∂r

D12 =

∂ 2G
,
∂r∂μ

D13 =

∂ 2G
,
∂r∂ν

D22 =

∂ 2G
,
∂μ∂μ

D23 =

∂ 2G
,
∂μ∂ν

and
D33 =

∂ 2G
.
∂ν 2
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Under the null hypothesis r = r0 , the test statistic W (μ, ν) has an approximate chi-squared
distribution with degrees of freedom p(p + 1)/2. The test based on (13) is asymptotically
locally most powerful. Clearly the implementation of this test requires consistent estimates
of μ, ν as well as expressions for the score functions and the information matrix. The maximum likelihood estimates of μ and ν are obtained by simultaneously solving
n

qj−1 Xj

μ=



j =1

n

qj−1
j =1

and
η(μ, r0 , ν) = 0,
where qj = ν − 2 + (Xj − μ)T R0 (Xj − μ) and R0 is specified by the null hypothesis. The
moment estimates of μ and ν (which also turn out to be consistent) are
μ=

1
n

n

Xj
j =1

and
ν=

2{2β2 − f (r0 )}
,
β2 − f (r0 )

where
β2 =

1
n

n

2

(Xj − X̄)T R0 (Xj − X̄)

j =1

is a consistent estimator of the multivariate measure of skewness (see, for example, [37]),
and
p

f (r0 ) = 3
h=1



r0hh

2  (0) 2
rhh

p

 (0) 2  hh h h  hh
rhh
r0 r0 + r0

+

2

,

h=h

(0)
where rhh
and r0hh denote the (h, h )th element of R0 and R−1
0 , respectively.

7 Multivariate t Model
Joarder and Ahmed [17] and others found it more instructive to consider dependent but
uncorrelated t distributions and suggested the model:

((ν + p)/2)
1
f (x1 , . . . , xn ) = n p/2
1+
(π ν) (ν/2)|R|n/2
ν

n

−(ν+np)/2
(xi −μ) R (xi −μ)
,
T

−1

(14)

i=1

which they referred to as the multivariate t model. Among others, Zellner [60] and Sutradhar
and Ali [54] considered (14) in the context of stock market problems. By successive integration, one can show that the marginal distribution of Xj in the multivariate t model (14) is
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p-variate t . It also follows from (14) that E(Xj − μ)(Xl − μ) = 0 for j = l. Thus, in (14),
although X1 , . . . , Xn are pairwise uncorrelated, they are not necessarily independent. More
specifically, X1 , . . . , Xn in (14) are not independent if ν < ∞, since independence would
imply that X1 , . . . , Xn are normally distributed. The case of independent normally distributed random vectors can be included in (14) by letting ν → ∞. In the case ν = 1, (14) is the
multivariate Cauchy distribution for which neither the mean nor the variance exists. Kelejian and Prucha [25] proved that (14) is better able to capture heavy-tailed behavior than an
independent t model.
In this section, we consider estimation issues associated with the correlation matrix R
and its trace tr(R).
7.1 Estimation of R
Joarder and Ali [19] developed estimators of R (when the mean vector μ is unknown) under
the entropy loss function



L(u(A), R) = tr R−1 u(A) − logR−1 u(A) − p,
where u(A) is any estimator of R based on the Wishart matrix A defined by
n

A=

(Xi − X̄)(Xi − X̄)T .

(15)

i=1

Based on the form of the likelihood function, the entropy loss function has been suggested
in the literature by James and Stein [13] and is sometimes known as the Stein loss function.
Some important features of the entropy loss function are that it is zero if the estimator
u(A) equals the parameter R, positive when u(A) = R, and invariant under translation as
well as under a natural group of transformations of covariance matrices. Moreover, the loss
function approaches infinity as the estimator approaches a singular matrix or when one or
more elements (or one or more latent roots) of the estimator approaches infinity. This means
that gross underestimation is penalized just as heavily as gross overestimation.
In estimating R by u(A), Joarder and Ali [20] considered the risk function R(u(A), R) =
E[L(u(A), R)]. An estimator u2 (A) of R will be said to dominate another estimator
u1 (A) of R if, for all R belonging to the class of positive definite matrices, the inequality R(u2 (A), R) ≤ R(u1 (A), R) holds and the inequality R(u2 (A), R) < R(u1 (A), R) holds
for at least one R.
Joarder and Ali [20] obtained three estimators for R, by minimizing the risk function of
the entropy loss function among three classes of estimators.
• First, it is shown that the unbiased estimator 
R = (ν − 2)A/(νn) has the smallest risk
among the class of estimators of the form cA, where c > 0, and the corresponding minimum risk is given by


n
  2

ν
E log χn+i−i
+ p log
R(
R, R) = p log n −
− 2pE(log τ ),
ν −2
i=1
where τ has the inverted gamma distribution with the pdf


ν
2τ −(1+ν)
exp − 2
h(τ ) =
(2/ν)ν/2 (ν/2)
2τ
for τ > 0.

(16)
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• Second, the estimator R∗ = TD∗ TT , where T is a lower triangular matrix such that A =
TTT and D∗ = diag(d1∗ , . . . , dp∗ ) with di∗ defined by
di∗ =

1
ν −2
,
ν n + p + 1 − 2i

has the smallest risk among the class of estimators TTT , where  belongs to the class
of all positive definite diagonal matrices and the corresponding minimum risk function of
R∗ is given by
p

p

∗

R(R , R) =

log(n + 1 + p − 2i) −
i=1

  2

E log χn+1−i
+ p log

i=1



ν
ν −2



− 2pE(log τ ),
where τ is as defined above. Furthermore, R∗ dominates the unbiased estimator 
R=
(ν − 2)A/(νn).
• Finally, consider the estimator R = Sφ(M)S, where A has the spectral decomposition
A = SMST , with φ(M) = D∗ M. Then the estimator R = SD∗ MST dominates the estimator R∗ = TD∗ TT .
7.2 Estimation of tr(R)
Let δ = tr(R) denote the trace of R. Joarder [15] considered the estimation of δ for the multivariate t model under a squared error loss function following Dey [8]. The usual estimator
of δ is given by 
δ = c0 tr(A), where c0 is a known positive constant and A is the Wishart matrix defined in (15). The estimator 
δ defines an unbiased estimator of δ for c0 = (ν − 2)/(νn)
and a maximum likelihood estimator of 
δ for c0 = 1/(n + 1) (see, for example, Anderson
and Fang, [1, p. 208]). Joarder and Singh [21] proposed an improved estimator of δ—based
on a power transformation—given by

δ = c0 tr(A) + c0 c p|A|1/p − tr(A) ,
where c0 is a known positive constant and c is a constant chosen so that the mean square
error (MSE) of δ is minimized. Calculations show that


MSE δ = MSE 
δ + cβ1 + c2 β2 ,
where



β1 = 2c02 E (c0 tr(A) − δ) p|A|1/p − tr(A)

(17)



β2 = c02 E p |A|1/p − tr(A) .

(18)

and

δ) −
Thus MSE(δ) is minimized at c = −β1 /(2β2 ) and the minimum value is given by MSE(
β12 /(4β2 ). This proves that δ is always better than the usual estimator in the sense of having
a smaller MSE. The estimate of c is given by c = −β1 /(2β2 ), where β1 and β2 are obtained
by calculating the expectations in (17) and (18) using the numerous properties given in [16,
19] and then replacing R by the usual estimator c0 A. It can be noted from Anderson and
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Table 2 Percent relative efficiencies
ν

R = diag(1, 1, 1)

R = diag(4, 2, 1)

R = diag(25, 1, 1)

5

105.32

130.31

153.90

10

102.13

117.56

148.76

15

101.53

112.07

127.15

Fang ([1, p. 208]) that the estimators β1 and β2 are the maximum likelihood estimators of
β1 and β2 , respectively, provided R = c0 A and c0 = 1/(n + 1).
Table 2 taken from [21] presents the percent relative efficiency of δ over 
δ.
The numbers are from a Monte Carlo study carried out by generating 100 Wishart matrices
from the multivariate t -model with n = 25 and p = 3.

8 Generalized Multivariate t Model
Joarder and Ahmed [18] considered a generalization of the multivariate t -model in (14)
when the random sample X1 , . . . , Xn is assumed to come from a p-variate elliptical distribution with the joint pdf


∞

f (x1 , . . . , xn ) =
0


1
|τ 2 R|−n/2
exp −
(2π)np/2
2

n



(xi − μ) τ R
T

2

−1


(xi − μ) h(τ )dτ,

(19)

i=1

where h(·) is the pdf of a non-discrete random variable τ . Many multivariate distributions
having constant pdf on the hyper-ellipse (x − μ)T R−1 (x − μ) = c2 may be generated by
varying h(·). The observations X1 , . . . , Xn are independent only if τ is degenerate at the
point unity in which case the joint pdf (19) denotes the pdf of the product of n independent
p-variate normal distributions each being Np (μ, R). Further, if ν/τ 2 has the chi-squared
distribution with degrees of freedom ν then (19) reduces to (14).
The usual estimator of R is a multiple of the Wishart matrix of the form 
R = c0 A, where
c0 > 0. Joarder and Ahmed [18] proposed improved estimates for R as well as its trace and
inverse under the quadratic loss function. The proposed estimators for R are
R = c0 A − c |A|1/p I,

(20)

where I is an identity matrix and c is chosen such that R is positive definite. For an estimator
R∗ of R, let L(R∗ , R) = tr[(R∗ − R)2 ] denote the quadratic loss function and let R(R∗ , R) =
R is
EL(R∗ , R) denote the corresponding risk function. The relationship between R and 
rather involved. Defining the dominance of one estimator over another in the same manner
as in Sect. 7.1, Joarder and Ahmed [18] established that R dominates 
R for any c satisfying
d < c < 0, where


p ((n − 1)/2 + 1/p)
np + 2
−γ
(21)
d = c0
p
p ((n − 1)/2 + 2/p)
with c0 < pγ /((n − 1)p + 2) or 0 < c < d, where d is given by (21) with c0 > pγ /(np + 2)
and γ by γ = γ2 /γ4 and γi = E(τ i ), i = 1, 2, 3, 4. The risk functions of the two estimators
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are given by



dtr(R/p)
p (n/2 + 2/p) 2/p
|R| c c −
R R, R = 4pγ4
p (n/2)
|R|1/p
 2
+ {1 + (n − 1)c0 γ4 (c0 n − 2γ )}tr R + (n − 1)c02 γ4 (trR)2
and


R 
R, R = {1 + (n − 1)c0 γ4 (c0 n − 2γ )}tr R2 + (n − 1)c02 γ4 (trR)2 ,
respectively. Now consider estimating the trace δ = trR. The usual and the proposed estimators are 
δ = c0 trA and δ = c0 trA − cp|A|1/p , respectively, where c0 > 0 and c is such that the
proposed estimator is positive. Joarder and Ahmed [18] established that the corresponding
risk functions are given by


R
δ , δ = [(n − 1)c0 {(n − 1)c0 γ4 − 2γ2 } + 1]δ 2 + 2(n − 1)c02 γ4 tr R2
and





tr(R/p)
p (n/2 + 2/p) 2/p
2

|R| c c −
R δ, δ = R δ , δ + 4p γ4
d ,
p (n/2)
|R|1/p

respectively. It is evident that δ dominates 
δ . Finally, consider estimating the inverse  =
 = c0 A−1 and  = c0 A−1 −
R−1 with the usual and the proposed estimators given by 
c0 |A|−1/p I, respectively, where c0 > 0 and c is such that the proposed estimator is positive
 for any c satisfying d < c < 0, where
definite. In this case, it turns out that  dominates 


γ−2 p ((n − 1)/2 − 1/p)
c0
−
(22)
d=4
n − 2/p − p − 2 γ−4 p ((n − 1)/2 − 2/p)
with c0 < (n − 2/p − p − 2)γ−2 /γ−4 or 0 < c < d, where d is given by (22) with c0 >
(n − 2/p − p − 2)γ−2 /γ−4 and γi = E(τ i ).
9 Simulation
Simulation is a key element in modern statistical theory and applications. In this section, we
describe two known approaches for simulating from multivariate t distributions. Undoubtedly, many other methods will be proposed and elaborated in the near future.
9.1 Vaduva’s Method
Vaduva [58] provided a general algorithm for generating from multivariate distributions and
illustrated its applicability for multivariate normal, Dirichlet, and multivariate t distributions. Here, we present a specialized version of the algorithm for generating the p-variate t
distribution with the joint pdf
f (x) =
over some domain D in



1 T −1 −(ν+p)/2
((ν + p)/2)
x
R
x
1
+
(πν)p/2 (ν/2)|R|1/2
ν
p

. It is as follows
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1. Initialize.
2. Determine an interval I = [v00 , v01 ] × · · · × [vp0 , vp1 ], where
v00 = 0,
v01 = 1,

vi0 = −

ν(p + 1)
,
ν−1

i = 1, . . . , p,

and

vi1 =

ν(p + 1)
,
ν −1

i = 1, . . . , p.

3. Generate the random vector V∗ uniformly distributed over I . If RND is a uniform random
number generator, then V∗ may be generated as follows
(a) Generate U0 , U1 , . . . , Up uniformly distributed over [0, 1] and stochastically independent.
(b) Calculate Vi∗ = vi0 + (vi1 − vi0 )Ui , i = 0, 1, . . . , p.
(c) Take V∗ = (V0∗ , V1∗ , . . . , Vp∗ ).
4. If V∗ ∈ D, then go to step (3).
5. Otherwise, take V = V∗ .
6. Calculate Yi = Vi /V0 , i = 1, . . . , p.
7. Take X = (Y1 , . . . , Yp )T . Stop.
Note that the steps from (3) to (5) constitute a rejection algorithm. The performance of this
algorithm is characterized by the probability to accept V∗ . This probability can be calculated
in the form
pa =



π p/2 (ν/2)
ν − 1 p/2
,
2p (p + 1)((ν + p)/2)|R|1/2 p + 2

which yields
lim pa = 0

ν→∞

and
lim pa = 0,

p→∞

indicating inadequate behavior of the algorithm for large values of p and/or ν.
9.2 Simulation Using BUGS
A relatively simple way to generate a multivariate t involves a sampling of z from
gamma(ν/2, ν/2) and then sampling a multivariate normal y ∼ Np (μ, R/z). This mode
of generation reflects the scale mixture form of the multivariate t pdf. In BUGS the multivariate normal is parameterized by the precision matrix P; thus one programs a multivariate
t pdf as follows to generate a sample of n cases (for Sigma[,], nu.2 and mu[] known)
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for (i in 1:n)
{z[i] ~ dgamma(nu.2, nu.2)
y[i, 1:q] ~ dmnorm(mu, P.sc[,])}
for (i in 1:q) {for (j in 1:q)
{P[i, j] <- inverse(Sigma[,], i, j)
P.sc[i, j] <- z[i] * P[i, j]}}
If one has observed multivariate data and wishes to assume multivariate t sampling, then
in BUGS the dmt() form is available
for (i in 1:n) {y[i, 1:q] ~ dmt(mu[], P[,], nu)}
where nu is assumed known.
10 Applications
In this section, we present a small number of relatively recent applications of multivariate t
distributions. The treatment is by no means exhaustive.
10.1 Projection Pursuit
Exploratory projection pursuit is a technique for finding “interesting” low p-dimensional
projections of high P -dimensional multivariate data; see [23] for an introduction. Typically,
projection pursuit uses a projection index, a functional computed on a projected density (or
data set), to measure the “interestingness” of the current projection and then uses a numerical
optimizer to move the projection direction to a more interesting position. Loosely speaking,
a robust projection index is one that prefers projections involving true clusters over those
consisting of a cluster and an outlier. A good robust projection index should perform well
even when specific assumptions required for “normal operation” fail to hold or hold only
approximately. In a paper that was awarded the Royal Statistical Society Bronze Medal,
Nason [41] developed five new indices based on measuring divergence from the multivariate
t distribution with the joint pdf


xT x −(ν+p)/2
((ν + p)/2)
1+
f (x) = p/2
π (ν − 2)p/2 (ν/2)
ν−2
that are intended to be especially robust. The first three indices are all weighted versions of
the L2 -divergences from f for ν ≥ 3. They are given by

TL2
Iν,α
= {g(x) − f (x)}2 f α (x)dx
for α = 0, 1/2, 1. Nason [41] derived an explicit formula for the case α = 0. The fourth
index is the Student’s t index defined by

IνTI = − g 1−2/(ν+p) (x)dx.
This index is minimized over all spherical densities by f (x). Using the transformation x =
tan(θ ), Nason further developed the orthogonal expansion index given by
  π/2 
2
2
2
TL2
4
g (θ ) − cos θ dθ,
I3,1/2 =
π −π/2
π
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where g is the pdf of the transformed projected data X. Through both numerical calculation
and explicit analytical formulas, Nason [41] found the Student’s t indices are generally
more robust and that indices based on L2 -divergences are also the most robust in their class.
TL2
) showed that it acts robustly
A detailed analytical exploration of one of the indices (Iν,0
when outliers diverge from a main cluster but behaves like a standard projection index when
two clusters diverge, that is, its behavior automatically changes depending on the degree of
outlier contamination. The degree of sensitivity to outliers can be reduced by increasing the
TL2
degrees of freedom ν of the Iν,0
-index to make it behave increasingly like Hall’s index [12]
as ν → ∞.
10.2 Portfolio Optimization
There are a number of places in finance where robust estimation has been used. For example, when a stock’s returns are regressed on the market returns, the slope coefficient, called
beta, is a measure of the relative riskiness of the stock in comparison to the market. Quite often, this regression will be performed using robust procedures. However, there appear to be
fewer applications of robust estimation in the area of portfolio optimization. In the problem
of finding a risk-minimizing portfolio subject to linear constraints, the classical approach
assumes normality without exceptions. Lauprete et al. [28] addressed the problem when the
return data are generated by a multivariate distribution that is elliptically symmetric but not
necessarily normal. They showed that when the returns have marginal heavy tails and multivariate tail-dependence, portfolios will also have heavy tails, and the classical procedures
will be susceptible to outliers. They showed theoretically, and on simulated data, that robust
alternatives have lower risks. In particular, they showed that when returns have a multivariate t distribution with degrees of freedom less than 6, the least absolute deviation (LAD)
estimator has an asymptotically lower risk than the one based on the classical approach.
The proposed methodology is applicable when heavy tails and tail-dependence in financial
markets are documented especially at high sampling frequencies.
10.3 Discriminant and Cluster Analysis
In the past, there have been many attempts to modify existing methods of discriminant and
cluster analyses to provide robust procedures. Some of these have been of a rather ad hoc
nature. Recently the multivariate t distribution has been employed for robust estimation.
Suppose, for simplicity, that one utilizes two samples in order to assign a new observation
into one of two groups, and consider the joint distribution
√
f (x∗1 , x∗2 )

=


ν − 2(ν + np/2)
(ν − 2) +
π np/2 |R|n/2

2

ni

−(ν+np)/2
(xij − μi ) R (xij − μi )
T

−1

i=1 j =1

(23)
of the two samples X∗1 = (X11 , . . . , X1n1 ) and X∗2 = (X21 , . . . , X2n2 ) of sizes n1 and n2 , respectively. In (23), n = n1 + n2 . The (n1 + n2 )p-dimensional t distribution (23) was proposed by Sutradhar [52]. It is evident that the marginals are distributed according to
√
−(ν+p)/2
ν − 2(ν + p/2) 
(24)
(ν − 2) + (xij − μi )T R−1 (xij − μi )
f (xij ) =
p/2
n/2
π |R|
which is a slight reparameterization of the usual multivariate t pdf. Let π1 and π2 denote the
two t -populations of the form (24) with parameters (μ1 , R, ν) and (μ2 , R, ν), respectively.
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Fisher’s optimal discrimination criterion is robust against departure from normality [52],
and it assigns the new observation with measurement X to π1 if
1
d(x) = (μ1 − μ2 )T R−1 x − (μ1 − μ2 )T R−1 (μ1 + μ2 ) ≥ 0;
2
otherwise, it assigns the observation to π2 . But even though the classification is based on the
robust criterion, the probability of misclassification depends on the degrees of freedom of the
t distribution. If e1 and e2 are probabilities of misclassification of an individual observation
from π1 into π2 and from π2 into π1 , respectively, then
√

ν − 2(ν + 1/2) −/2 
−(ν+1)/2
dz
ei =
(ν − 2) + z2
√
π
−∞
for i = 1, 2, where 2 = (μ1 − μ2 )T R−1 (μ1 − μ2 ). Calculations of e1 and e2 for selected
values of  and ν [52] suggest that if a sample actually comes from a t -population (24) with
degrees of freedom ν, then the evaluation of the classification error rates by normal-based
probabilities would unnecessarily make an experimenter more suspicious. Sutradhar [52]
illustrated the use of the preceding discrimination approach by fitting the t distribution to
some bivariate data on two species of flea beetles.
McLachlan and Peel [39], McLachlan et al. [40], and Peel and McLachlan [44] used
a mixture model of t distributions for a robust method of mixture estimation of clustering. They illustrated its usefulness by a cluster analysis of a simulated data set with added
background noise and of an actual data set. For other recent methods for making cluster
algorithms robust, see [4, 10, 22, 26, 45, 50, 61].
10.4 Multiple Decision Problems
The multivariate t distribution arises quite naturally in multiple decision problems. In fact,
it is one of the earliest applications of this distribution in statistical inference. Suppose there
are q dependent variates with means θ1 , . . . , θh , . . . , θq , respectively, and that one has estimators θ̂h of θh , h = 1, . . . , q available, which are jointly distributed according to a q-variate
normal distribution with mean θh , h = 1, . . . , q, and covariance matrix σ 2 R, where R is a
q × q positive definite matrix and σ 2 is an unknown scale parameter. Let s 2 be an unbiased
estimator of σ 2 such that s 2 is independent of the θ̂h ’s and νs 2 /σ 2 has the chi-squared distribution with degrees of freedom ν. Consider p ≤ q linearly independent linear combinations
of θh ’s,
q

mi =

cih θh = cTi θ,
h=1

for i = 1, . . . , p, where ci = (ci1 , . . . , cih , . . . , ciq )T is a q × 1 vector of known constants.
The unbiased estimators of the mi ’s are
q

m̂i =

cih θ̂h = cTi θ̂,
h=1

each of which is a normally distributed random variable with mean mi and variance cTi Rci .
Then
m̂i − mi
Yi = 
,
s cTi Rci

i = 1, . . . , p
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is a Student’s t -variate and Y1 , . . . , Yp have the usual p-variate t distribution with degrees
of freedom ν, zero means, and the correlation matrix {δiu } given by
δiu = 

cTi Rcu

.

cTi Rci cTu Rcu

For multiple comparisons, one computes the one- and two-sided confidence interval estimates of mi (i = 1, . . . , p) simultaneously with a joint confidence coefficient 1 − α, say.
These estimates are given by [9]

m̂i ± h1 s cTi Rci
and


m̂i ± h2 s cTi Rci ,

respectively, where the constants h1 and h2 are determined so that the intervals in each case
have a joint coverage probability of 1 − α.
10.5 Other Applications
Bayesian prediction approaches using the multivariate t distribution have attracted wideranging applications in the last several decades, and many sources are available in periodic
and monographic literature. Chien [3] discusses applications in speech recognition and online environmental learning. In experiments of hands-free car speech recognition of connected Chinese digits, it was shown that the proposed approach is significantly better than
conventional approaches. Blattberg and Gonedes [2] were one of the first to discuss applications to security returns data. For other applications, we refer the reader to the numerous
modern books on multivariate analysis and to the Proceedings of the Valencia International
Meetings.
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