Roth’s Orthogonal Function Method in
Discrepancy Theory and Some New Connections
Dmitriy Bilyk

Abstract In this survey we give a comprehensive, but gentle introduction to the circle of questions surrounding the classical problems of discrepancy theory, unified
by the same approach originated in the work of Klaus Roth [85] and based on multiparameter Haar (or other orthogonal) function expansions. Traditionally, the most
important estimates of the discrepancy function were obtained using variations of
this method. However, despite a large amount of work in this direction, the most important questions in the subject remain wide open, even at the level of conjectures.
The area, as well as the method, has enjoyed an outburst of activity due to the recent
breakthrough improvement of the higher-dimensional discrepancy bounds and the
revealed important connections between this subject and harmonic analysis, probability (small deviation of the Brownian motion), and approximation theory (metric
entropy of spaces with mixed smoothness). Without assuming any prior knowledge
of the subject, we present the history and different manifestations of the method, its
applications to related problems in various fields, and a detailed and intuitive outline
of the latest higher-dimensional discrepancy estimate.

1 Introduction
The subject and the structure of the present chapter is slightly unconventional. Instead of building the exposition around the results from one area, united by a common topic, we concentrate on problems from different fields which all share a common method.
The starting point of our discussion is one of the earliest results in discrepancy
theory, Roth’s 1954 L2 bound of the discrepancy function in dimensions d ≥ 2 [85],
as well as the tool employed to obtain this bound, which later evolved into a powDmitriy Bilyk
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erful orthogonal function method in discrepancy theory. We provide an extensive
overview of numerous results in the subject of irregularities of distribution, whose
proofs are based on this method, from the creation of the field to the latest achievements.
In order to highlight the universality of the method, we shall bring out and emphasize analogies and connections of discrepancy theory and Roth’s method to problems in a number of different fields, which include numerical integration (errors of
cubature formulas), harmonic analysis (the small ball inequality), probability (small
deviations of multiparameter Gaussian processes), approximation theory (metric entropy of spaces with dominating mixed smoothness). While some of these problems
are related by direct implications, others are linked only by the method of proof, and
perhaps new relations are yet to be discovered.
We also present a very detailed and perceptive account of the proof of one of
the most recent important developments in the theory, the improved L∞ bounds of
the discrepancy function, and the corresponding improvements in other areas. We
focus on the heuristics and the general strategy of the proof, and thoroughly explain the idea of every step of this involved argument, while skipping some of the
technicalities, which could have almost doubled the size of this chapter.
We hope that the content of the volume will be of interest to experts and novices
alike and will reveal the omnipotence of Roth’s method and the fascinating relations between discrepancy theory and other areas of mathematics. We have made
every effort to make our exposition clear, intuitive, and essentially self-contained,
requiring familiarity only with the most basic concepts of the underlying fields.

1.1 The history and development of the field
Geometric discrepancy theory seeks answers to various forms of the following questions: How accurately can one approximate a uniform distribution by a finite discrete set of points? And what are the errors and limitations that necessarily arise
in such approximations? The subject naturally grew out of the notion of uniform
distribution in number theory. A sequence ω = {ωn }∞
n=1 ⊂ [0, 1] is called uniformly
distributed if, for any subinterval I ⊂ [0, 1], the proportion of points ωn that fall into
I approximates its length, i.e.
lim

N→∞

#{ωn ∈ I : 1 ≤ n ≤ N}
= |I|.
N

(1)

This property can be easily quantified using the notion of discrepancy:
DN (ω) = sup #{ωn ∈ I : 1 ≤ n ≤ N} − N · |I| ,

(2)

I⊂[0,1]

where I is an interval. In fact, it is not hard to show that ω is uniformly distributed
if and only if DN (ω)/N tends to zero as N → ∞ (see e.g. [64]).
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In [38, 1935], van der Corput posed a question whether there exists a sequence
ω for which the quantity DN (ω) stays bounded as N gets large. More precisely, he
mildly conjectured that the answer is “No” by stating that he is unaware of such
sequences. Indeed, in [1, 1945], [2], van Aardenne-Ehrenfest gave a negative answer to this question, which meant that no sequence can be distributed too well.
This result is widely regarded as a predecessor of the theory of irregularities of
distribution.
This area was turned into a real theory with precise quantitative estimates and
conjectures by Roth, who in particular, see [85], greatly improved van AardenneEhrenfest’s result by demonstrating that for any sequence ω the inequality
p
(3)
DN (ω) ≥ C log N
holds for infinitely many values of N. These results signified the birth of a new
theory.
Roth in fact worked on the following, more geometrical version of the problem.
Let PN ⊂ [0, 1]d be a set of N points and consider the discrepancy function
DN (x1 , . . . , xd ) = #{PN ∩ [0, x1 ) × · · · × [0, xd )} − N · x1 · · · · · xd ,

(4)

i.e. the difference of the actual and expected number of points of PN in the box
[0, x1 ) × · · · × [0, xd ). Notice that, in contrast to some of the standard references, we
are working with the unnormalized version of the discrepancy function, i.e. we do
not divide this difference by N as it is often done. Obviously, the most natural norm
of this function is the L∞ norm, i.e. the supremum of |DN (x)|over x ∈ [0, 1]d , often
referred to as the star-discrepancy. In fact the term star-discrepancy is reserved for
the sup-norm of the normalized discrepancy function, i.e. N1 kDN k∞ , however since
we only use the unnormalized version in this text, we shall abuse the language and
apply this term to kDN k∞ .
Instead of directly estimating the L∞ norm of the discrepancy function kDN k∞ =
sup DN (x) , Roth considered a smaller quantity, namely its L2 norm kDN k2 . This
x∈[0,1]d

substitution allowed for an introduction of a variety of Hilbert space techniques,
including orthogonal decompositions. In this setting Roth proved
Theorem 1 (Roth, 1954, [85]). In all dimensions d ≥ 2, for any N-point set PN ⊂
[0, 1]d , one has
d−1
DN 2 ≥ Cd log 2 N,
(5)
where Cd is an absolute constant that depends only on the dimension d. This in
particular implies that
sup

DN (x) ≥ Cd log

d−1
2

N.

(6)

x∈[0,1]d

It was also shown that, when d = 2, inequality (6) is equivalent to (3). More generally, uniform lower bounds for the discrepancy function of finite point sets (for
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all values of N) in dimension d are equivalent to lower estimates for the discrepancy of infinite sequences (2) (for infinitely many values of N) in dimension d − 1.
These two settings are sometimes referred to as ‘static’ (fixed finite point sets) and
’dynamic’ (infinite sequences). In these terms, one can say that the dynamic and
static problems are equivalent at the cost of one dimension – the relation becomes
intuitively clear if one views the index of the sequence (or time) as an additional
dimension. In this text, we adopt the former geometrical, ‘static’ formulation of the
problems.
According to Roth’s own words, these results “started a new theory” [34]. The
paper [85] in which it was presented, entitled “On irregularities of distribution”, has
had a tremendous influence on the further development of the field. Even the number
of papers with identical or similar titles, that appeared in subsequent years, attests
to its importance: 4 papers by Roth himself (On irregularities of distribution. I-IV,
[85, 86, 87, 88]), one by H. Davenport (Note on irregularities of distribution, [42]),
10 by W. M. Schmidt (Irregularities of distribution. I-X, [90, 91, 92, 93, 94, 95, 96,
97, 98, 99]), 2 by J. Beck (Note on irregularities of distribution. I-II, [6, 7]), 4 by
W. W. L. Chen (On irregularities of distribution. I-IV, [29, 30, 31, 32]), at least 2
by Beck and Chen (Note on irregularities of distribution. I-II, [10, 12] and several
others with similar, but more specific names, as well as the fundamental monograph
on the subject by Beck and Chen, “Irregularities of distribution”, [11].
The technique proposed in the aforementioned paper was no less important than
the results themselves. Roth was the first to apply the expansion of the discrepancy
function DN in the classical orthogonal Haar basis. Furthermore, he realized that in
order to obtain good estimates of kDN k2 it suffices to consider just its projection
onto the span of those Haar functions which are supported on dyadic rectangles of
volume roughly equal to N1 . This is heuristically justified by the fact that, for a well
distributed set, each such rectangle contains approximately one point. To be even
1
more precise, the size of the rectangles R was chosen so that |R| ≈ 2N
, ensuring
that about half of all rectangles are free of points of PN . The Haar coefficients
of DN , corresponding to these empty rectangles, are then easy to compute, which
leads directly to the estimate (5). This idea is the main theme of §2. Roth’s approach
strongly resonates with Kolmogorov’s method of proving lower error bounds for
cubature formulas, see e.g. [109, Chapter IV]. We shall discuss these ideas in more
detail in §2.3.
A famous quote attributed to G. Polya [83] says,
What is the difference between method and device? A method is a device which you used
twice.

In agreement with this statement, over the past years Roth’s clever device has indeed evolved into a powerful and versatile method: it has been applied an enormous
number of times to various problems and questions in discrepancy theory and other
areas. Our survey is abundant in such applications: discrepancy estimates in other
function spaces §3.4, estimates of the star-discrepancy §4.4, §5, the small ball inequality §4.3, §5, constructions of low-discrepancy distrbutions §6.
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Roth’s L2 result has been extended to other L p norms, 1 < p < ∞, only significantly later by W. Schmidt in [99, 1977], who showed that in all dimensions d ≥ 2,
for all p ∈ (1, ∞) the inequality
kDN k p ≥ Cd,p log

d−1
2

(7)

N,

holds for some constant Cd,p independent of the collection of points PN . Schmidt’s
approach was a direct extension of Roth’s method: rather then working with arbitrary integrability exponents p, he considers only those p’s for which the dual exponent q is an even integer. This allows one to iterate the orthogonality arguments.
Even though it took more than twenty years to extend Roth’s L2 inequality to other
L p spaces, a contemporary harmonic analyst may realize that such an extension can
be derived in just a couple of lines using Littlewood–Paley inequalities. A comprehensive discussion will be provided in §3.
While the case 1 < p < ∞ is thoroughly understood, the endpoint case p = ∞, i.e.
the star-discrepancy, is much more mysterious, despite the fact that it is most natural
and important in the theory as it describes the worst possible discrepancy. It turns out
that Roth’s inequality (6) is not sharp for the sup-norm of the discrepancy function.
It is perhaps not surprising: intuitively, the discrepancy function is highly irregular
and comes close to its maximal values only on small sets. Hence, its extremal (i.e.
L∞ ) norm must necessarily be much larger than its average (e.g. L2 ) norm. This
heuristics also guides the use of some of the methods that have been exploited in the
proofs of the star-discrepancy estimates, such as Riesz products.
In 1972, W. M. Schmidt proved that in dimension d = 2 one has the following
lower bound:
sup DN (x) ≥ C log N,
(8)
x∈[0,1]d

which is known to be sharp. Indeed, two-dimensional constructions, for which
kDN k∞ ≤ C log N holds for all N (or, equivalently, one-dimensional sequences ω
for which DN (ω) ≤ C log N infinitely often), have been known for a long time and
go back to the works of Lerch [70, 1904], van der Corput [38, 1935] and others, see
e.g. §6.
Several other proofs of Schmidt’s inequality (8) have been given later [72, 1979],
[13, 1982], [52, 1981]. The latter (due to Halász) presents great interest to us as it has
been built upon Roth’s Haar function method – we will reproduce and analyze the
argument in §4.4. Incidentally, the title of Halász’s article [52] (“On Roth’s method
in the theory of irregularities of point distributions”) almost coincides with the title
of this chapter.
Higher dimensional analogs of Schmidt’s estimate (8), however, turned out to be
extremely proof-resistant. For a long time inequality (6) remained the best known
bound in dimensions three and above. In fact, the first gain over the L2 estimate was
obtained only thirty-five years after Roth’s result by Beck [8, 1989], who proved
that in dimension d = 3, discrepancy function satisfies
1

kDN k∞ ≥ C log N · (log log N) 8 −ε .

(9)
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Almost twenty years later, in 2008, the author jointly with M. Lacey and A. Vagharshakyan ([17], d = 3; [18], d ≥ 4) obtained the first significant improvement of the
L∞ bound in all dimensions d ≥ 3:
Theorem 2 (Bilyk, Lacey, Vagharshakyan). For all d ≥ 3, there exists some η =
η(d) > 0, such that for all PN ⊂ [0, 1]d with #PN = N we have the estimate:
kDN k∞ ≥ Cd (log N)

d−1 +η
2

.

(10)

The exact rate of growth of the star-discrepancy in higher dimensions remains
an intriguing question; in their book [11], Beck and Chen named it ‘‘the great open
problem” and called it ‘‘excruciatingly difficult”.
Even the precise form of the conjecture is a subject of ongoing debate among the
experts in the field. The opinions are largely divided between two possible formulations of this conjecture. We start with the form which is directly pertinent to the
orthogonal function method.
Conjecture 1. For all d ≥ 3 and all PN ⊂ [0, 1]d with #PN = N we have the estimate:
d
(11)
kDN k∞ ≥ Cd (log N) 2 .
This conjecture is motivated by connections of this field to other areas of mathematics and, in particular, by a related conjecture in analysis, the small ball conjecture
(111), which is known to be sharp, see §4.2. Unfortunately, this relation is not direct
– it is not known whether the validity of the small ball conjecture implies the discrepancy estimate (11), the similarity lies just in the methods of proof . But, at the
very least, this connection suggests that Conjecture 1 is the best result that one can
achieve using Roth’s Haar function method.
On the other hand, the best known examples [53, 55] of well distributed sets in
higher dimensions have star-discrepancy of the order
kDN k∞ ≤ Cd (log N)d−1 .

(12)

Numerous constructions of such sets are known and are currently a subject of massive ongoing research, see e.g. the book [43]. These upper bounds together with
the estimates for a “smooth” version of discrepancy (see Temlyakov [114]), provide
grounds for an alternative form of the conjecture (which is actually older and more
established)
Conjecture 2. For all d ≥ 3 and all PN ⊂ [0, 1]d with #PN = N we have the estimate:
kDN k∞ ≥ Cd (log N)d−1 .
(13)
One can notice that both conjectures coincide with Schmidt’s estimate (8) when
d = 2. Skriganov has proposed yet another form of the conjecture [103]:
kDN k∞ ≥ Cd (log N)

d−1 + d−1
2
d

,

(14)
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which is exact both in d = 1 and d = 2.
In contrast to the L∞ inequalitites, it is well known that in the average (L2 or L p )
sense Roth’s bound (3), as well as inequality (7), is sharp. This was initially proved
by Davenport [42] in √
two dimensions for p = 2, who constructed point distributions with ||DN k2 ≤ C log N. Subsequently, different constructions have been obtained by numerous other authors, including Roth [87, 88], Chen [29], Frolov [48].
It should be noted that most of the optimal constructions in higher dimensions d ≥ 3
are probabilistic in nature and are obtained as randomizations of some classic lowd−1
discrepancy sets. In fact, deterministic examples of sets with kDN k p ≤ Cd,p log 2 N
have been constructed only in the last decade by Chen and Skriganov [35, 36]
(p = 2) and Skriganov [102] (p > 1). It would be interesting to note that their results are also deeply rooted in Roth’s orthogonal function method – they use the
orthogonal system of Walsh functions to analyze the discrepancy function and certain features of the argument remind one of the ideas that appear in Roth’s proof.
The other endpoint of the L p scale, p = 1, is not any less (and perhaps even more)
difficult than the star-discrepancy estimates. The only information that is available
is the two-dimensional inequality (proved in the aforementioned paper of Halász
[52]), which also makes use of Roth’s orthogonal function method:
p
(15)
kDN k1 ≥ C log N,
This means that the L1 norm of discrepancy behaves roughly like its L2 norm. It is
conjectured that the same similarity continues to hold in higher dimensions.
Conjecture 3. For all d ≥ 3 and all sets of N points in [0, 1]d :
kDN k1 ≥ Cd (log N)

d−1
2

.

(16)

However, almost no results pertaining to this√conjecture have been discovered for
d ≥ 3. The only known relevant fact is that log N bound still holds in higher dimensions, i.e. it is not even known if the exponent increases with dimension. The
reader is referred to §4.5 for Halász’s L1 argument.

1.2 Preliminary discussion
While the main subject of this chapter is Roth’s method in discrepancy theory, we
are also equally concentrated on its applications and relations to a wide array of
problems extending to topics well beyond discrepancy. One of our principal intentions is to stress the connections between different areas of mathematics and accentuate the use of the methods of harmonic analysis in discrepancy and related fields.
Having aimed to cover such a broad range of topics, we left ourselves with little
chance to make the exposition very detailed and full of technicalities. Instead, we
decided to focus on the set of ideas, connections, arguments, and conjectures that
permeate discrepancy theory and several other subjects.
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We assume only very basic prior knowledge of any of the underlying fields, introducing and explaining the new concepts as they appear in the text, discussing basic
properties, and providing ample references. In particular, we believe this chapter
to be a very suitable reading for graduate students as well as for mathematicians
of various backgrounds interested in discrepancy or any of the discussed areas. In
an effort to make our exposition reader-friendly and accessible, we often sacrifice
generality, and sometimes even rigor, in favor of making the presentation more intuitive, providing simpler and more transparent arguments, or explaining the heuristics
and ideas behind the proof. The reader however should not get the impression that
this chapter is void of mathematical content. In fact, a great number of results are
meticulously proved in the text and numerous computations, which could have been
skipped in a technical research paper, are carried out in full detail.

1.2.1 A brief outline of the chapter
Even though our exposition consists of several distinct sections which sometimes
deal with seemingly unrelated subjects, every section naturally continues and interlaces with the discussion of the previous ones. In the next several paragraphs we
give a brief ‘sneak preview’ of the content of this chapter.
• In §2 we introduce the reader to the main ideas of Roth’s L2 method. We start
with the necessary definitions and background information on Haar functions
and product orthogonal bases and then proceed to explain a general principle
behind Roth’s argument. We then give the proof of the L2 discrepancy bound,
Theorem 1. We present Roth’s original proof which relies on duality and the
Cachy–Schwarz inequality, as well as a slightly different argument which makes
use of orthogonality and Bessel’s inequality directly. In the end of §2 we turn to
Kolmogorov’s method of obtaining lower bounds for errors of cubature formulas
on various function classes governed by the behavior of the mixed derivative.
The method is based on the same idea as Roth’s method in discrepancy theory
and provides an important connection between these two intimately related areas.
• Extensions of Theorem 1 even to L p spaces with p 6= 2 turned out to be somewhat delicate and not immediate. However, harmonic analysis provides means to
make these extensions almost automatic. This instrument, the Littlewood–Paley
inequalities, is the subject of §3. The Littlewood–Paley serves as a natural substitute for orthogonality in non-Hilbert spaces, e.g. L p . In §3 we discuss the relevant version of this theory – the dyadic Littlewood–Paley inequalities, starting
with the one-dimensional case and then moving forward to the multiparameter
setting. We also discuss the connections of this topic to objects in probability
theory such as the famous Khintchine inequality and the martingale difference
square function. Unfortunately, unlike many other methods of harmonic analysis, Littlewood–Paley theory has not yet become a “household name” among
experts in various fields outside analysis. It is our sincere hope that our exposi-
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tion will further publicize and popularize this powerful method.
• Next, we demonstrate how these tools can be used to extend Roth’s L2 discrepancy estimate to L p essentially in one line. Further, a large portion of §3 is devoted to the discussion of discrepancy estimates analogous to Theorem 1 in various function spaces, such as Hardy, Besov, BMO, weighted L p , and exponential
Orlicz spaces. All of these results, in one way or another, take their roots in Roth’s
method and the Littlewood–Paley (or similar in spirit) inequalities.
• In §4 we turn to arguably the most important problem of discrepancy theory –
sharp estimates of the star-discrepancy (L∞ norm of the discrepancy function).
We introduce the small ball inequality – a purely analytic inequality which is
concerned with lower bounds of the supremum norm of sums of Haar functions
supported by rectangles of fixed size. The very structure of these sums suggests
certain connections with Roth’s method in discrepancy. And indeed, even though
it is not known if one problem directly implies the other, there are numerous
similarities in the known methods of proof and the small ball inequality may be
viewed as a linear model of the star-discrepancy method. We state the small ball
conjecture and discuss known results and its sharpness, which indirectly bears
some effect on the sharpness of the relevant discrepancy conjectures.
• In §4.3 we present a beautiful proof of the small ball conjecture in dimension
d = 2. We then proceed to demonstrate an amazingly similar proof of Schmidt’s
lower bound (8) for the star-discrepancy in d = 2 as well as a proof of the L1 discrepancy bound (15). All three proofs are based on an ingenious method known
as the Riesz product. To reinforce the connections of these problems with the
classical problems of analysis, in §4.6 we briefly discuss the area in which Riesz
product historically first appeared – lacunary Fourier series. We give a proof of
Sidon’s theorem whose statement, as well as the argument used to prove it, resemble both the small ball inequality and the discrepancy estimates in great detail
and perhaps have inspired their respective proofs.
• The small ball inequality turns out to be connected to other areas of mathematics besides discrepancy – in particular, approximation theory and probability. In
§§4.7-4.8 we describe the relevant problems: the small deviation probabilities
for the Brownian sheet and the metric entropy of function classes with mixed
smoothness. We demonstrate that the small ball inequality directly implies lower
bounds in both of these problems and hence indirectly ties them to discrepancy.
• A substantial part of this chapter, §5, focuses on the important recent developments in the subject, namely the first significant improvement in the small ball
inequality and the L∞ discrepancy estimates in all dimensions d ≥ 3. We thoroughly discuss the main steps and ingredients of the proof, intuitively explain
many parts of the argument and pinpoint the arising difficulties without going
too deep into the technical details. This approach, in our opinion, will allow one
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to comprehend the ‘big picture’ and the strategy of the proof. An interested reader
will then be well-equipped and prepared to fill in the complicated technicalities
by consulting the provided references.
• Finally, in §6 our attention makes a 180-degree turn from lower bounds to constructions of well-distributed point sets and upper discrepancy estimates. We introduce one of the most famous low-discrepancy distributions in two dimensions
– the van der Corput digit reversing set, whose binary structure makes it a perfect
fit for the tools of dyadic analysis and Roth’s method. We describe certain modifications of this set, which achieve the optimal order of discrepancy in various
function spaces, in particular, demonstrating the sharpness of some of the results
in §3.4.
The aim of this survey is really two-fold: to acquaint specialists in discrepancy
theory with some of the techniques of harmonic analysis which may be used in
this subject, as well as to present the circle of problems in the field of irregularities of distribution to the analysts. Numerous books written on discrepancy theory
present Roth’s method and related arguments, see [11, 27, 43, 64, 75, 109]; the
book [77] studies the relations between uniform distribution and harmonic analysis,
[116] views the subject through the lens of the function space theory, while [104]
specifically investigates the connections between discrepancy and Haar functions.
In addition, the survey [37] explores various ideas of Roth in discrepancy theory,
including the method discussed here. Finally, [66] and [16] are very similar in spirit
to this chapter; however, the survey [16] is much more concise than the present text,
and the set of notes [66] focuses primarily on the underlying harmonic analysis. We
have tried to make the to presentation accessible to a wide audience, rather than
experts in one particular area, yet at the same time inclusive, embracing and accentuating the connections between numerous topics. We sincerely hope that, despite a
vast amount of literature on the subject, this chapter will provide some novel ideas
and useful insights and will be of interest to both novices and specialists in the field.

1.2.2 Some other problems related to Roth’s method
Unfortunately, there are still a number of topics that either grew directly out of
Roth’s method or are tangentially, but strongly correlated with it, which we will not
be touching upon in this survey, since these discussions would have taken us very
far afield. They include, in particular, Beck’s beautiful lower bound on the growth
of polynomials with roots on the unit circle [9]. By an argument, very similar to
the Halász’s proof of the two-dimensional star-discrepancy estimate, Beck showed
that there exists a constant δ > 0 such that for any infinite sequence {zn }∞
n=1 of
unimodular complex numbers and polynomials PN (z) = ∏Nn=1 (z − zn ) the bound
sup |PN (z)| > N δ
|z|≤1

(17)
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holds for infinitely many values of N, thus giving a negative answer to a question of
Erdős.
Another problem considered by Beck and Roth deals with the so-called combinatorial discrepancy, a natural companion of the geometric discrepancy. Let the function λ : PN → {±1} represent a “red-blue” coloring of an N-point setPN ⊂ [0, 1]d .
The combinatorial discrepancy of PN with respect to a family of sets B is defined
as T (PN ) = inf sup

∑

λ (p) , i.e. the minimization of the largest disbalance

λ B∈B p∈P ∩B
N

of colors in sets from B over all possible colorings. In [5], Beck discovered that,
when B is the family of axis-parallel boxes, the quantity T (N) := supPN T (PN ) is
tightly related to the discrepancy function estimates. In particular, in d = 2 one has
T (N) & log N. In [89] Roth has extended this to real-valued functions λ (continuous
coloring) showing that
T (N) &

(log N)
∑ |λ (p)|.
N p∈P

(18)

N

Roth’s argument relied on Haar expansions and Riesz product and almost repeated
the proof of the L∞ discrepancy bound in dimension two with an addition of some
new ideas. Recent progress (10) on the discrepancy function directly yields an analogous improvement in the “red-blue” case for d ≥ 3 and can be adjusted to provide
a similar estimate for “continious” colorings in dimension d = 3.
There are numerous other examples. Chazelle [28] has applied a discrete version
of Roth’s orthogonal function method to a problem in computational geometry, obtaining a lower bound for the complexity of orthogonal range searching. The Riesz
product techniques, similar to Halász’s, have been used in approximation theory for
a long time to obtain Bernstein-type inequalities, estimates for entropy numbers and
Kolmogorov widths of certain function classes, see e.g. [111, 112, 113]. We shall
only briefly discuss some of these connections in §4.8.
This diverse set of topics shows the universality and ubiquitousness of the method
and ideas under discussion.

1.2.3 Notation and conventions
Before we proceed to the mathematical part of the text, we would like to explain
some of the notation and conventions that we shall be actively using. Since many
different constants arise in our discussion, we often make use of the symbol “.”:
F . G means that there exists a constant C > 0 such that F ≤ CG. The relation
F ≈ G means that F . G and G . F. The implicit constants in such inequalities
will be allowed to depend on the dimension and, perhaps, some other parameters,
but never on the number of points N.
In other words, in this survey we are interested in the asymptotic behavior of
the discrepancy when the dimension is fixed and the number of points increases.
Therefore, such effects as the curse of dimensionality do not come into play. Finding
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optimal estimates as the dimension goes to infinity is a separate, very interesting
and important subject, see e.g. [56]. While one may argue that these questions are
sometimes more useful for applications, we firmly insist that the questions discussed
here, which go back to van der Corput, van Aardenne-Ehrenfest, and Roth, are at
least equally as important, especially considering the fact that in such natural (and
low!) dimensions as, say, 3 or 4 the exact rate of growth of discrepancy is far from
being understood and the relative gap between the lower and upper estimates is quite
unsatisfactory.
Throughout the text several variables will have robustly reserved meanings. The
dimension will always be denoted by d. Capital N will always stand for the number
of points, while n will represent the scale and will usually satisfy n ≈ log N. Unless
otherwise specified, all logarithms are taken to be natural, although this is not so
important since we are not keeping track of the constants. The discrepancy function
of an N-point set PN ⊂ [0, 1]d will be denoted either by DPN or, more often, if
this creates no ambiguity, simply by DN . Recall that, unlike a number of standard
references, we are considering the unnormalized version of discrepancy, i.e. we do
not divide by N in the definition (4). The term star-discrepancy refers to the L∞
norm of DN .
For a set A ⊂ Rd , its Lebesgue measure is denoted either by |A| or by µ(A). For
a finite set F, we use #F to denote its cardinality – the number of elements of F.
Whenever we have to resort to probabilistic concepts, P will stand for probability
and E for expectation.

2 Roth’s orthogonal function method and the L2 discrepancy
Before we begin a detailed discussion of Roth’s method, we need to introduce and
define its main tool, Haar functions. We shall then explain Roth’s main idea and
proceed to reproduce his original proof of Theorem 1, although our exposition will
slightly differ from the style of the original paper [85] (the argument, however, will
be identical to Roth’s). We shall make use of somewhat more modern notation which
is closer in spirit to functional and harmonic analysis. Hopefully, this will allow us
to make the idea of the proof more transparent. Along the way, we shall try to look
at the argument at different angles and to find motivation behind some of the steps
of the proof.

2.1 Haar functions and Roth’s principle
We start by defining the Haar basis in in L2 [0, 1]. Let 1I (x) stand for the characteristic
function of the interval I. Consider the collection of all dyadic subintervals of [0,1]:
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m m+1
D = I = n, n
: m, n ∈ Z, n ≥ 0, 0 ≤ m < 2n .
2
2

(19)

Dyadic intervals form a grid, meaning that any two intervals in D are either disjoint,
or one is contained in another. In addition, for every interval I ∈ D, its left and
right halves (we shall denote them by Il and Ir ) are also dyadic. The Haar function
corresponding to the interval I is then defined as
hI (x) = −1Il (x) + 1Ir (x).

(20)

Notice that in our definition Haar functions are normalized to have unit norm in L∞
(their L2 norm is khI k2 = |I|1/2 ). This will cause some of the classical formulas to
look a little unusual to those readers who are accustomed to the L2 normalization.
These functions have been introduced by Haar [51, 1910] and have played an
extremely important role in analysis, probability, signal processing etc. They are
commonly viewed as the first example of wavelets. Their orthogonality, i.e. the relation
Z
1

hhI 0 , hI 00 i =

0

hI 0 (x) · hI 00 (x) dx = 0,

I 0 , I 00 ∈ D, I 0 6= I 00 ,

(21)

follows easily form the facts that D is a grid and that the condition I 0 ( I 00 , I 0 , I 00 ∈ D
implies that I 0 is contained either in the left or right half of I 00 , hence hI 00 is constant
on the support of hI 0 . It is well known that the system H = 1[0,1] ∪{hI : I ∈ D} forms
an orthogonal basis in L2 [0, 1] and an unconditional basis in L p [0, 1], 1 < p < ∞.
In order to simplify the notation and make it more uniform, we shall sometimes
employ the following trick. Denote by D∗ = D ∪ {[−1, 1]} the dyadic grid on [0, 1]
with the interval [−1, 1] added to it. Then the family H = {hI }I∈D∗ forms an orthogonal basis of L2 ([0, 1]). In other words, the constant function on [0, 1] can be
viewed as a Haar function of order −1.
In higher dimensions, we consider the family of dyadic rectangles D d = {R =
R1 × · · · × Rd : R j ∈ D}. For a dyadic rectangle R, the Haar function supported by
R is defined as a coordinatewise product of the one-dimensional Haar functions:
hR (x1 , . . . , xd ) = hI1 (x1 ) · ... · hId (xd ).

(22)

The orthogonality of these functions is easily derived from the one dimensional
property. It is also well known that the ‘product’ Haar system H d = { f (x) =
f1 (x1 ) · ... · fd (xd ) : fk ∈ H } is an orthogonal basis of L2 ([0, 1]d ) – often referred to
as the product Haar basis. The construction of product bases starting from a onedimensional orthogonal basis is also valid for more general systems of orthogonal
functions. In view of the previous remark, one can write H d = {hR }R∈D∗d , although
most of the times we shall restrict our attention to rectangles in D d . Thus, every
function f ∈ L2 ([0, 1]d ) can be written as
f=

∑
R∈D∗d

h f , hR i
hR ,
|R|

(23)
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where the series converges in L2 . If this expression seems slightly uncoventional,
this is a result of the L∞ normalization of hR . We note that this is not the only way to
extend wavelet bases to higher dimensions [41], but this multiparameter approach
is the correct tool for the problems at hand, where the dimensions of the underlying
rectangles are allowed to vary absolutely independently (e.g. some rectangles may
be long and thin, while others may resemble a cube). This is precisely the setting
of the product (multiparameter) harmonic analysis – we shall keep returning to this
point throughout the text.
One of the numerous important contributions of Klaus Roth to discrepancy theory is the idea of using orthogonal function (in particular, Haar) decompositions in
order to obtain discrepancy estimates. This idea was introduced already in his first
paper on irregularities of distribution [85]. Even though Haar functions have been
introduced almost simultaneously to some questions connected with uniform distribution theory and numerical integration (see Sobol’s book [104]), their power for
discrepancy estimates only became apparent with Roth’s proof of the lower bound
for the L2 bound of the discrepancy function.
In addition to introducing a new tool to the field, Roth has clearly demonstrated a
proper way to use it. An orthogonal expansion may be of very little use to us, unless
we know how to extract information from it and which coefficients play the most
important role. The method of proof of the L2 bound (5) unambiguously suggests
where one should look for the most relevant input of the decomposition to the intrinsic features of the discrepancy function. Further success of this approach in various
discrepancy setting and connections to other areas and problems, described throughout this chapter, validates the correctness of the idea and turns it into a method. We
formulate it here as a general principle.
Roth’s principle: The behavior of the discrepancy function is essentially defined by its projection onto the span of Haar functions hR supported by rectangles of volume |R| ≈ N1 , i.e.
DN ∼

∑

R∈D d : |R|≈ N1

hDN , hR i
hR .
|R|

(24)

In the formulation of this principle, we interpret the symbols ‘∼’ and ‘≈’ very
loosely and broadly. This principle as such should not be viewed as a rigorous mathematical statement. It is rather a circle of ideas and a heuristic approach. In this
chapter we shall see many manifestations of this principle in discrepancy theory
(both for upper and lower estimates) and will draw parallels with similar methods
and ideas in other fields, such as approximation theory, probability, and harmonic
analysis.
An intuitive explanation of this principle, perhaps, lies in the fact that, for ‘nice’
distributions of points PN , any dyadic rectangle of area |R| ≈ N1 would contain
roughly one point (or the number of empty rectangles is comparable to the num-
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ber of of points). At fine scales, the boxes are too small and most of the time they
contain no points of PN and hence do not carry much information about the discrepancy. While rectangles that are too big (coarse scales) incorporate too much
cancellation: the discrepancy of [0, 1]d , for example, is always zero. (We should
note that large rectangles, however, often give important additional information, see
e.g. [58]). Therefore, the intermediate scales are the most important ones. Of course,
this justification is too naive and simplistic and does not provide a complete picture.
Some details will become more clear after discussing the proof of (5) which we turn
to now.

2.2 The proof of the L2 discrepancy estimate
As promised we shall now reconstruct Roth’s original proof of the L2 estimate (5).
Following the general lines of Roth’s principle (24), we consider dyadic rectangles
R ∈ D d of volume |R| = 2−n ≈ N1 . To be more exact, let us choose the number n ∈ N
so that
2n−2 ≤ N < 2n−1 ,
(25)
i.e. n ≈ log2 N (although the precise choice of n is important for the argument).
These rectangles come in a variety of shapes, especially in higher dimension.
This fact dramatically increases the combinatorial complexity of the related problems. To keep track of these rectangles we introduce a special bookkeeping device
– a collection of vectors with non-negative integer coordinates
Hdn = {r = (r1 , . . . , rd ) ∈ Zd+ : krk1 = n},

(26)

where the `1 norm is defined as krk1 = |r1 | + · · · + |rd |. These vectors will specify
the shape of the dyadic rectangles in the following sense: for R ∈ D d , we say that
R ∈ Drd if |R j | = 2−r j for j = 1, . . . , d. Obviously, if R ∈ Drd and r ∈ Hdn , then
|R| = 2−n . Besides, it is evident that, for a fixed r, all the rectangles R ∈ Drd are
disjoint. It is also straightforward to see that the cardinality


n+d −1
d
#Hn =
≈ nd−1 ,
(27)
d −1
which agrees with the simple logic that we have d − 1 “free” parameters: the first
d − 1 coordinates can be chosen essentially freely, while the last one would be fixed
due to the condition krk1 = n or |R| = 2−n .
We shall say that a function f on [0, 1]d is an r-function with parameter r ∈ Zd+
if f is of the form
f (x) = ∑ εR hR (x),
(28)
R∈Drd

for some choice of signs εR = ±1. These functions are generalized Rademacher
functions (hence the name) – indeed, setting all the signs εR = 1, one obtains the
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familiar Rademacher functions. It is trivial that if f is an r-function, then f 2 = 1
and thus k f k2 = 1. Such functions play the role of building blocks in numerous discrepancy arguments, therefore their L2 normalization justifies the choice of the L∞
normalization for the Haar functions. In addition, the fact that two r-functions corresponding to different vectors r are orthogonal readily follows from the orthogonality
of the family of Haar functions.
Next, we would like to compute how the discrepancy function DN interacts with
Haar functions in certain cases. Notice that discrepancy can be written in the form
DN (x) =

∑

1[p,1] (x) − N · x1 · · · · · xd ,

(29)

p∈PN

where 1 = (1, . . . , 1) and [p, 1] = [p1 , 1] × · · · × [pd , 1]. We shall refer to the first term
as the counting part and the second as the volume (area) or the linear part.
It is easy to see that, in one dimension, we have
Z

1[q,1] (x) · hI (x) dx =

Z 1
q

hI (x) dx = 0

(30)

unless I contains the point q. This implies that for p ∈ [0, 1]d
Z
[0,1]d

d

1[p,1] (x) · hR (x) dx = ∏

Z 1

j=1 p j

hR j (x j ) dx j = 0

(31)

when p 6∈ R. Assume now that a rectangle R ∈ D d is empty, i.e. does not contain
points of PN . It follows from the previous identity that for such a rectangle, the
inner product of the corresponding Haar function with the counting part of the discrepancy function is zero:
*
+

∑

1[p,1] , hR

= 0.

(32)

p∈PN

In other words, if R is free of points of PN , the inner product hDN , hR i is determined
purely by the linear part of DN .
It is however a simple exercise to compute the inner product of the linear part
with any Haar function:
d

hNx1 . . . xd , hR i = N ∏ hx j , hR j (x j )i = N ·
j=1

|R|2
.
4d

(33)

Hence we have shown that if a rectangle R ∈ D d does not contain points of PN in
its interior, we have
hDN , hR i = −N|R|2 4−d .
(34)
These, somewhat mysterious, computations can be explained geometrically (see
[99], also [27, Chapter 3]). For simplicity, we shall do it in dimension d = 2, but this
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argument easily extends to higher dimensions. Let R ⊂ [0, 1]2 be an arbitrary dyadic
rectangle of dimensions 2h1 × 2h2 which does not contain any points of PN and let
R0 ⊂ R be the lower left quarter of R. Notice that, for any point x = (x1 , x2 ) ∈ R0 , the
expression




DN x − DN x + (h1 , 0) + DN x + (h1 , h2 ) − DN x + (0, h2 )
= −N · h1 h2 = −N ·

|R|
.
4

(35)

Indeed, since R is empty, the counting parts will cancel out, and the area parts will
yield precisely the area of the rectangle with vertices at the four points in the identity
above. Hence, it is easy to see that

Z 




DN x − DN x + (h1 , 0) + DN x + (h1 , h2 ) − DN x + (0, h2 ) dx
R0

= −N ·

|R|2
|R|
· |R0 | = −N · 2 ,
4
4

(36)

while, on the other hand,

Z 




DN x − DN x + (h1 , 0) + DN x + (h1 , h2 ) − DN x + (0, h2 ) dx
R0

Z

=
R

DN (x) · hR (x) dx = hDN , hR i.

(37)

In other words, the inner product of discrepancy with the Haar function supported
by an empty rectangle picks up the local discrepancy arising purely from the area of
the rectangle.
We are now ready to prove a crucial preliminary lemma.
Lemma 1. Let PN ⊂ [0, 1]d be a distribution of N points and let n ∈ N be such that
2n−2 ≤ N < 2n−1 . Then, for any r ∈ Hdn , there exists an r-function fr with parameter
r such that
hDN , fr i ≥ cd > 0,
(38)
where the constant cd depends on the dimension only.
Proof. Construct the function fr in the following way:
fr =

(−1) · hR +

∑
R∈Drd : R∩PN =0/


sgn hDN , hR i · hR

∑

(39)

R∈Drd : R∩PN 6=0/

By our choice of n (25), at least 2n−1 of the 2n rectangles in Drd must be free of
points of PN . It then follows from (32) and (33) that
hDN , fr i ≥ −

∑

R∩PN =0/

hDN , hR i =

∑

R∩PN =0/

hNx1 . . . xd , hR i

(40)
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=

N·

∑

R∩PN =0/

|R|2
2−2n
≥ 2n−1 · 2n−2 · d = cd .
d
4
4

Remark. Roth [85] initially defined the functions fr slightly differently: he set them
equal to zero on those dyadic rectangles which do contain points of PN , i.e. Roth’s
functions consisted only of the first term of (39). While this bears no effect on this
argument, it was later realized by Schmidt [99] that in more complex situations it
is desirable to have more uniformity in the structure of these building blocks. He
simply chose the sign that increases the inner product on non-empty rectangles (the
second term in (39)). Schmidt’s paper, as well as subsequent papers by Halász [52],
Beck [8], the author of this chapter and collaborators [17, 18, 19, 20], make use of
the r-functions as defined here (28). As we shall see in §5.5, in certain cases this
definition brings substantial simplifications, whereas allowing even a small number
of zeros in the definition may significantly complicate matters.
We are now completely equipped to prove Roth’s theorem. Lemma 1 produces
a rather large collection of orthogonal(!) functions such that the projections of DN
onto each of them is big, hence the norm of DN must be big: this is the punchline of
Roth’s proof.
Proof of Theorem 1. Roth’s original proof made use of duality. Let us construct the
following test function:
F = ∑ fr ,
(41)
r∈Hdn

where fr are the r-functions provided by Lemma 1. Orthogonality of fr ’s yields:

kFk2 =

∑

k fr k22

1/2

= (#Hdn )1/2 ≈ n

d−1
2

,

(42)

r∈Hdn

while Lemma 1 guarantees that
hDN , Fi ≥ (#Hdn ) · cd ≈ nd−1 .

(43)

Now Cauchy–Schwarz inequality easily implies that:
kDN k2 ≥

 d−1
d−1
hDN , Fi
& n 2 ≈ log N 2 ,
kFk2

(44)

which finishes the proof. t
u
As one can see, the role of the building blocks is played by the generalized
Rademacher functions fr , which we shall observe again in many future arguments.
Therefore it is naturally convenient that they are normalized both in L∞ and in L2 .
One, of course, does not have to use duality to obtain this inequality: we could use
orthogonality directly. This proof initially appeared in an unpublished manuscript of
A. Pollington and its analogs are often useful when one wants to prove estimates in
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quasi-Banach spaces and is thus forced to avoid duality arguments, see e.g. (95). For
the sake of completeness, we also include this variation of the proof.
Second proof of Theorem 1. The proof is based on the same idea. Let n be chosen
as in (25). We use orthogonality, Bessel’s inequality and (33) to write
kDN k22 ≥

∑

|R|=2−n , R∩PN

|hDN , hR i|2
= ∑
|R|
=0/
r∈Hd
n

N2 ·

∑
R∈Drd : R∩PN =0/

& (#Hdn ) · 2n−1 · 22n−4 2−3n ≈ nd−1 ≈ log N

d−1

2−4n
2−n · 42d

(45)

.

The first line of the above calculation may look a bit odd: this is a consequence of
the L∞ normalization of the Haar functions. t
u
One can easily extend the first proof to an L p bound, 1 < p < ∞, provided that
one has the estimate for the Lq norm of the test function F, where q is the dual index
to p, i.e. 1/p + 1/q = 1. Indeed, it will be shown in the next section as a simple
consequence of the Littlewood–Paley inequalities that for any q ∈ (1, ∞) we have the
d−1
same estimate as for the L2 norm: kFkq ≈ n 2 , see (85). Hence, replacing Cauchy–
Schwarz by Hölder’s inequality in (44), one immediately recovers Schmidt’s result:
kDN k p & (log N)

d−1
2

.

(46)

Schmidt had originally estimated the Lq norms of the function F in the case when
q = 2m is an even integer, by using essentially L2 techniques: squaring out the integrands and analyzing the orthogonality of the obtained terms. We point out that
an analog of the second proof (45) can be carried out also in L p using the device of
the product Littlewood–Paley square function instead of orthogonality. The reader
is invited to proceed to the next section, §3, for details.
Recently, Hinrichs and Markhasin [58] have slightly modified Roth’s method to
obtain the best known value of the constant Cd in Theorem 1. Their idea is quite
clever and simple. They have noticed that one can extend the summation in (45) to
also include finer scales, i.e. rectangles with smaller volume |R| ≤ 2−n . A careful
1
computation then yields C2 = 0.0327633... and Cd = √
√
d−1 for
21·22d−1

(d−1)!(log 2) 2

d ≥ 3, where all logarithms are taken to be natural.

2.3 Lower bounds for cubature formulas on function classes:
Kolmogorov’s method
Before finishing the discussion of Roth’s proof, we would like to highlight its striking similarity to some arguments in the closely related field of numerical integration:
namely, Kolmogorov’s proof of the lower estimate for the error of cubature formulas in the class MWrp ([0, 1]d ) of functions whose rth mixed derivative has L p norm
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at most one. For the purposes of our introductory exposition, we shall define these
spaces in a naive fashion. For more general settings and a wider array of numerical
integration results and their relations to discrepancy theory, the reader is referred to
e.g. [109, 114, 43, 79].
R
Rx
Define the integration operator (Td f )(x1 , . . . , xd ) := 0x1 . . . 0 d f (y) dy1 . . . dyd .
For p ≥ 1 and an integer r ≥ 1, define the space MWrp ([0, 1]d ) = (Td )r (L p ([0, 1]d )),
i.e. the image of L p under the action of an r-fold composition of the integration
operators. Let B(L p ) be the unit ball of L p and B(MWrp ) = (Td )r (B(L p )) be its
image, i.e. the unit ball of MWrp or the set of functions whose rth mixed derivative
has L p norm at most one. We shall encounter these classes again in §4.8.
The field of numerical integration is concerned with approximate computations
of integrals and evaluations of the arising errors. Let F be a class of functions on
[0, 1]d and PN ⊂ [0, 1]d be a set of N points. For an arbitrary function f on [0, 1]d ,
define the cubature formula associated to PN as
Λ ( f , PN ) =

1
N

∑

f (p).

(47)

p∈PN

Denote by ΛN (F , PN ) the supremum of the errors of this cubature formula over
the class F :
ΛN (F , PN ) := sup Λ ( f , PN ) −

Z

f ∈F

Z

...

[0,1]d

f (x)dx1 ...dxd .

(48)

The infimum of this quantity over all choices of the point set PN is the optimal
error of the N-point cubature formulas on the class F :
δN (F ) :=

inf

PN : #PN =N

ΛN (F , PN ).

(49)

Notice that the star-discrepancy, kDN k∞ , is equal to N ·ΛN (F , PN ), where F is the
class of characteristic functions of rectangles [0, x). This is only the most trivial of
the vast and numerous connections between numerical integrations and discrepancy
theory. We recommend, for example, the book [43] for a very friendly introduction
to the relations between these fields. Also, in the present book, the chapter by E.
Novak and H. Woźniakowski is devoted to the discussion of discrepancy and integration.
We shall also consider the space of functions whose rth mixed derivative satisfies
the product Hölder condition. Recall that a univariate function f is called Hölder if
the condition |∆t f (x)| . |t| for the difference operator ∆t f (x) = f (x + t) − f (x)
holds for all x. The multiparameter nature of the problems under consideration
dictates that rather than using the standard generalization of this concept, we use
the product version, where the difference operator is applied iteratively in each
coordinate. For a vector t = (t1 , ...,td ), t j > 0, and a function f on [0, 1]d , define
x
∆t f (x) = ∆tdd (...∆tx11 f )...)(x), where the superscript indicates the variable in which
the difference operator is being applied. We denote by H([0, 1]d ) the class of product
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Hölder functions – those functions for which
k∆t f k∞ ≤ C|t1 | · ... · |td |,

(50)

and let B(H([0, 1]d )) be the unit ball of this space, i.e. functions which are product Hölder with constant one: k∆t f k∞ ≤ |t1 | · ... · |td |. Furthermore, denote by
B(MHr ([0, 1]d )) = (Td )r (B(H([0, 1]d ))) the class of functions whose rth mixed
derivative has Hölder norm one.
It is not hard to check that for a smooth function f we have
∆t f (x) =

Z x1 +t1
x1

...

Z xd +td
xd

∂ d f (y)
dy,
∂ x1 . . . ∂ xd

(51)

while it is also clear that |∆t f (x)| ≤ 2d k f k∞ . Hence

|∆t f (x)| . min

∂d f
∂ x1 . . . ∂ xd

d

∏ |t j |,

d



2 k f k∞ .

(52)

∞ j=1

We shall now demonstrate a method of proof of the lower bounds for the optimal integration errors δN (F ) for some function classes. This method, which was
invented by Kolmogorov, resembles Roth’s method in discrepancy theory to a great
extent. We shall prove the following theorem by means of an argument whose main
idea the reader will easily recognize.
Theorem 3. For any r ∈ N, the optimal integration errors for the classes B(MHr )
and B(MWr2 ) satisfy the lower estimates
δN (B(MHr )) & N −r (log N)d−1 ,
δN (B(MWr2 )) & N −r (log N)

d−1
2

.

(53)
(54)

Proof. The main idea of the method is to construct a function which is zero at
all nodes of the cubature formula, but whose integral is large. Similarly to Roth’s
original proof of (5), this is achieved by appropriately defining the function on the
dyadic rectangles which contain no chosen points.
We start by proving (53). Fix any positive infinitely-differentiable function b(x)
of one variable supported
on the interval

 [0, 1]. For a dyadic box R = R1 × ... × Rd ∈
D d , where R j = k j 2−s j , (k j + 1)2−s j , define the functions
d

bR (x1 , ..., xd ) := ∏ b(2s j x j − k j ).

(55)

j=1

The function bR is obviously supported on the rectangle R. As in (25) we choose n
so that 2N < 2n ≤ 4N. For each choice of r ∈ Hdn , out of 2n dyadic boxes R ∈ Drd ,
at least a half, 2n−1 , do not contain any points of PN . Set
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G(x1 , ..., xd ) = c2−rn

∑

∑

bR (x1 , ..., xd )

(56)

s∈Hdn R∈Dsd : R∩PN =0/

for some small constant c > 0. It is evident that Λ (G, PN ) = 0 because all the terms
of G are supported on empty rectangles R, so that G(p) = 0 for all p ∈ PN . At the
R
same time, denoting B = 01 b(x)dx, we have
Z
[0,1]d

G(x)dx1 ...dxd ≥ c2−rn · #Hdn · 2n−1 · 2−n Bd & 2−rn nd−1 .

(57)

Hence we obtain
Λ (G, PN ) −

Z
[0,1]d

G(x)dx & 2−rn nd−1 ≈ N −r (log N)d−1 .

(58)

It only remains to check that G ∈ B(MHr ). The Hölder norm of the rth mixed derivative of G can be estimated in the following way

r 
r 

∂d
∂d
−rs j
∆t
≤c ∑
2
G
∆t
bR
∑
∂ x1 ...∂ xd
∂ x1 ...∂ xd
d
∞
∞
s∈Hd
R∈Ds : R∩PN =0/

n

d

≤c

∑ ∏ 2−rs j k∆t j (2rs j b(r) (2s j x j ))k∞

s∈Hdn j=1
d

.

∑ ∏ 2−rs j min{1, 2rs j |t j |}

s∈Hdn j=1
d

≤∏

∞

∑

j=1 s j =0

d

2−rs j min{1, 2rs j |t j |} . ∏ |t j |,

(59)

j=1

where we have used the fact that rectangles R ∈ Drd are disjoint for fixed r, the
product structure of the functions bR , and the estimate (52). Therefore G ∈ B(MHr )
if the constant c is small enough and hence (53) is proved.
We turn to the proof of (54). As one can guess from the right-hand side of this inequality, it will resemble Roth’s proof of the L2 discrepancy estimate (5) even more.
The argument will proceed along the same lines as the proof of (53), but the choice
of the analog of the function bR will be more delicate.The rth mixed derivatives of
these functions should form an orthogonal family. Unfortunately, we cannot start
with the Haar function, because even in one dimension its rth antiderivative (T1 )r hI
is not compactly supported anymore if r ≥ 2. In order to fix this problem, we can
define auxiliary functions inductively depending on r. For a dyadic interval I, whose
left and right halves are denoted by Il and Ir , let us set h0I = hI , h1I = hIl − hIr , and
r−1
proceeding in a similar fashion hrI = hr−1
Il − hIr .
This construction creates the following effect: not only hrI itself, but also all of its
antiderivatives (T1 )k hrI of order k ≤ r − 1 are supported on I and have mean zero,
r
therefore the rth antiderivative (T1 )r hrI is supported on the interval I. Set φ[0,1)
=
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(T1 )r hr[0,1) . For a dyadic interval I ∈ D d , I = k2− j , (k + 1)2− j , we define φIr (x) =
r
φ[0,1) (2 j x − k), assuming that φ[0,1)
is zero outside [0, 1). Then we have
(r)

(r)

(2 j x − k) = 2 jr hr[0,1) (2 j x − k) = 2 jr hrI (x) = |I|−r hrI (x),
(60)
i.e. φIr = |I|−r (T1 )r hrI . As usually, in the multivariate case, for a dyadic box R we
define
φIr

r
(x) = 2 jr (φ[0,1)

d

d

φRr (x1 , ..., xd ) = ∏ φRr j (x j ),

hrR (x1 , ..., xd ) = ∏ hrR j (x j ).

j=1

(61)

j=1


The one-dimensional case then implies that

∂d
∂ x1 ...∂ xd

r

φRr (x) = |R|−r hrR (x). Next,

we choose n as before, 2N < 2n ≤ 4N, and define a function similar to (56) and (41)
W (x1 , ..., xd ) = γ2−rn n−

d−1
2

φRr (x1 , ..., xd ).

∑

∑

s∈Hdn

R∈Dsd : R∩PN =0/

(62)

r
From the definition of φRr , we have R φRr (x) = |R| [0,1]d φ[0,1)
d (x)dx. Repeating
the previous reasoning verbatim we find that Λ (W, PN ) = 0 and

R

Z
[0,1]d

W (x)dx & 2−rn n−
≈ 2−rn n

d−1
2

d−1
2

R

#Hdn 2n−1 |R|

≈ N −r (log N)

Z
[0,1]d
d−1
2

r
φ[0,1)
d (x)dx

(63)

.

To see that W ∈ B(MWr2 ), we first observe that hrR form an orthogonal system. Obviously W ∈ MWr2 since each φRr = (Tk )r hrR . We use orthogonality to estimate the
norm of the rth mixed derivative.

r
2
∂d
W = γ 2 2−2rn n−(d−1) ∑
22rn khrR k22
(64)
∑
∂ x1 ...∂ xd
d
2
s∈Hd
R∈Ds : R∩PN =0/

n

−(d−1)

≈n

d−1

·n

n

−n

·2 ·2

≈ 1.

Hence W ∈ B(MW 2 ) if γ is sufficiently small. This finishes the proof of (54). t
u
We would like to point out that in order for this proof to be extended to the classes
B(MWrp ) for p ∈ (1, ∞), one should estimate the L p norm of the mixed derivative of
W , which, by the way, has a very similar structure to the test function (41) used by
Roth. This can be done in a straightforward way using the material of the next section – Littlewood–Paley theory. The computation leading to this estimate is almost
identical to (88). A more detailed account of various lower bounds for the errors of
cubature formulas in classes of functions with mixed smoothness can be found, for
example, in [109, 114]. The recent books [43] and [79], as well as the chapters of
this book written by the same authors, give very nice accounts of the connections
between discrepancy and numerical integration.
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3 Littlewood–Paley Theory and applications to discrepancy
While Roth’s method in its original form provides sharp information about the behavior of the L2 norm of the discrepancy function, additional ideas and tools are required in order to extend the result to other function spaces, such as L p , 1 < p < ∞.
In particular, the L2 arguments of the previous section made essential use of orthogonality. Therefore, one needs an appropriate substitute for this notion in the case
p 6= 2. A hands-on approach to this problem has been discovered by Schmidt in
[99], see the discussion after (46).
However, harmonic analysis provides a natural tool which allows one to push
orthogonality arguments from L2 to L p , as well as to more general function spaces.
This tool is the so-called Littlewood–Paley theory. In this section, we shall give the
necessary definitions, facts, and references relevant to our settings and concentrate
on applications of this theory to the irregularities of distribution.
We would like to point out that in general Littlewood–Paley theory is a vast subject in harmonic analysis which arises in various fields and settings, has numerous
applications, and is available in many different variations. For the purposes of our
exposition we are restricting the discussion just to the dyadic Littlewood–Paley theory, i.e. its version related to the Haar function expansions and other similar dyadic
orthogonal decompositions. Other versions of this theory (on Euclidean spaces Rn ,
on domains, for trigonometric (Fourier) series, in the context of complex analysis)
can be found in many modern books on harmonic analysis, e.g. [105, 50]. A more
detailed treatment of the dyadic Littlewood–Paley theory can be enjoyed in [81].

3.1 One-dimensional dyadic Littlewood–Paley theory
We start by considering the one-dimensional case. Let f be a measurable function
on the interval [0, 1]. The dyadic (Haar) square function of f is defined as
Z 1

S f (x) =

f (t)dt

2

0


=

2

Z 1

f (t)dt
0

!1
2
|h f , hI i|2
1
(x)
+∑
I
|I|2
I∈D
∞

+∑
k=0



(65)

1
2 2
h f , hI i
hI (x) 
∑
|I|
I∈D, |I|=2−k

We stress again that the formula may look unusual to a reader familiar with the
subject due to the uncommon (L∞ , not L2 ) normalization of the Haar functions.
To intuitively justify the correctness of this definition, notice that ShI = 1I for any
I ∈ D. In particular, if the function has the Haar expansion f = ∑I∈D∗ aI hI , then its
square function is
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∑

a2I 1I
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1

2

=

∑

∑

k=−1

I∈D∗

2



∞

aI hI

1

2

 .

(66)

I∈D: |I|=2−k

Since Haar functions (together with the constant 1[0,1] ) form an orthogonal basis of
L2 [0, 1], Parseval’s identity immediately implies that
kS f k2 = k f k2 .

(67)

A non-trivial generalization of this fact to an equivalence of L p norms, 1 < p < ∞,
is referred to as the Littlewood–Paley inequalities.
Theorem 4 (Littlewood–Paley inequalities, [118]). For 1 < p < ∞, there exist constants B p > A p > 0 such that for every function f ∈ L p [0, 1] we have
A p kS f k p ≤ k f k p ≤ B p kS f k p .

(68)

The asymptotic behavior of the constants A p and B p is known [118] and is very
useful in numerous arguments, especially when (68) is applied for very high values
√
of p. In particular B p ≈ p when p is large. Also, a simple duality argument shows
−1
that Aq = B p , where q is the dual index of p. The reader is invited to consult the
following references for more details: [118, 105, 23].
The dyadic square function arises naturally in probability theory. Denote by Dk
the collection of dyadic intervals in [0, 1] of fixed length 2−k . We shall slightly abuse
notation and also denote the σ -algebra generated by this family by Dk . Let f be an
L2 function on [0, 1]. We construct the sequence of conditional expectations of f
with respect to the families Dk ,
fk = E( f |Dk ) =

∑
I∈Dk

1
|I|

Z
I

f (x)dx · 1I .

(69)

The sequence { fk }k≥0 forms a martingale, meaning that E( fk+1 |Dk ) = fk . As usually for a dyadic interval I of length 2−(k−1) denote by Il and Ir its left and right
dyadic “children” of length 2−k and let h f iI stand for the average of f over I. Keeping in mind that 2h f iI = h f iIl + h f iIr , it is then easy to check that the martingale
differences for k ≥ 1 satisfy



dk := fk − fk−1 = ∑
h f iIl 1Il + h f iIr 1Ir − h f iI 1I
(70)
I∈Dk−1

=

∑
I∈Dk−1

h f , hI i
1
(−h f iIl + h f iIr )(−1Il + 1Ir ) = ∑
hI .
2
|I|
I∈D
k−1

Setting d0 = f0 , we define the martingale difference square function :

Sf =

∞

∑ |dk |2
k=0

1
2

.

(71)
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One can see from (66) that it is exactly the same object as the dyadic Littlewood–
Paley square function defined in (65).
Littlewood–Paley square function estimates (68) can also be viewed as a generalization of the famous Khintchine inequality. Indeed, consider the Rademacher
functions rk (x) = ∑I∈Dk hI (x). Then at any point x ∈ [0, 1]d , since dyadic intervals in
Dk are disjoint, the square function of a linear combination of Rademacher functions
is constant:
S


∑ αk rk (x) =
k



∞

|αk |2 1I

∑∑

1
2

=

∑ |αk |2

1
2

.

(72)

k

k=0 I∈Dk

Therefore, Littlewood–Paley inequalities imply

∑ αk rk
k

p

≈ S

∑ αk rk


p

=

∑ |αk |2

1

2

,

(73)

k

k

which is precisely the Khintchine inequality for p > 1.

3.1.1 The Chang–Wilson–Wolff inequality
The Littlewood–Paley inequalities are tightly related to the famous Chang–Wilson–
Wolff inequality, which states that if the square function of f is bounded, then f is
exponentially square integrable (subgaussian).
To formulate it rigorously we need to introduce exponential Orlicz function
classes. For a convex function ψ : R+ → R+ with ψ(0) = 0, the Orlicz norm of
a function f on the domain D is defined as




Z
| f (x)|
k f kψ := inf K > 0 :
dx ≤ 1
(74)
ψ
K
D
The corresponding Orlicz space is the space of functions for which the above norm
is finite. For example, if ψ(t) = t p , one recovers the usual L p spaces. In the case
α
α
when ψ(t) = et for large values of t (if α ≥ 1, one may take ψ(t) = e|t| − 1,
however for α < 1 convexity near zero would be violated) the arising Orlicz spaces
are denoted exp(Lα ). One of the most important members of this scale of function
spaces is exp(L2 ), often referred to as the space of exponentially square integrable
or subgaussian functions. It is a standard fact that exponential Orlicz norms can be
characterized in the following ways
kFkexp(Lα ) ≈ sup q−1/α kFkq ≈ sup −λ −α log {x : |F(x)| > λ }
q>1

(75)

λ >0

The first equivalence here can be easily established using Taylor series for ex
and Stirling’s formula, while the second one is a simple computation involving
distribution functions, see a similar calculation in (120). The last expression ex-
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plains the term subgaussian in the context of functions f ∈ exp(L2 ): in this space,
2
P(| f | > λ ) . e−cλ .
We can now state the Chang–Wilson–Wolff inequality:
Theorem 5 (Chang–Wilson–Wolff inequality, [26]). The following estimate holds:
k f kexp(L2 ) . kS f k∞ .

(76)

This fact can be derived extremely easily as a consequence of the Littlewood–
Paley inequality (68) with sharp constants and the characterization (75) of the exponential norm.
1

1

k f kexp(L2 ) ≈ sup p− 2 k f k p . sup p− 2 ·

√

pkS f k p = sup kS f k p ≤ kS f k∞ ,

p≥1

p≥1

(77)

p≥1

which proves (76). t
u
Observe that this bound strongly resembles the Khintchine inequality. Indeed,
if we use the Littlewood–Paley inequality with sharp constants in (73), much in the
same fashion as in (77), we obtain the exponential form of the Khintchine inequality

∑ αk rk
k

exp(L2 )

.

∑ |αk |2

1

2

.

(78)

k

In other words, a linear combination of independent ±1 random variables obeys a
subgaussian estimate. For a precise quantitative distributional version of this statement see (119).

3.2 From vector-valued inequalities to the multiparameter setting
It is very important for our further discussion that the Littlewood–Paley inequalities continue to hold for the Hilbert space-valued functions (in this case, all the
arising integrals are understood as Bochner integrals). This delicate fact, which was
proved in [46], allows one to extend the Littlewood–Paley inequalities to the multiparameter setting in a fairly straightforward way by successively applying (68) in
each dimension while treating the other dimensions as vector-valued coefficients
[82, 105].
We note that in the general case one would apply the one dimensional Littlewood–
Paley inequality d times – once in each coordinate, see §3.3. However, in the setting
introduced by Roth’s method (where the attention is restricted to dyadic boxes R of
fixed volume |R| = 2−n ) one would apply it only d − 1 times since this is the number of free parameters – once the lengths of d − 1 sides are specified, the last one is
determined automatically by the condition |R| = 2−n .
Rather then stating the relevant inequalities in full generality (which an interested
reader may find in [82, 17]), we postpone this to (87) and first illustrate the use of
this approach by a simple example, important to the topic of our discussion.
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Recall that the test function (41) in Roth’s proof was constructed as F =

∑

fr =

r∈Hdn

∑ −n εR hR , where εR = ±1. We want to estimate the Lq norm of F. Notice that

R: |R|=2

we can rewrite it as F = ∑I∈D αI hI (x1 ), where
∞

αI =

∑ −n εR ∏ hR j (x j ),

(79)

j=2

R: |R|=2
R1 =I

which allows one to apply the one-dimensional Littlewood–Paley square function
(66) in the first coordinate x1 to obtain

kFkq =

∑

≤ Bq

εR h R

|R|=2−n

q

2 1/2

n

∑

r1 =0

.

εR h R

∑

|R|=2−n
|R1 |=2−r1

(80)

q

In the two-dimensional case for any value of r1 all the rectangles satisfying the
conditions of summation are disjoint, and for each point x we have:
2

n

∑

r1 =1

∑−n

n

εR hR (x) =

∑

|εR |2 1R (x) =

∑

r1 =1 |R|=2−n
|R1 |=2−r1

|R|=2
|R1 |=2−r1

∑

1R (x) = #H2n ≈ n, (81)

R∈D 2 ,
|R|=2−n

since εR2 = 1 and every point is contained in #H2n dyadic rectangles (one per each
shape).
In the case d ≥ 3, the expression on the right-hand side of (80) can be viewed as
a Hilbert space-valued function. Indeed, fix all the coordinates except x2 and define
an `2 -valued function
(
)n
F2 (x2 ) =

∑

∑

|R|=2−n , R2 =I
|R1 |=2−r1

I∈D

εR ∏ hR j (x j )
j6=2

hI (x2 ).

(82)

r1 =1

Then the expression inside the Lq norm on the right hand side of (80) is exactly
kF2 (x2 )k`2 . Applying the Hilbert space-valued Littlewood–Paley inequality in the
second coordinate, we get
kFkq =
≤ B2q



≤ Bq kF2 k`2

εR hR

∑

|R|=2−n
n

q

q
2 1/2

n

∑ ∑

r1 =1 r2 =1

∑

|R|=2−n
−r
|R j |=2 j , j=1,2

.

εR h R
q

(83)
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And if d = 3, then an analog of (81) holds, completing the proof in this case. In the
case of general d we continue applying the vector-valued Littlewood–Paley inequalities inductively in a similar fashion a total of d − 1 times to obtain
kFkq =

≤ Bd−1
q

≤ ...

εR hR

∑

|R|=2−n

q
n



2 1/2

n

∑ ··· ∑

r1 =1

.

εR h R

∑

|R|=2−n
−r
|R j |=2 j , j=1,...,d−1

rd−1 =1

(84)

q

Just as explained in (81), in this case all the rectangles in the innermost summation
are disjoint and thus
kFkq ≤ Bd−1
q



|εR |2 1R

∑

1


1
d−1
d 2
= Bd−1
#H
≈n 2 .
q
n

2

(85)

q

R∈D d , |R|=2−n

3.3 Multiparameter (product) Littlewood–Paley theory
For a function of the form f =

∑

aR hR on [0, 1]d , the expression

R∈D∗d

1


Sd f (x) = 

2

∑



2

|aR | 1R (x) = 

2

∑

∑

1

aR hR (x) 

2

(86)

r∈{{−1}∪Z+ }d R∈Drd

R∈D∗d

is called the product dyadic square function of f . We remind that Drd is the collection
of dyadic rectangles R whose shape is defined by |R j | = 2−r j for j = 1, ..., d and the
rectangles in this family are disjoint.
The product Littlewood–Paley inequalities (whose proof is essentially identical
to the argument presented above) state that
Adp kSd f k p ≤ k f k p ≤ Bdp kSd f k p .

(87)

With these inequalities at hand, one can estimate the Lq norm of F in a single line:

kFkq =

∑−n εR hR

|R|=2

≈ kSd f kq =
q

2

∑−n |εR | 1R

|R|=2

1


1
d−1
2
= #Hdn ≈ n 2 .

2

q

(88)
We have chosen to include a separate illustrative proof of this estimate earlier in
order to demonstrate the essence of the product Littlewood–Paley theory. In addition, the argument leading to (85) gives a better implicit constant than the general
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inequalities (Bd−1
versus Bdq , according to the number of free parameters). While
q
we generally are not concerned with the precise values of constants in this note, the
behavior of this particular one plays an important role in some further estimates, see
(99).
The proof of Schmidt’s L p lower bound (7) can now be finished immediately.
Let q be the dual index of p, i.e. 1/p + 1/q = 1 and let F be as defined in (41).
Then, replacing Cauchy–Schwarz with Hölder’s inequality in (44) and using (88),
we obtain:
 d−1
d−1
hDN , Fi
(89)
& n 2 ≈ log N 2 .
kDN k p ≥
kFkq
An analog of the second proof (45) of Roth’s estimate (5) can also be carried out
easily using the Littlewood–Paley square function. We include it since it provides
a foundation for discrepancy estimates in other function spaces. It is particularly
useful when one deals with quasi-Banach spaces and is forced to avoid duality arguments. We start with a simple lemma:
Lemma 2. Let Ak ⊂ [0, 1]d , k ∈ N, satisfy µ(Ak ) ≥ c, where µ is the Lebesgue measure, then for any M ∈ N

µ {x ∈ [0, 1]d :

M


1
1
∑ 1Ak (x) ≥ 2 cM} > 2 c.
k=1

(90)

Proof. Assuming this is not true, we immediately arrive to a contradiction
Z M

 M

1
1
cM ≤ ∑ 1Ak (x) dx < cM · µ ∑ 1Ak < cM
2
2
k=1
k=1

 M
1
1
1
t
+ M · µ ∑ 1Ak ≥ cM ≤ cM + M · c = cM.u
2
2
2
k=1

(91)

We shall apply the lemma as follows: for each r ∈ Hdn , let Ar be the union of
rectangles R ∈ Drd which do not contain points of PN . Then µ(Ar ) ≥ c = 21 and
M = #Hdn ≈ nd−1 . Let E ⊂ [0, 1]d be the set of points where at least M/4 empty
rectangles intersect. By the lemma above, µ(E) > 41 . On this set, using (34):
"
Sd DN (x) =

∑
R∈D d

#1
2
1
d−1
hDN , hR i2
1
(x)
& (M · N 2 2−2n ) 2 ≈ n 2 .
R
2
|R|

(92)

Integrating this estimate over E and applying the Littlewood–Paley inequality (87)
finishes the proof of (7):
kDN k p & kSd DN k p & n

d−1
2

≈ (log N)

d−1
2

.u
t

(93)
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3.4 Lower bounds in other function spaces
The use of the Littlewood–Paley theory opens the door to considering much wider
classes of functions than just the L p spaces. Discrepancy theory has recently witnessed a surge of activity in this direction. We shall give a very brief overview of
estimates and conjectures related to various function spaces. All of the results described below are direct descendants of Theorem 1 and Roth’s method as every
single one of them makes use of the Haar coefficients of the discrepancy function.

3.4.1 Hardy spaces H p
In particular, a direct extension of the above argument provides a lower bound of
the discrepancy function in product Hardy spaces H p , 0 < p ≤ 1. These spaces are
generalizations due to Chang and R. Fefferman of the classical classes introduced
by Hardy, see [24, 25]. The discussion of these spaces in the multiparameter dyadic
setting, which is relevant to our situation, can be found in [14]. The Hardy space H p
norm of a function f = ∑R∈D d αR hR is equivalent to the norm of its square function
in L p , i.e.
k f kH p ≈ kSd f k p .
(94)
The following result about the Hardy space norm of the discrepancy function was
obtained by Lacey [65]. For 0 < p ≤ 1,
e N kH p ≥ Cd,p (log N)
kD

d−1
2

,

(95)

hDN , hR i
e N is the discrepancy function DN
hR , in other words, D
|R|
R∈D d
modified so as to have mean zero over every subset of coordinates. The proof of this
result is a verbatim repetition of the previous proof (92) – one simply estimates the
norm of the square function. Observe that a duality argument in the spirit of (44)
would not have worked in this case, as H p is only a quasi-Banach space for p < 1
and thus no duality argumens are available.
As this example clearly illustrates, in harmonic analysis Hardy spaces H p serve
as a natural substitute for L p spaces when p ≤ 1. Indeed, numerous analytic tools,
such as square functions, maximal functions, atomic decompositions [105], allow
one to extend the L p estimates to the H p setting for 0 < p ≤ 1. Similarly, the L p
asymptotics of the discrepancy is continued by the H p estimates when p ≤ 1.
The L p behavior of the discrepancy function for this range of p, however, still remains a mystery. It is conjectured that the L p norm should obey the same asymptotic
bounds in N for all values of p > 0, which includes Conjecture 3 as a subcase.
eN =
where D

∑

Conjecture 4. For all p ∈ (0, 1] the discrepancy function satisfies the estimate
kDN k p ≥ Cd,p (log N)

d−1
2

.

(96)
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3.4.2 The behavior of discrepancy in and near L1
The only currently available information regarding the conjecture above is the result
of Halász [52] who proved that (96) indeed holds in dimension d = 2 for the L1
norm:
p
kDN k1 ≥ C log N.
(97)
We shall discuss his method in §4. Halász was also able to extend this inequality
to higher dimensions, but only with the same right-hand side. Thus it is not known
whether the L1 bound even grows with the dimension. As to the case p < 1, no
information whatsoever is available at this time.
In attempts to get close to L1 , Lacey [65] has proved that if one replaces L1 with
d−2
the Orlicz space L(log L) 2 , then the conjectured bound holds
kDN kL(log L)(d−2)/2 ≥ Cd (log N)

d−1
2

.

(98)

We remark that an adaptation of the proof of Schmidt’s L p bound given in the previous subsection, specifically estimate (85), can easily produce a slightly weaker
inequality
d−1
kDN kL(log L)(d−1)/2 ≥ Cd (log N) 2
(99)
Indeed, let F once again be as defined in (41). It is well known that (see e.g. [73])
the dual of L(log L)(d−1)/2 is the exponential Orlicz space exp(L2/(d−1) ). Hence we
need to estimate the norm of F in this space.
We recall that the constant arising in the Littlewood–Paley inequalities (68) is
√
Bq ≈ q for large q and the implicit constant in (85) is Bd−1
q . Thus using the equivalence between the exponential Orlicz norm and the growth of L p norms (75) we
obtain
kFk

exp L2/(d−1)

d−1
d−1
 ≈ sup q− d−1
2 kFk . sup q− 2 · Bd−1 n 2
q
q

q>1

≈ sup q−

(100)

q>1

d−1
2

·q

d−1
2

n

d−1
2

=n

d−1
2

,

q>1

and (99) immediately follows by duality. Notice that a more straightforward bound
(88) would not suffice for this estimate, since in the general d-parameter inequality
the constant is of the order qd/2 , not q(d−1)/2 . These estimates are similar in spirit to
the Chang–Wilson–Wolff inequality discussed in §3.1.1.

3.4.3 Besov space estimates
In a different vein, Triebel has recently studied the behavior of the discrepancy in
Besov spaces [115, 116]. He proves, among other things, that
kDN kSrp,q B([0,1]d ) ≥ Cd,p,q,r N r (log N)

d−1
q

,

(101)
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1 < p, q < ∞,

1
1
−1 < r < .
p
p

(102)

Here the space Srp,q B([0, 1]d ) is the Besov space with dominating mixed smoothness.
The exact original definition of this class is technical and would take our discussion
far afield. There exists, however, a characterization of the Besov norms in terms of
the Haar expansion (which is reminiscent of the Littlewood–Paley square function
αR
hR , we have
S f ). For a function f = ∑
|R|
d
R∈D∗

1



q



k f kSrp,q B([0,1]d ) ≈ 
∑
s∈({−1}∪Z

2(s1 +...+sd )(r−1/p+1)q



∑
R∈D∗d :
−s
|R j |=2 j

d
+)

q 
p

|αR | p 


(103)

whenever the right-hand side is finite.
To give a better idea about these spaces, we would mention that the index p
represents integrability, r measures smoothness, and q is a certain ‘correction’ index.
In particular, the case q = 2 corresponds to the well-known Sobolev spaces which,
roughly speaking, consist of functions with rth mixed derivative in L p and are similar
to the previously defined spaces MWrp ([0, 1]d ), see §2.3 . Furthermore, when r = 0,
S0p,2 B([0, 1]d ) is nothing but L p ([0, 1]d ). In particular, in the case p = q = 2, r = 0,
the characterization (103) simply states that {hR }R∈D∗d is an orthogonal basis of L2 .
Thus, if q = 2 and r = 0, one recovers Roth’s L2 and Schmidt’s L p estimates
from (101). Inequalities (101) are sharp in all dimensions ([57] d = 2, [76] d ≥ 3),
see §6. For more details, the reader is directed towards Triebel’s recent book [116]
concentrating on discrepancy and numerical integration in this context as well as
to his numerous other famous books for a comprehensive treatise of the theory of
function spaces in general.

3.4.4 Weighted L p estimates
The recent work of Ou [80] deals with the growth of the discrepancy function in
weighted L p spaces. A non-negative measurable function ω on [0, 1]d is called an
A p (dyadic product) weight if the following condition (initially introduced by Muckenhoupt [78]) holds
Z
sup
R∈D d

 Z
ω(x)dx

R

ω

1
− p−1

 p−1
(x)dx

< ∞.

(104)

R

The space L p (ω) is then defined as the L p space with respect to the measure ω(x) dx.
The class of A p weights plays a tremendously important role in harmonic analysis:
they give the largest reasonable class of measures such that the standard bounded-
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ness properties of classical opertors (such as maximal functions, singular integrals,
square functions) continue to hold in L p spaces built on these measures. By an adaptation of the square function argument (92), Ou was able to show that
kDN kL p (ω) ≥ Cd,p,ω (log N)

d−1
2

,

(105)

i.e. the behavior in weighted L p spaces is essentially the same as in their Lebesguemeasure prototypes.

3.4.5 Approaching L∞ : BMO and exponential Orlicz spaces
Moving toward the other end of the L p scale in attempts to understand the precise
nature of the kink that occurs at the passage from the average (L p ) to the maximum
(L∞ ) norm, Bilyk, Lacey, Parissis, and Vagharshakyan [20] computed the lower
bounds of the discrepancy function in spaces which are “close” to L∞ . One such
space is the product dyadic BMO (which stands for bouded mean oscillation), i.e.
the space of functions f for which the following norm is finite:

k f kBMO = sup
U⊂[0,1]d

1
|h f , hR i|2
∑ |R|
|U| R∈D
d

!1
2

,

(106)

where the supremum is extended over all measurable subsets of [0, 1]d with positive
measure. Notice that in the case d = 1, when U is a dyadic interval, the expression
2
1 R
inside the parentheses is actually equal to |U|
U f (x) − fU dx, where fU is the
mean of f over U, which yields exactly the standard one-dimensional BMO. The
definition above, introduced by Chang and Fefferman [24], is a proper generalization of the classical BMO space to the dyadic multiparameter setting. In particular,
the classical H 1 − BMO duality is preserved.
Just as H 1 often serves as a natural substitute for L1 , in many problems of harmonic analysis BMO naturally replaces L∞ . However, Bilyk, Lacey, Parissis, and
Vagharshakyan showed that in this case the BMO norm behaves like L p norms rather
than L∞ :
d−1
kDN kBMO ≥ Cd (log N) 2 .
(107)
In fact, this estimate is not hard to obtain with the help of the same test function F
(41) that we have used several times already – all we have to do is estimate its dual
(H 1 ) norm. Just as in (88):

kFkH 1 ≈ kSFk1 =

∑

R∈D d , |R|=2−n

which immediately yields the result.

2

1


1
d−1
2
= #Hdn ≈ n 2 ,

2

|εR | 1R
1

(108)
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In addition, the authors prove lower bounds in the aforementioned exponential
Orlicz spaces, see (75). These spaces exp(Lα ) serve as an intermediate scale between the L p spaces, p < ∞, and L∞ . In particular, for all α > 0 and for all 1 < p < ∞,
we have L∞ ⊂ exp(Lα ) ⊂ L p . The following estimate is contained in [20]: in dimension d = 2 for all 2 ≤ α < ∞ we have
1

kDN kexp(Lα ) ≥ C(log N)1− α .

(109)

We note that this inequality can be viewed as a smooth interpolation of lower bounds
between√L p and L∞ . Indeed, when α = 2 (the subgaussian case exp(L2 )), the estimate is log N – the same as in L2 . On the other hand, as α approaches infinity, the
right hand side approaches the L∞ bound – log N.
The proof of this estimate closely resembles Halász’s proof of the L∞ bound (see
(128) below), with the obvious
∗ modification that the test function has to be estimated
in the dual space exp(Lα ) = L(log L)1/α . Hence the same problems and obstacles
that arise when dealing with the star-discrepancy prevent straightforward extensions
of this estimate to higher dimensions. We finish this discussion by mentioning that
both of these estimates, (107) and (109), were shown to be sharp, see §6.

4 The star-discrepancy (L∞ ) lower bounds and the small ball
inequality
We now turn our attention to the most important case: L∞ bounds of the discrepancy
function. As explained in the introduction, when the set PN is distributed rather
well, its discrepancy comes close to its maximal values only on a thin set, while
staying relatively small on most of [0, 1]d . Therefore the extremal L∞ norm of this
function has to be much larger than the averaging L2 norm. This heuristic was first
confirmed by Schmidt [96] who proved
kDN k∞ ≥ C log N.

(110)

Other proofs of this inequality have been later given by Liardet [72, 1979], Béjian
[13, 1982] (who produced the best currently known value of the constant C = 0.06),
and Halász [52, 1981]. The proof of Halász is the most relevant to the topic of the
present survey as it relies on Roth’s orthogonal function idea and takes it to a new
level. However, before we proceed to Halász’s proof of Schmidt’s lower bound, we
shall discuss another related inequality.
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4.1 The small ball conjecture: formulations and simple estimates
The small ball inequality, which arises naturally in probability and approximation,
besides being important and significant in its own right, also serves as a model for
the lower bounds of the star-discrepancy (11). This inequality is concerned with the
lower estimates of the supremum norm of linear combinations of multivariate Haar
functions supported by dyadic boxes of fixed volume (we call such sums ‘hyperbolic’) and can be viewed as a reverse triangle inequality.
Unfortunately, this inequality does not (more precisely, has not been proved to)
directly imply the lower bound for the L∞ norm of the discrepancy function. It is,
however, linked to discrepancy through Roth’s orthogonal function method. Even
though no formal connections are known, most arguments designed for this inequality can be transferred to the discrepancy setting. In a certain sense, it can be viewed
as a linear version of the star-discrepancy estimate.
We now state the conjectured inequality:
Conjecture 5 (The small ball conjecture). In dimensions d ≥ 2, for any choice of
the coefficients αR one has the following inequality:
n

d−2
2

& 2−n

αR hR

∑

R∈D d : |R|=2−n

∑

|αR |.

(111)

R: |R|=2−n

∞

The challenge and the point of interest of the conjecture is the precise value of
the exponent of n on the left-hand side. If one replaces n(d−2)/2 by n(d−1)/2 , the
inequality becomes almost trivial, and, in fact, holds even for the L2 norm:
n

d−1
2

& 2−n

αR hR

∑

R∈D d : |R|=2−n

2

∑

|αR |.

(112)

R: |R|=2−n

Proof of (112). Indeed, using the orthogonality of Haar functions and keeping in
mind that khR k2 = |R|1/2 , we obtain
!1

2

∑

R∈D d : |R|=2−n

∑−n |αR |2 2−n

=

αR hR
2

(113)

|R|=2

&

∑|R|=2−n |αR |2−n/2
d−1
= n− 2 · 2−n ∑ |αR |,
1
|R|=2−n
nd−1 2n 2

where in the last line we have used the Cauchy–Schwarz inequality and the fact that
the number of terms in the sum is of the order nd−1 2n .
Alternatively, this inequality can be proved by duality. Consider the familiar
function F = ∑r∈Hdn fr = ∑|R|=2−n εR hR , where εR = sgn(αR ). We know very well
by now, see (42), that kFk2 ≈ n

d−1
2

. On the other hand, by orthogonality,
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∑−n

|R|=2

αR hR , F

=

∑−n |αR |khR k22 = 2−n ∑−n |αR |,

(114)

|R|=2

|R|=2

which immediately implies (112). t
u
As we have already witnessed on several occasions, the presence of the quantity
d − 1 in this context is absolutely natural, as it is, in fact, the number of free parameters dictated by the condition |R| = 2−n . The passage to d − 2 for the L∞ norm
requires a much deeper analysis and brings out a number of complications.
The L2 inequality (112) and the conjecture (111) should be compared to Roth’s
2
L discrepancy estimate (5) and Conjecture 1. The computations just presented are
very close to the proof (45) and (44) of (5). In fact, the resemblance becomes even
more striking if one restricts the attention to the case when all the coefficients αR =
±1. In this case 2−n ∑|R|=2−n |αR | ≈ nd−1 and the L2 estimate (112) becomes

∑

&n

αR hR

d−1
2

,

(115)

2

R∈D d : |R|=2−n

while the conjectured L∞ inequality (111) for αR = ±1 turns into
Conjecture 6 (The signed small ball conjecture). If all the coefficients αR = ±1,
we have the inequality

∑

d

& n2 .

αR hR

R∈D d : |R|=2−n

(116)

∞

Recalling that n in Roth’s argument was chosen to be approximately log2 N, one
immediately sees the similarity of these inequalities to (5) and (11).
We would like to add a few comments about the signed small ball conjecture.
There are some indications that this restricted version may turn out to be significantly simpler to prove than the more general Conjecture 5, see §5.5. However, this
variation of the conjecture, unlike its full form, does not appear to have any real applications. On the other hand, one can formulate a slightly more generic statement
of the conjecture by allowing some coefficients to equal zero, but not allowing the
left-hand side to degenerate:
Conjecture 7 (Generic signed small ball conjecture). Assume that the coefficients
αR are either ±1 or 0, and no more than half of all the coefficients are zero. Then
we have the inequality

∑

R∈D d : |R|=2−n

d

& n2 .

αR hR

(117)

∞

This form of the conjecture is strong enough to yield applications, see §4.8. Unfortunately, it seems to be just as hard as the general small ball conjecture (111).
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4.2 Sharpness of the small ball conjecture
Choosing αR ’s to be either independent Gaussian random variables or independent
random signs αR = ±1 verifies that this conjecture is sharp, see e.g. [17] or [112].
We include the proof of the sharpness of inequality (111) here for the sake of completeness.
Lemma 3 (Sharpness of the small ball conjecture). Let {αR }R∈D d : |R|=2−n be independent ±1 random variables. Then, on the average, the converse of the small
ball inequality holds, i.e.

∑−n αR hR (x)

E

|R|=2

. n−

d−2
2

2−n

∑−n |αR | = nd/2 .

(118)

|R|=2

∞

Proof. The function ∑|R|=2−n αR hR (x) is constant on dyadic cubes Qk of sidelength
2−(n+1) . The total number of such cubes is M = 2(n+1)d . Let us define M random
variables Xk = ∑|R|=2−n αR hR |Qk . Since Xk is a sum of #Hdn independent ±1 random
variables, by the Khintchine inequality we have E|Xk | ≈ n(d−1)/2 . Moreover, by a
standard inequality (usually attributed to Bernstein, Hoeffding, Chernoff, or Azuma,
see e.g. [59]), concerning sums of random variables, we have

P(|Xk | > t) ≤ 2 exp − t 2 /(4 · #Hdn ) .
(119)
Recalling that #Hdn ≈ nd−1 , it is easy to deduce from this inequality that for some
1
constant C > 0, the random variables Yk = Cn(d−1)/2
Xk have bounded exp(L2 ) norm,
in other words kXk kexp(L2 ) . n(d−1)/2 (this is essentially the exponential form of the
Khintchine inequality, see (78)). Indeed, denoting ψ(t) = exp(t 2 ), we obtain
Z ∞

E ψ(Yk ) =
≤

Z0 ∞

 Z
P ψ(Yk ) > t =

∞

0

P |Xk | > Cn(d−1)/2

2 d−1

min{1, 2 exp(−C n
0

≤

Z ∞
0

p


logt dt

logt/(4 · #Hdn ))} dt

min{1,t −K } dt . 1,

(120)

where K > 1, if C is large enough. Therefore, applying Jensen’s inequality with the
convex function ψ, we get




ψ E sup |Yk | ≤ Eψ
sup |Yk | ≤ E sup ψ(|Yk |)
k=1,...,M

k=1,...,M

k=1,...,M

M

≤ E ∑ ψ(|Yk |) . M = 2(n+1)d .
k=1

Since ψ −1 (t) =

√
logt, we arrive to

(121)
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∑−n αR hR (x)

|R|=2

= Cn

39
d−1
2

E sup |Yk | . n

d−1
2

· ψ −1 (2(n+1)d ) ≈ nd/2 ,

(122)

∞

which finishes the proof. t
u
The sharpness of the Small Ball Conjecture provides evidence that perhaps
the correct estimate for the star-discrepancy should be Conjecture 1: kDN k∞ &
(log N)d/2 . To validate the evidence we shall now illustrate the connection between
this inequality and the discrepancy estimates. As mentioned earlier, the connection
is not direct, but rather comes from the method of proof. We have already discussed
the similarities between the proofs of the L2 inequalities. Let us now turn to the case
of L∞ .
The small ball conjecture (111) has been verified in d = 2 by M. Talagrand [106]
in 1994. In 1995, V. Temlyakov [110] (see also [111, 112]) has given another, very
elegant proof of this inequality in two dimensions, which closely resembled the
argument of Halász [52] for (8). We shall present Temlyakov’s proof first as it is
somewhat “cleaner” and avoids some technicalities. Then we shall explain which
adjustments need to be made in order to translate this argument into Halász’s proof
of Schmidt’s estimate for kDN k∞ .

4.3 Proof of the small ball conjecture in dimension d = 2
The proof is based on Riesz products. An important feature of the two-dimensional
case is the following product rule.
Lemma 4 (Product rule). Assume that R, R0 ∈ D 2 are not disjoint, R 6= R0 , and
|R| = |R0 |, then
hR · hR0 = ±hR∩R0 ,
(123)
i.e. the product of two Haar functions is again a Haar function.
The proof of this fact is straightforward. Unfortunately, this rule does not hold in
higher dimensions. Indeed, for d ≥ 3 one can have two different boxes of the same
volume which coincide in one of the coordinates, say R1 = R01 . Then, hR1 · hR0 =
1
h2R1 = 1R1 , so we lose orthogonality in the first coordinate. Since, as the reader will
see below, we shall be considering very long products, the orthogonality may be
lost completely. The fact that the product rule fails in higher dimensions is a major
obstruction on the path to solving the conjecture.
For each k = 0, . . . , n consider the r-functions fk = ∑|R|=2−n , |R1 |=2−k sgn(αR )hR .
Obviously, in two dimensions, the conditions |R| = 2−n and |R1 | = 2−k uniquely
define the shape of a dyadic rectangle. Hence these are really r-functions, fk = fr
with r = (k, n−k) and εR = sgn(αR ). We are now ready to construct the test function
as a Riesz product:


n

Ψ := ∏ 1 + fk .
k=0

(124)
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First of all, notice that Ψ is non-negative. Indeed, since fk ’s only take the values ±1,
each factor above is equal to either 0 or 2. Thus, we can say even more
than Ψ ≥ 0:
R
the only possible values of Ψ are 0 and 2n+1 . Next, we observe that Ψ (x)dx = 1.
This can be explained as follows. Expand the product in (124). The leading term
is equal to 1. All the other terms are products of Haar functions; therefore, by the
product rule, they themselves are Haar functions and have integral zero. So, Ψ is a
non-negative function with integral 1. In other words, it has L1 norm 1: kΨ k1 = 1.
A similar argument applies to the inner product of ∑|R|=2−n αR hR and Ψ . Multiplying out the product in (124) and using the product rule, one can see that
Ψ = 1+

∑

sgn(αR )hR + Ψ>n ,

(125)

R∈D d : |R|=2−n

where Ψ>n is a linear combination of Haar functions supported by rectangles of area
less than 2−n . The first and the third term are orthogonal to ∑|R|=2−n αR hR . Hence,
using the trivial case of Hölder’s inequality, p = ∞, q = 1,


≥
α
h
,Ψ
(126)
α
h
R R
∑ RR
∑
R∈D d : |R|=2−n

|R|=2−n

∞


=



∑

|R|=2−n

=

αR hR ,

∑

sgn(αR )hR

|R|=2−n

∑−n αR · sgn(αR ) · khR k22 =

2−n ·

|R|=2

and we are done (notice that for d = 2 we have n

d−2
2

∑

|αR |,

(127)

|R|=2−n

= 1). t
u

4.4 Halász’s proof of Schmidt’s lower bound for the discrepancy
We now explain how the same idea can be used to prove a discrepancy estimate.
This argument has, in fact, been created by Halász [52, 1981] even earlier than
Temlyakov’s proof of the small ball inequality in d = 2. In place of the r-functions fk
used above, we shall utilize the r-functions fk = ∑|R|=2−n εR hR such that hDN , fk i ≥
c, which were used in Roth’s proof (44) of the L2 estimate (5) and whose existence
is guaranteed by Lemma 1. The test function is then constructed in a fashion very
similar to (124):

n
n 
(128)
Φ := ∏ 1 + γ fk − 1 = γ ∑ fk + Φ>n ,
k=0

k=0

where γ > 0 is a small constant, and Φ>n , by the product rule (123), is in the span
of Haar functions with support of area less than 2−n . In complete analogy with the
previous proof, we find that kΦk1 ≤ 2. Also,
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≥ c(n + 1) ≥ C0 log N.

(129)

k=0

Up to this point the argument repeated the proof of the two-dimensional small ball
conjecture word for word. In this regard, one can view the small ball inequality
as the linear part of the star-discrepancy estimate. Notice that subtracting
1 in the
R
definition of Φ eliminated the need to estimate the “constant” term DN (x)dx. All
that remains is to show that the higher-order terms, Φ>n , yield a smaller input. This
can be done by “brute force”. We first prove an auxiliary lemma which is a natural
extension of Lemma 1.
Lemma 5. Let fs be any r-function with parameter s. Denote s = ks k1 . Then, for
some constant βd > 0,
hDN , fs i ≤ βd N2−s .
(130)
Proof. It follows from (33), that the area part of DN satisfies |hNx1 · ... · xd , fs i| .
2s · N2−2s = N2−s . As to the counting part, it follows from the proof of Lemma 1
that 1[p,1] is orthogonal to the functions hR for all R ∈ Dsd except for the rectangle R
which contains the point p. It is then easy to check that
h1[p,1) , fs i = h1[p,1) , hR i . |R| = 2−s .

(131)

The estimate for the counting part of DN then follows by summing over all the points
of PN . t
u
We now estimate the higher order terms in hDN , Φi. Write Φ>n = F2 + F3 + ... +
Fn , where
Fk = γ k
f j1 · f j2 . . . f jk .
∑
0≤ j1 < j2 <···< jk ≤n

Notice that, due to the product rule, the product f j1 · f j2 . . . f jk is an r-function with
parameter s = (n − j1 , jk ), so s = n − j1 + jk . We reorganize the sum according
to the parameter s, n + 1 ≤ s ≤ 2n. To obtain a term which yields an r-function
corresponding to a fixed value of s, we need to have jk = j1 + s − n ≤ n. This can
be done in 2n − s + 1 ways ( j1 = 0, . . . , 2n − s). For each
 such choice of j1 and jk
we can choose the “intermediate” k − 2 values in s−n−1
ways. Notice that we must
k−2
have 2 ≤ k ≤ s − n + 1. We obtain

n
2n
s−n+1 
s−n−1
hDN , Φ>n i = ∑ hDN , Fk i = ∑ (2n − s + 1) ∑
· γ k · β2 N2−s
k−2
s=n+1
k=2
k=2

∞ 
2n
1 + γ s−n−1
1
2
2
s−n−1
−s
N 2 ≤ β2 γ n ∑
≤ β2 n ∑ γ (1 + γ)
4
2
s=n+1
s=n+1
=

γ 2 β2
n,
2(1 − γ)

where we used that N ≤ 2n−1 . Since n ≤ log2 N + 2, by making γ very small we can
assure that this quantity is less than 21 C0 log N, a half of (129). We finally obtain that
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1
1 0
1
kDN k∞ ≥ hDN , Φi ≥
C log N − C0 log N & log N,
2
2
2

(132)

which finishes the proof of Schmidt’s bound. t
u

4.5 The proof of the L1 discrepancy bound
To reinforce the potency of the powerful blend of Roth’s method and the Riesz
product techniques, we describe the proof of the L1 lower bound (15) for the discrepancy function contained in the same fascinating paper by Halász [52] (while the
L∞ bound was already known, this result was completely new at the time). This argument introduces another brilliant idea: using complex numbers. The test function
is constructed as follows

n
n 
iγ
iγ
fk − 1 = √
fk + Γ>n ,
(133)
Γ := ∏ 1 + √
∑
log N
log N k=0
k=0
where a small constant γ > 0 and the “−1” in the end play the same role as in the
previous argument, and Γ>n is the sum of the higher-order terms. Then one can see
that
n

2
2
γ2
kΓ k∞ ≤ 1 +
+ 1 ≤ eγ /2 + 1 . 1.
(134)
log N
Just as before, one can show that the input of Γ>n will be small provided that γ is
small enough. Hence,
n
p
γ
n+1
kDN k1 & |hDN ,Γ i| & √
hDN , ∑ fk i & √
≈ log N,
log N
log N
k=0

(135)

which finishes the proof of (15). t
u

4.6 Riesz products. Lacunary Fourier series
It is not surprising that the Riesz product approach is effective in these problems.
As discussed earlier, the extremal values of the discrepancy function (as well as of
hyperbolic Haar sums) are achieved on very thin sets. Riesz products are known to
capture such sets extremely well. In fact, we can see that Temlyakov’s test function
Ψ = 2n+1 1E , where E is the set on which all the functions fk are positive, and
in particular the L∞ norm is attained. We shall make a further remark about the
structure of this set E in §6.1.3.
But there is an even better explanation of the reason behind the successfull application of the Riesz products in these contexts. In order to understand its roots
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we turn to classical Fourier analysis. Riesz products have initially appeared in connection with lacunary Fourier series [84, 100, 119] and have proved to be an extremely important tool for these objects. It would be interesting to compare the
estimates whose proofs we have just discussed with a classical theorem about lacunary Fourier series due to Sidon [100, 101]. Its proof can be found in almost every
book on Fourier analysis, e.g. [119, 60, 50]. We shall reproduce it here in order to
convince the reader that the proofs of the three previous inequalities (the small ball
inequality (126) and lower bounds for kDN k∞ (132) and kDN k1 (135) in dimension
d = 2) are natural.
Recall that an increasing sequence {λ j }∞j=1 ⊂ N is called lacunary if there exists
q > 1 so that λ j+1 /λ j > q. Let f be a 1-periodic function. We say that f has lacunary
Fourier series if there exists a lacunary sequence Λ such that the Fourier coefficients
of f ,
Z 1

fb(k) =

f (x)e−2πikx dx,

(136)

0

are supported on the sequence Λ . In other words, fb(k) = 0 whenever k 6∈ Λ . We
have the following theorem.
Theorem 6 (Sidon, [100, 101]).
1. Let f be a bounded 1-periodic function with lacunary Fourier series. Then we
have
∞
k f k∞ & ∑ | fb(k)|.
(137)
k=1

2. Assume that a function f

∈ L1 [0, 1]

has lacunary Fourier series. Then

k f k1 & k f k2 .

(138)

In both cases, the implicit constant depends only on the constant of lacunarity q > 1.
Proof. The reader will easily recognize the arguments that follow: the previous
proofs in this section are their direct offspings. We shall initially operate under the
assumption that q ≥ 3. This condition guarantees that any integer n can be represented in the form n = ∑k εk λk , εk = −1, 0, 1, in at most one way.
We begin by proving the first part of the theorem. Construct the following Riesz
product
N

PN (x) = ∏ 1 + cos(2πλk x + δk ) ,
(139)
k=1

where δk is chosen so that eiδk = fb(k)/| fb(k)|. Obviously, PN (x) is non-negative for
R1
c
all x. It is also easy to see that P
N (0) = 0 P(x) dx = 1. Indeed, writing cost =
1 it
−it
2 (e + e ) and multiplying the product out, we see that the leading term is 1 and
all others have integral zero. Hence, kPN k = 1.
1 iδ
c
Moreover, for k ≤ N, we have P
N (λk ) = 2 e k . This again follows from expanding the Riesz product. We obtain a trigonometric polynomial, in which, due to our
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assumption that q ≥ 3, the term e2πiλk x can only arise from the product of the cosine
in the kth factor with the 1’s coming from all the other factors. Besides, for k > N,
c
evidently P
N (λk ) = 0. Therefore we can apply the Parseval identity:
k f k∞ ≥

Z 1
0

f (x)PN (x)dx =

∑ fb(k)PcN (k)
k∈Z

=

1 N b
∑ | f (λk )|.
2 k=1

(140)

Clearly, we can now take the limit as N → ∞. The restriction q ≥ 3 may be removed
in the following fashion. Find the smallest n such that qn > 3, 1 − qn1−1 > 1q , 1 +
1
∞
qn −1 < q and subdivide the sequence {λ j } j=1 into n subsequences of the form Λm =
∞
{λm+ jn } j=1 , m = 0, 1, . . . , n − 1. Then, repeating the argument above, we can prove
an analog of (140) for Λm , i.e., k f k∞ & ∑k∈Λm | fb(k)|, see [60, Chapter V] for details.
Summing these estimates over m finishes the proof.
We now turn to the proof of the second part of the theorem. It will also be
achieved using a Riesz product. We first assume that q ≥ 3. Let a2N = ∑Nk=1 | fb(λk )|2
and ck = | fb(λk )|/aN . Define the function
N



QN (x) = ∏ 1 + ick cos(2πiλk x + θk ) .

(141)

k=1

√
√
1
2
It is then clear that |QN (x)| ≤ ∏Nk=1 (1 + c2k )1/2 ≤ e 2 ∑ ck = e, i.e. kQN k∞ ≤ e. If
cN (λk ) = 1 ick eiθk = 1 fb(λk ) for a proper choice
q ≥ 3, we can easily show that Q
2
2aN
of θk . Parseval’s identity then yields
k f k1 &

Z 1
0

cN (k) = 1
f (x)QN (x)dx = ∑ fb(k)Q
2aN
k∈Z

N

1
∑ | fb(λk )|2 = 2
k=1

N

!1
2

∑ | fb(λk )|2
k=1

We finish the proof of (138) by letting N approach infinity and recalling that k f k22 =

1
2
∑Nk=1 | fb(λk )|2 . The assumption q ≥ 3 is removed in exactly the same way as in
the first case. t
u
One cannnot help but notice extremely close similarities between the constructions of Riesz products for the small ball inequality and discrepancy estimates in
dimension d = 2 and the ones just used in the proof of Sidon’s theorem. Indeed, the
constructions (124) and (128) bear strong resemblance to the product (139) used to
estimate k f k∞ , while the idea of the product (133) is nearly identical to the Riesz
product (141) which produces the bound for k f k1 .
The absolute efficiency of Riesz products in the two-dimensional cases of the
small ball inequality and the L∞ discrepancy bound is justified by the fact that the
condition |R| = 2−n effectively leaves only one free parameter (e.g., the value of |R1 |
defines the shape of the rectangle) and creates lacunarity (|R1 | = 2−k , k = 0, 1, . . . , n,
in other words, the consecutive frequencies differ by a factor of 2). As we saw in
this subsection, historically Riesz products were specifically designed to work in

.
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such settings (lacunary Fourier series, see e.g. [119], [84, 1918]). From the probabilistic point of view, Riesz products work best when the factors behave similarly
to independent random variables, which relates perfectly to our problems for d = 2,
since the functions fk actually are independent random variables. The failure of the
product rule explains the loss of independence in higher dimensions. This approach
towards Conjecture 5 is taken in [21].
Before we proceed to the discussion of the recent progress in the multidimensional case, we would like to briefly explain the connections of Conjecture 5 to other
areas of mathematics. While the connection of the small ball conjecture to discrepancy function is indirect, it does have important formal implications in probability
and approximation theory.

4.7 Probability: the small ball problem for the Brownian sheet
Having read thus far, the reader is perhaps slightly confused by the name small
ball inequality. It would be worthwhile to explain this nomenclature at this point.
It comes from probability theory, namely the small ball problem for the Brownian
sheet, which is concerned with finding the exact asymptotic behavior of the small
deviation probability P(kBkL∞ ([0,1]d ) < ε) as ε → 0, where B is the Brownian sheet,
i.e. a centered multiparameter Gaussian process characterized by the covariance relation
d

EB(s) · B(t) = ∏ min(s j ,t j )

(142)

j=1

for s,t ∈ [0, 1]d . It is known that the paths of B are almost surely continuous, so we
can safely write L∞ ([0, 1]d ) and C([0, 1]d ) norms interchangeably.
The circle of small deviation (or small ball) problems is an active and rapidly
developing area of modern probability theory. The common goal of all of these
problems is computing the probability that the values of a random variable or a random process deviate little from the mean in various senses (i.e. stay in a small ball
for a certain norm). This field is far less understood than the classical area of large
deviation estimates, and numerous fundamental questions about small deviations
are still open. A detailed account of small ball probabilities for Gaussian processes
can be found in a nice survey [71]. The Brownian sheet B, being the basic example
of a multiparameter process and a natural generalization of the Brownian motion,
presents special interest.
For the sake of brevity, let us denote the logarithm of the probability of the small
deviation of B in the sup-norm by ϕ(ε) := − log P(kBkL∞ ([0,1]d ) < ε). It is well
known that in the case when d = 1, i.e. B is the Brownian motion, ϕ(ε) ≈ ε −2 for
small ε. Moreover, even the precise value of the implicit constant is known in this
2
= π8 , see [47]. In higher dimensions, however, the situation becase: limε→0 ϕ(ε)
ε −2
comes more complicated due to the appearance of logarithmic factors in this asymp-
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totitcs. In dimension d = 2, it was shown by Bass [4, 1988] that ϕ(ε) .

1
ε2


log

1
ε

3
.

This estimate was later extended to all dimensions by Dunker, Kühn, Lifshits, and
Linde [44]:


1
1 2d−1
ϕ(ε) . 2 log
.
(143)
ε
ε
On the other hand, it was established much earlier [40, 1982] that the probability of
the small deviation in the L2 norm in all dimensions d ≥ 2 satisfies


1 2d−2
1
,
(144)
− log P(kBkL2 ([0,1]d ) < ε) ≈ 2 log
ε
ε
and since kBkL2 ≤ kBkL∞ , this readily implies ϕ(ε) &

1
ε2



log ε1

2d−2
. Thus, one

finds a gap of the order of log ε1 between the upper and the lower estimates, and the
lower estimate is, in fact, an L2 bound. This is a situation, which closely mirrors
what happens in the case of discrepancy and the small ball inequality. For a while
the experts were not sure which of the two bounds, if any, is correct (notice that the
upper bound (143) is too big when d = 1). However, it is now generally believed
that the upper bound (143) is sharp for d ≥ 2.
Conjecture 8. In dimensions d ≥ 2, for the Brownian sheet B we have
− log P(kBkC([0,1]d ) < ε) ' ε −2 (log 1/ε)2d−1 ,

ε ↓ 0.

The lower bound for d = 2 in this conjecture has been obtained by Talagrand [106]
using (111). The work of Bilyk, Lacey, and Vagharshakyan [17, 18] yields a decrease in the gap between lower and upper bounds in dimensions d ≥ 3. Namely,
there exists θ = θ (d) > 0 such that for small ε
−P(kBkC([0,1]d ) < ε) & ε −2 (log 1/ε)2d−2+θ .

(145)

This improvement was based on the progress in the higher-dimensional small
ball inequality (196). We should now explain how the small ball inequality for Haar
functions (111) enters the picture in this problem. The argument presented here
follows Talagrand’s ideas.

Small ball inequality implies a lower bound for the small deviation probability
Consider the integration operator Td acting on functions on the unit cube [0, 1]d and
defined as
(Td f )(x1 , . . . , xd ) :=

Z x1
0

...

Z xd
0

f (y1 , . . . , yd ) dy1 . . . dyd .

(146)
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Let {uk }k∈N be any orthonormal basis of L2 ([0, 1]d ) and set ηk = Td uk . Then the
Brownian sheet can be represented as
B=

∑ γk η k ,

(147)

k∈N

where γk are independent N (0, 1) (standard Gaussian) random variables. This idea
goes back to Levy’s construction of the Brownian motion [67]. The Gaussian structure is not hard to check. As to the covariance, writing ηk (s) = h1[0,s) , uk i and taking
into account independence of γk ’s, one can easily compute



(148)
E ∑ γk ηk (s)
∑ γk ηk (t) = ∑ Eγk2 · ηk (s)ηk (t)
k∈N

k∈N

k∈N

=

∑ h1[0,s) , uk ih1[0,t) , uk i = h1[0,s) , 1[0,t) i
k∈N
d

= [0, s) ∩ [0,t) = ∏ min{s j ,t j },
j=1

where in the second line we use the fact that uk ’s form an orthonormal basis.
We shall use specific functions uk and ηk . In dimension 1, for a dyadic interval I,
consider the function
uI (x) =

1
|I|

1
2


− 1I1 (x) + 1I2 (x) + 1I3 (x) − 1I4 (x) ,

(149)

where I j , j = 1, . . . , 4 are four quarters of I: successives dyadic subintervals of I of
length 41 |I|. The point of this choice of u is that both u and its antiderivative T1 u
behave similarly to the Haar function. In particular, the system {uI }I∈D is also an
orthonormal basis of L2 ([0, 1]). Observe that, up to the normalization, these functions are identical to the functions hrI with r = 1, defined in §2.3 in the proof of the
lower bounds for the errors of cubature formulas in the class B(MWr2 ), Theorem 3.
In dimensions d ≥ 2, one defines the basis functions indexed by dyadic rectangles
R = R1 × · · · × Rd ∈ D d as a tensor product
uR (x1 , . . . , xd ) = uR1 (x1 ) · ... · uRd (xd ).

(150)

The functions ηR = Td uR are then continuous; moreover, their mixed derivative
∂d
2
∂ x1 ...∂ xd ηR = uR has L norm equal to 1. We shall now formulate a version of the
small ball conjecture for these continuous wavelets.
Conjecture 9. In all dimensions d ≥ 2, for any choice of coefficients αR , we have
the inequality
n

d−2
2

3n

∑−n αR ηR

|R|=2

& 2− 2
∞

∑

|R|=2−n

|αR |.

(151)
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Notice that the factor 2− 2 is different from the one in the inequality (111). This
is a result of normalization: while we have used L∞ -normalized Haar functions,
khR k∞ = 1, the sup-norm of the functions ηR is smaller, kηR k∞ ≈ 2−|R|/2 = 2−n/2 .
Even though this conjecture is at the first glance somewhat harder than the small
ball conjecture for the Haar functions, the proofs are usually similar. In fact, Talagrand in his paper [106] proves this conjecture for d = 2, but first he presents the
proof of Conjecture 5 for the Haar functions, (111), despite the fact that strictly
speaking it was not necessary – it is simply more transparent, less obstructed by
the technicalities, and clearly explains the main ideas. The Riesz product arguments
can also be adapted to this case. One can even still use Riesz products built with
Haar functions, which brings the amount of technical complications to an absolute
minimum (see the discussion on the last page of [18]).
For now let us assume that the conjectured inequality (151) holds. We shall now
show how it implies a lower bound for the small deviation problem. First, we shall
need a well-known fact from probability theory, which we state here in a very simple
form.
Lemma 6 (Anderson’s lemma, [3]). Let Xt , Yt , t ∈ T be independent centered
Gaussian random processes. Then for any bounded measurable function θ : R → R
P(sup |Xt + θ (t)| < c) ≤ P(sup |Xt | < c)
t∈T

and

(152)

t∈T

P(sup |Xt +Yt | < c) ≤ P(sup |Xt | < c).
t∈T

(153)

t∈T

The first inequality of this lemma reflects a general intuition that Gaussian measures are concentrated near zero. The second inequality can be deduced by simply
applying the first one conditionally.
We now employ Anderson’s lemma to extract just one layer of ηR ’s from the
decomposition (147) of B – namely, we shall leave only those functions ηR which
are supported on dyadic boxes of volume |R| = 2−n for a carefully chosen value
of n. This idea strongly resonates with Roth’s principle (24): just as in the case of
the discrepancy function DN , the behavior of the small ball probabilities of B is
essentially defined by its projection onto the part of the basis which corresponds
to rectangles with fixed volume. We apply (153) with Xt = ∑|R|=2−n γR ηR and Yt =
∑|R|6=2−n γR ηR . This would enable us to use the small ball inequality (151) as our
next step.


P(kBkL∞ ([0,1]d ) < ε) ≤ P
(154)
∑ γR ηR < ε
|R|=2−n


3n
d−2
≤ P Cn− 2 2− 2

∞

∑


|γR | < ε ,

|R|=2−n

where C is the implied constant in (151). We are left with a standard object in probability theory: the sum of absolute values of independent N (0, 1) random variables.
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Using the exponential form of Chebyshev’s inequality we can write for a sequence
of independent standard Gaussians γk :

P

M


M
M
|γ
|
≤
A
≤ eA Ee− ∑k=1 |γk | = eA Ee−|γ| .
∑ k

(155)

k=1

We now apply this inequality with M = #{R ∈ D d : |R| = 2−n } = 2n · #Hdn ≈ 2n nd−1
d−2 3n
and A = Cε n 2 2 2 in order to be able to finish (154). We see that the right-hand
side of (155) is then bounded by exp( C1 εn
maximal integer such that

d−2
2

3n

2 2 −C1 2n nd−1 ). Choosing n to be the

1 d−2 3n
1
εn 2 2 2 ≤ C1 2n nd−1 ,
C
2
n

i.e.

n

d

ε ≤ CC1 2− 2 n 2 ,

(156)

d

we find that, since in this case ε ≈ 2− 2 n 2 ,


00
1
n d−1
ε d−2 3n
−C
2 2 2
n
≤ e− 2 C1 2 n ≤ e ε 2
P
|γ
|
<
∑−n R C
|R|=2

log ε1

2d−1
.

(157)

Therefore,
1
ϕ(ε) = − log P kBk∞ < ε & 2
ε




1
log
ε

2d−1
.

(158)

This finishes the proof of the lower bound in Conjecture 8 assuming that the smooth
(or, rather, continuous) version of the small ball conjecture, Conjecture 9, holds. t
u
Notice that, in another close parallel to Roth’s method in discrepancy theory, we
chose n ≈ log ε1 , although the exact choice of its value here was more delicate.

4.8 Approximation theory: entropy of classes with mixed
smoothness
Consider the integration operator Td as described in (146). Let us define the function space MW p ([0, 1]d ) = Td (L p ([0, 1]d )) and set B(MW p ) = Td (B(L p )) to be
the image of the unit ball of L p ([0, 1]d ) under the action of Td . In other words,
MW p ([0, 1]d ) can be viewed as the space of functions on [0, 1]d with mixed derivad f
p
p
tive ∂ x ∂∂x ...∂
xd in L , and B(MW ) is its unit ball. These function classes have
1 2
already been defined in §2.3. It is not hard to see that B(MW p ) is compact in the L∞
metric. Its compactness may be quantified using the notion of covering numbers.
Let B∞ denote the unit ball of L∞ ([0, 1]d ) and define



N(ε, p, d) := min N : ∃ xk

N
k=1

p

p

⊂ B(MW ), B(MW ) ⊂

N
[


(xk + εB∞ ) (159)

k=1
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to be the least number N of L∞ balls of radius ε needed to cover the unit ball
B(MW p ([0, 1]d )), or, equivalently, the size of the smallest ε-net of B(W M p ) in the
uniform norm. The task at hand is to determine the correct order of growth of these
numbers as ε ↓ 0. The quantity
ψ(ε) = log N(ε, p, d)

(160)

is referred to as the metric entropy of B(MW p ) with respect to the L∞ norm. The
inverse of this quantity is known in the literature as entropy numbers:


m


εm := inf ε : ∃ xk

2m
k=1

p

p

⊂ B(MW ), B(MW ) ⊂

2
[


(xk + εB∞ ) ,

(161)

k=1

in other words, the smallest value of ε for which ψ(ε) ≤ m. It is clear that estimates
of metric entropy or covering numbers may be reformulated in terms of the entropy
numbers, however we shall mostly resort to the former.
Kuelbs and Li [63] have discovered a tight connection between the small ball
probabilities and the properties of the corresponding reproducing kernel Hilbert
space, which in the case of the Brownian sheet is W M 2 ([0, 1]d ), see §4.9. We state a
partial form of their result tailored to the topic of our presentation.
Theorem 7 (Kuelbs, Li, [63]). The rates of asymptotic growth of the metric entropy
ψ(ε) of the space MW 2 ([0, 1]d ) and the logarithm of the small ball probability of
the d-dimensional Brownian sheet ϕ(ε) = − log P(kBk∞ < ε) are related in the
following way. For α > 0,
ϕ(ε) ≈ ε −2 log

1 α
ε

if and only if ψ(ε) ≈ ε −1 log

1 α/2
.
ε

(162)

We shall explore this connection in a more general setting in §4.9 and, in particular,
prove this theorem. For more information and a wider spectrum of inequalities relating the small deviation probabilities and metric entropy, the reader is referred to
[63, 71, 74].
Theorem 7 together with Conjecture 8 yields an equivalent conjecture:
Conjecture 10. For d ≥ 2, we have
log N(ε, 2, d) ' ε −1 (log 1/ε)d−1/2 ,

(163)

as ε ↓ 0.
Just as in the case of the small ball probabilities for the Brownian sheet, the
conjecture is resolved in dimension d = 2, which follows from the work of Talagrand [106]. The upper bound is known in all dimensions [44]. The lower bound of
d−1+θ /2
the order ε1 log ε1
in dimensions d ≥ 3 can be ‘translated’ from the corresponding inequality (145) for the Brownian sheet.
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We would now like to discuss the relation between this conjecture and the small
ball inequality, Conjecture 5. Of course, one can combine the arguments of the previous subsection for the Brownian sheet with the Kuelbs–Li equivalence to demonstrate that the lower bound in Conjecture 10 follows from the small ball conjecture
(111) or, more precisely, its continuous counterpart (151). However, we would like
to illustrate how one can use the small ball inequality to directly deduce the lower
bound for the metric entropy.

Small ball conjecture implies a lower bound for metric entropy
Estimates akin to the small ball inequality (111) or (151) have been known for a
long time to be useful for obtaining bounds of various approximation theory characteristics, such as metric entropy, entropy numbers, Kolmogorov widths etc, see
[111, 112]. We present one possible approach to this connection.
We shall use the basis functions uR (see (150)) and their antiderivatives ηR =
Td uR defined in the previous subsection. Let σ : {R ∈ D d , |R| = 2−n } → {±1} be
a choice of signs on the set of dyadic rectangles with fixed volume 2−n . Define the
functions
c
(164)
Fσ = n d−1 ∑ σR ηR ,
2 2 n 2 |R|=2−n
where c > 0 is a small constant. Then by the orthonormality of the functions uR we
have
∂ d Fσ
∂ x1 . . . ∂ xd

2
2

2

c

=

n
2

2 n

∑−n σR uR

d−1
2

|R|=2

=
2

c2
2n · #Hdn ≤ 1,
2n nd−1

(165)

if c is sufficiently small. Since ηR = Td uR , this estimate implies that Fσ ∈ B(MW 2 ).
Now assume that the continuous version of the small ball conjecture, Conjecture 9
holds for the functions ηR . Take two different choices of signs σ and σ 0 . Then (151)
would imply:
Fσ − Fσ 0

∞

c

=

n
2

2 n
n

d−1
2

& 2− 2 n−

(σR − σR0 )ηR

∑

|R|=2−n

d−1
2

· n−

d−2
2

(166)
∞

3n

2− 2

∑−n |σR − σR0 |

|R|=2
− 2d−3
−2n
2

&n

2

·2

n

#Hdn

≈ n1/2 2−n ,

where we have additionally assumed that σ and σ 0 differ on a large portion (e.g.,
one quarter) of all dyadic rectangles with volume 2−n . We see that, in this case, Fσ
and Fσ 0 are ε-separated in L∞ with ε = 2−n n1/2 .
In order to construct a large ε net for the set B(MW 2 ([0, 1]d )), it would be therefore sufficient to produce a large collection A of choices of sign σ such that any
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two elements of A are sufficiently different, i.e. coincide at most on a fixed portion
of the rectangles.
Coding theory comes in handy in this setup. In fact, a reader familiar with its
basic notions perhaps already recognized the concept of Hamming distance in the
previous sentence. Consider a binary code X of length m, i.e. X ⊂ {0, 1}m is just
a collection of strings of m zeros and ones. For any two elements x, y ∈ X, their
Hamming distance is defined as
dH (x, y) = #{ j = 1, ..., m : x j 6= y j },

(167)

in other words, the number of components in which x and y do not coincide. The
minimum Hamming distance (weight) of the code X is then defined as the smallest Hamming distance between its elements, minx,y∈X, x6=y dH (x, y). The following
classical result in coding theory, which we state in the simplest form adapted to
our exposition, provides a lower bound on the size of the maximal code with large
minimum Hamming weight.
Lemma 7 (Gilbert–Varshamov bound [49, 117]). Let A(m, k) denote the maximal
size of a binary code of length m with the minimum Hamming distance at least k.
Then
2m
(168)
A(m, k) ≥ k−1 m .
∑ j=0 j
The proof of this estimate is so beautifully simple that we decided to include it
here.
Proof.
We first observe that given an m-bit string x ∈ {0, 1}m , there are precisely
m
m
j strings y ∈ {0, 1} such that dH (x, y) = j. Indeed, we need to choose j bits
out of m that are to be changed. Hence the size of BH (x, k), the neighborhood of x
of radius k in the Hamming metric (all elements y with dH (x, y) < k), is equal to
m
∑k−1
j=0 j .
Let now X be the maximal code of length m with minimum Hamming weight
k. Then ∪x∈X BH (x, k) = {0, 1}m , for otherwise there would exist another element
whose distance to all points of X is at least k, which would violate the maximality
of X. Thus,
2m = #

[

k−1 

BH (x, k) ≤

x∈X

∑ #BH (x, k) = #X · ∑

x∈X

j=0


m
,
j

(169)

which proves the lemma. t
u
We shall apply this lemma to codes X indexed by the family of dyadic rectangles
{R ∈ D d , |R| = 2−n }. Hence, the length of the code is m = 2n #Hdn ≈ 2n nd−1 . For
any element of such a code x ∈ X, we can define a choice of sign σ x by setting
σRx = (−1)xR . We would like the code to have the minimal Hamming weight of the
same order of magnitude as the length of the code, i.e. k ≈ m ≈ 2n nd−1 . Take,for ex1
m m
ample, k = m4 . One can easily check using Stirling’s formula m! ≈ √2πm
that
e
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 −m/4  −3m/4
m
1
1
3
≈√
. The Gilbert-Varshamov bound then guaranm/4
m 4
4
tees that there exists such a code X with size at least


2m
2m
m =
m 
k· k
m/4 · m/4
 m/4  3m/4
1
3
m 1
≈ √ ·2
& Cm
m
4
4

#X ≥

2m

m
∑k−1
j=0 j

≥

(170)

for some constant C > 1 when m is large, since 2 · (1/4)1/4 · (3/4)3/4 > 1. To summarize, we can find a code such that its Hamming weight is roughly the same as
its length m and its size is roughly the same as the size of the largest possible code,
{0, 1}m (both are exponential in m).
Having chosen such a code X, we define the collection A = {σ x : x ∈ X} and
consider the set of functions F = {Fσ }σ ∈A . According to (166) this family is an
ε-net of B(MW 2 ) in the L∞ norm with ε = 2−n n1/2 . The cardinality of this family
satisfies
1

log #F = log #X & m ≈ 2n nd−1 = 2n n−1/2 · nd− 2 ≈


 1
1 d− 2
1
log
,
ε
ε

(171)

which yields precisely the lower bound in Conjecture 10. t
u
In the end we would like to observe that in the proof of this implication we have
employed only a restricted form of the small ball inequality. In the computation
(166), the coefficients αR = σR −σR0 take only three values: ±2 and 0. Besides, zeros
are not allowed to occur too often (at most a fixed proportion of all coefficients).
This (up to a factor of 2) is exactly the setting of the generic signed small ball
conjecture, Conjecture 7. Therefore, this version of the conjecture (but with smooth
wavelets ηR in place of the Haar functions) is already sufficient for applications.
However, unlike Conjecture 6 (the purely signed variant of the inequality, see §5.5),
the generic setting does not seem to produce any real simplifications.

4.9 The equivalence of small ball probabilities and metric entropy
The equivalence of Conjecture 8 in probability and Conjecture 10 in approximation
theory proved by Kuelbs and Li [63] is a fascinating connection between two problems, which at first glance have little in common. We strongly agree with Michel
Talagrand who stated [106]:
It certainly would be immoral to deprive the reader of a discussion of this beautifully simple
fact (that once again demonstrates the power of abstract methods).

Therefore we would like devote a portion of this chapter to the discussion of the
proof of this equivalence.
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Before we are able to explain the argument however, we need to recall some
classical results from the theory of Gaussian measures, which we shall state here
without proof. Complete details and background information may be found in such
excellent references as [22], [69], or [74]. We, rather than giving the most general
definitions and statements, will mostly specialize to the particular problem at hand.
Let P be a Gaussian measure on the Banach space X. The small ball problem for
the measure P is concerned with the asymptotic behavior of the quantity
ϕ(ε) = − log P(εBX ),

(172)

where BX is the unit ball of the space X.
In the case we are interested in, the Brownian sheet, the space X is C([0, 1]d )
and the measure P is the law of the Brownian sheet B, i.e. for a set A ∈ C([0, 1]d ),
P(A) = P(B ∈ A). In this notation, the definition of ϕ(ε) above coincides with the
one given in §4.7
ϕ(ε) = − log P(kBkL∞ ([0,1]d ) < ε) = − log P(B∞ (0, ε)),

(173)

where B∞ (a, r) is the L∞ ball of radius r > 0 centered at a ∈ C([0, 1]d ). Recall that
B has mean zero, so the measure P is centered.
Assume that X, as in our case, is a space of real valued functions on a domain
D ⊂ Rd with the property that point evaluations Lx ( f ) = f (x), x ∈ D, are continuous linear functionals on X. We can then introduce the covariance kernel of P, the
function KP : D × D → R defined by
Z

KP (s,t) =

f (s) f (t)P(d f ).

(174)

X

By definition, see (142), the covariance kernel of the Brownian sheet B is given by
KP (s,t) = EB(s)B(t) = ∏dj=1 min{s j ,t j }.
The reproducing kernel Hilbert space HP is then defined as the Hilbert space of
functions f ∈ X with the property that the reproducing kernel of HP is precisely the
covariance kernel of P, i.e. for t ∈ D and any f ∈ HP , the function evaluation of f at
t can be represented as the inner product of f and KP (·,t),
f (t) = h f , KP (·,t)i.

(175)

In the case when X = C([0, 1]d ) and P is the law of the Brownian sheet, this space
happens to be precisely the Sobolev space of functions with mixed derivative in L2
as defined in the previous subsection, HP = MW 2 ([0, 1]d ). Indeed, MW 2 is a Hilbert
space with the inner product given by
h f , giMW 2 = hφ f , φg iL2 =

Z
[0,1]d

∂ dg
∂d f
(x) ·
(x)dx,
∂ x1 ...∂ xd
∂ x1 ...∂ xd

(176)

where φ f ∈ L2 ([0, 1]d ) is such that f = Td φ f , in other Rwords φ f is the mixed deriva
tive of f . It is easy to see that in d = 1, min{s,t} = 0s 1[0,t) (τ) dτ = T1 1[0,t) (s)
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for s,t ∈ [0, 1]. Therefore, in d dimensions KP (s,t) = Td ∏dj=1 1[0,t j ) (s j ) and for
any f ∈ MW 2 ([0, 1]d ) we have
h f , KP (·,t)iMW 2 =

Z t1
0

...

Z td
0

φ f (s)ds = f (t),

(177)

hence KP (s,t) is in fact the reproducing kernel of MW 2 .
In a certain sense, HP is a subspace of X which carries most of the information
about the measure P. We shall need two standard facts which relate the Gaussian
measure and its reproducing kernel Hilbert space.
Lemma 8. Let P be a centered Gaussian measure on a Banach space X, let HP be
its reproducing kernel Hilbert space and h ∈ HP . Then, for any symmetric set A ∈ X
we have
 
exp − khk2HP 2 · P(A) ≤ P(A + h) ≤ P(A).
(178)
The right inequality here is simply a restatement of Anderson’s lemma, (153), which
is intuitively natural since a Gaussian measure is concentrated around the mean. The
left bound, known as Borell’s inequality, shows that the measure of a shifted set
decays not too fast, in a fashion suggested by the Gaussian structure of the measure.
The assumption h ∈ HP is crucial for Borell’s inequality as the shifted measure
P(· + h) is not even absolutely continuous with respect to P unless h lies in the
reproducing kernel Hilbert space.
The second fact that we shall rely upon is the isoperimetric inequality.
Theorem 8 (Gaussian isoperimetric inequality). Let P be a centered Gaussian
measure on the Banach space X and K be the unit ball of HP . For a measurable set
A ⊂ X and λ > 0, we have
Φ −1 (P(A + λ K)) ≥ Φ −1 (P(A)) + λ ,

(179)

where Φ is the distribution
Z x function of a N (0, 1) (standard Gaussian) random vari2
1
e−t /2 dt. The equality in (179) holds whenever A is a
able, i.e. Φ(x) = √
2π −∞
half-space.
This inequality is a proper extension of the classical Euclidean isoperimetric inequality to the infinite dimensional setting, where Rd is replaced by a Banach
space X, the volume by the Gaussian measure P, and the surface measure of A
by limλ ↓0 λ1 (P(A + λ K) − P(A)). Observe that in the Gaussian case the role of Euclidean balls is played by half-spaces.
Such a correspondence allows one to transfer geometric volume arguments to
Banach spaces, where volume is not available. Indeed, if one wants to establish the
connection between the covering numbers and the size of the small balls, the first
impulse is to attempt to compare volumes. We have already given an argument along
these lines in the proof of the Gilbert–Varshamov bound (168). In the general case,
Gaussian measures provide an appropriate substitution for the notion of volume,
while the above estimates (178) and (179) provide the necessary tools.
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We are now ready to give the proof of the equivalence between the metric entropy
and small ball probability estimates.
Let N(ε, K) be the covering number of K, the unit ball of HP , with respect to
the norm of X, that is the smallest number N such that for some {xk }Nk=1 ⊂ K we
have K ⊂ ∪Nk=1 BX (xk , ε), where BX (a, r) = {x ∈ X : kx − akX < r}. Consider the
quantities ψ(ε) = log N(ε, K) (the metric entropy) and ϕ(ε) = − log P(εBX ).
Lemma 9. We have the following two estimates relating the metric entropy and the
small ball probability:
p
√
(180)
ψ( 2ε/ ϕ(ε)) ≤ 2ϕ(ε),
p
(181)
ψ(ε/ 2ϕ(ε)) ≥ ϕ(2ε) − log 2.
Proof. Fix a parameter λ > 0 to be chosen later. Let M = M(ε) be the largest
number of disjoint balls of X of radius ε with centers in λ K: BX (xk , ε), xk ∈ λ K,
k = 1, ..., M. Then N(2ε, λ K) = N(2ε/λ , K) ≤ M(ε). Indeed, doubling the radii of
all M(ε) disjoint balls we obtain a covering of λ K by balls of radius 2ε (if some
point x of λ K is not covered, then BX (x, ε) does not intersect any of the original
balls, which contradicts the maximality assumption: we have chosen the largest dis2
joint family). By Borell’s inequality, we have P(BX (xk , ε)) ≥ e−λ /2 P(εBX ). Therefore, by disjointness of the balls B(xk , ε),
M

1 = P(X) ≥

∑ P(xk , ε) ≥ N(2ε/λ , K) · e−λ

2 /2

P(εBX ).

(182)

k=1

Hence, taking logarithms, one obtains
λ2
+ ϕ(ε).
(183)
2
p
p
√
Choosing λ = 2ϕ(ε) results in ψ( 2ε/ ϕ(ε)) ≤ 2ϕ(ε), which proves (180).
In the opposite direction, let the family of balls {B(xk , ε)}Nk=1 , xk ∈ λ K, be
a covering of λ K. Then N ≥ N(ε, λ K) = N(ε/λ , K). Besides, the doubled balls
{B(xk , 2ε)}Nk=1 obviously form a covering of a “thickened” set λ K + εBX . Therefore, using Anderson’s lemma (the second inequality in (178)), we arrive to
ψ(2ε/λ ) ≤

N

P(λ K + εBX ) ≤

∑ P(BX (xk , 2ε)) ≤ N(ε/λ , K) · P(2εBX ).

(184)

k=1

We now only need to show that the left-hand side is bounded below by some constant. Notice that the thickening was necessary, since P(λ
pK) = 0. We shall apply
the isoperimetric inequality (179) with A = εBX and λ = 2ϕ(ε). We have
 p

P(λ K + εBX ) ≥ Φ(Φ −1 (P(εBX )) + λ ) = Φ Φ −1 e−ϕ(ε) + 2ϕ(ε)
(185)
p
p

1
≥ Φ − 2ϕ(ε) + 2ϕ(ε) = Φ(0) = ,
2
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2

where we p
have used the fact that Φ(−x) ≤ e−x /2 . Therefore it follows from (184)
that ψ(ε/ 2ϕ(ε)) ≥ ϕ(2ε) − log 2, which is precisely (181). t
u
Proof of Theorem 7. We now specialize these estimates to the Brownian sheet
B and its reproducing kernel Hilbert space MW 2 . In this situation P(εBX ) =
P(kBkC([0,1]d ) < ε) and N(ε, K) = N(ε, MW 2 ([0, 1]d )) = N(ε, 2, d).
α
Assume that, as suggested by the discussion in §4.7, ϕ(ε) ≈ ε −2 log ε1 . Setting
√
ε2
δ = √ 2ε ≈
1 α/2 and using (180), we obtain
ϕ(ε)

(log ε )

ψ(δ ) . ε

−2

α


log 1/ε

≈δ

−1



1
log
δ

α/2
.

(186)

The other parts of the equivalence (162) are proved analogously. t
u

4.10 Trigonometric polynomials with frequencies in the hyperbolic
cross
Finally we would like to give a short overview of a different, but closely related
analog of the small ball inequality, namely its version for trigonometric polynomials.
Consider periodic functions defined on RTd . For an integrable function on Td , its
Fourier coefficients are defined as fbk = T f (x)e−2πik·x dx where k = (k1 , ..., kd ) ∈
Zd . In the case of trigonometric polynomials, unlike the case of Haar functions,
frequencies are not readily dyadic. Hence it will be useful to split the frequencies
into dyadic blocks. For a vector s = (s1 , ..., sd ) ∈ Zd+ we denote


ρ(s) := {k ∈ Zd : 2s j −1 ≤ k j < 2s j , j = 1, ..., d},

(187)

where [x] stands for the integer part of x. We then define the dyadic blocks of a
function f ∈ L1 (Td ) as parts of the Fourier expansion of f which correspond to
ρ(s):

δs f (x) := ∑ fbk e2πik·x ,
(188)
k: |k|∈ρ(s)

where we put |k| = (|k1 |, ..., |kd |). These blocks play a similar role to the expressions
∑R∈Dsd aR hR , where the summation runs over the family of disjoint dyadic rectangles
R with |R j | = 2−s j for j = 1, ..., d. Such linear combinations appeared naturally
in the definitions of the r-functions (28) and the dyadic Littlewood–Paley square
function (86).
The Littlewood–Paley inequalities adapted to this trigonometric setting read

k f kp ≈

∑
s∈Zd+

2

1

2

|δs ( f )|

,
p

(189)
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which bears a strong resemblance to (86)-(87). In particular, when d = 1 one recovers the classical Littlewood–Paley inequalities for Fourier series.
For an even number n, denote by Yn = {s ∈ (2Z+ )d : s1 + ... + sd = n} the set
of vectors with even coordinates and `1 norm equal to n. This is essentially the
familiar set Hdn slightly modified for technical reasons. We shall also define the
dyadic hyperbolic cross as
[

Qn =

(190)

ρ(s).

s∈Zd+ : s1 +...+sd ≤n

In dimension d = 2, roughly speaking, it consists of the integer points that lie under the parabola xy = 2n and satisfy x, y < 2n . Considering integer vectors k with
|k| ∈ Qn produces a symmetrization which visualizes the meaning of the name
dyadic hyperbolic cross. The pure hyperbolic cross is defined as Γ (N) = {k ∈ Zd :
∏dj=1 max{1, |k j |} ≤ N, which makes the term even more obvious.
The trigonometric analog of the small ball inequality (111) in dimension d = 2

∑ δs ( f )

s∈Yn

&

δs ( f )

∑

s∈Yn

∞

(191)

1

was obtained by Temlyakov [111] via a Riesz product argument very similar to
§4.3. One can notice easily that the small ball inequality for the Haar functions can
be rewritten in a very similar form
n

d−2
2

∑

&

αR hR

R: |R|=2−n

∞

∑

∑

r∈Hdn

R∈Drd

.

αR hR

(192)

1

In fact, (191) can be improved to a somewhat stronger version stronger version.
Define the best hyperbolic cross approximation of f as
EQn ( f ) p =

inf k f − tk p ,

t∈T (Qn )

(193)

where T (Qn ) = {t : t(x) = ∑k: |k|∈Qn ck e2πik·x } is the family of trigonometric polynomials with frequencies in the hyperbolic cross Qn . Then almost the same argument that proves (191) also yields
EQn−3 ( f )∞ &

∑

s∈Yn

δs ( f ) 1 .

(194)

To draw a parallel with the Haar function version, the reader can check that (192)
holds if the summation on the left-hand side is extended to include rectangles of size
|R| ≥ 2−n – the proof given in §4.3 need not even be changed.
Inequalities (191), (4.10) have been applied in [111, 112] to obtain estimates of
entropy numbers and Kolmogorov widths of certain function classes with mixed
smoothness. It was also shown in [112] that inequality (191) cannot hold unless
d = 2. Moreover, it cannot even hold if we replace the L∞ norm on the left by L p ,
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p < ∞ or the L1 norm on the right by Lq , q > 1. Analogously to Conjecture 5, we
can formulate
Conjecture 11 (The trigonometric small ball conjecture). In dimensions d ≥ 2, the
following inequality holds
n

d−2
2

∑ δs ( f )

s∈Yn

&
∞

∑

δs ( f )

s∈Yn

(195)

1

The sharpness of (195) has been established in [112] by a probabilistic argument
of the same flavor as the one presented in §4.2. For more information about these
inequalities, their applications, and hyperbolic cross approximations the reader is
invited to consult [111, 112] as well as the monographs [108, 109].

5 Higher dimensions
While the failure of the product rule or lack of independence are huge obstacles to
the Riesz product method in higher dimensions, they are not intrinsic to our problems. After all, this could be just an artifact of the method.
However, there are direct indications that the small ball inequality is much more
difficult and delicate in dimensions d ≥ 3 than in d = 2. Consider the signed (αR =
±1) case, see (116). In this case, at every point x ∈ [0, 1]d the sum on the left-hand
side has #Hdn ≈ nd−1 terms, while the right-hand side of the inequality is nd/2 . In
dimension d = 2, these two numbers are equal, which means that the L∞ norm is
achieved at those points where almost all the terms have the same sign (the function
Ψ finds precisely those points). In dimensions d ≥ 3 on the other hand, nd−1 is much
greater than nd/2 , while we know that the conjecture is sharp. This means that for
certain choices of coefficients, very subtle cancellation will happen at all points of
the cube, where even in the worst case one sign will outweigh the other by a very
d/2
small fraction, nnd−1 , of all terms. (Of course, in some specific cases, say αR = 1 for
all R, at some points all functions have the same sign and

∑−n αR hR

|R|=2

≈ nd−1 )
∞

For a long time there have been virtually no improvements over the L2 bound
neither in the small ball conjecture, nor in the star-discrepancy bound. In the seminal
1
1989 paper on discrepancy [8], J. Beck gains a factor of (log log N) 8 −ε over Roth’s
L2 bound. A corresponding logarithmic improvement for the small ball inequality
can also be extracted from his argument, although he did not state this result and
apparently was not aware of the connections. In turn, the fact that Beck’s work
implicitly contains progress on Conjectures 8 and 10 in dimension d = 3 eluded
most of the experts in small deviation probabilities and metric entropy.
In 2008, largely building upon Beck’s work and enhancing it with new ideas and
methods, the author, M. Lacey, and A. Vagharshakyan [17], [18], obtained the first
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significant improvement over the ‘trivial’ estimate in all dimensions greater than
two:
Theorem 9. In all dimensions d ≥ 3 there exists η(d) > 0 such that for all choices
of coefficients we have the inequality:
n

d−1 −η(d)
2

∑ −n αR hR

R: |R|=2

& 2−n

∑

|αR |.

(196)

R: |R|=2−n

∞

A modification of the argument to the discrepancy framework (in a way analogous to the one described in the previous section) was also used to obtain an improvement (10) over Roth’s estimate (5) in all dimensions d ≥ 3. (This theorem has
already been stated in the introduction, see Theorem 2; we simply restate it here in
order to show the whole spectrum of theorems obtained by the method.)
Theorem 10. There exists a constant η = η(d), such that in all dimensions d ≥ 3,
for any set PN ⊂ [0, 1]d of N points, the discrepancy function satisfies
kDN k∞ & (log N)

d−1 +η
2

.

(197)

The inequality (196) also directly translates into improved lower bounds of the
small deviation probabilities for the Brownian sheet (Conjecture 10) and the metric
entropy of the mixed derivative spaces (Conjecure 8).
Theorem 11. There exists a constant θ = θ (d), such that in all dimensions d ≥ 3,
the small ball probability for the Brownian sheet satisfies
1
− log P(kBkC([0,1]d ) < ε) & 2
ε



1
log
ε

2d−2+θ
.

(198)

Theorem 12. In dimensions d ≥ 3, the metric entropy of the unit ball of MW 2 ([0, 1]d )
with respect to the L∞ norm satisfies


1
1 d−1+θ /2
log N(ε, 2, d) &
log
.
ε
ε

(199)

Due to the equivalence between the two problems, the value of θ = θ (d) is the same
in both theorems above.
Since complete technical details of the proof of (196), which can be found in
[17, 18, 19] as well as Lacey’s notes on the subject [66], would take up more space
than the rest of this chapter, we shall simply present the main ideas of the argument
and the heuristics behind them. An interested reader can then follow the complete
proof in the listed references.
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5.1 A short Riesz product
The Riesz product constructed in (124) for the proof of the two-dimensional small
ball conjecture turns out to be just too long for a higher dimensional problem.
Consider a very simple example when all αR > 0 and the dimension d is even
(or αR < 0 for odd d). If we take the same product as in (124), ∏r∈Hdn (1 + fr ) with
fr = ∑|R|=2−n sgn(αR )hR , we can easily see that on the dyadic cube of sidelength
2−(n+1) adjacent to the origin all the functions fr are positive, hence all the factors
of the Riesz product are equal to 2. Therefore,

∏ (1 + fr )

r∈Hdn

d

& 2#Hn · 2−d(n+1) .

(200)

1

This number becomes huge for large n as #Hdn ≈ nd−1 . Therefore, this construction
does not stand a chance in dimensions d ≥ 3.
Following the idea of Beck, the test function is constructed as a “short” Riesz
product. For r ∈ Hdn , we consider the r-functions fr = ∑R∈Drd sgn(αR )hR . Let q be
an integer such that q ≈ anε for small constants a, ε > 0. Divide the set {0, 1, . . . , n}
into q disjoint (almost) equal intervals of length about n/q: I1 , I2 ,..., Iq numbered in
increasing order. Let A j := {r ∈ Hdn | r1 ∈ I j }. Each group A j then contains #A j ≈
nd−1 /q vectors. Indeed, the first coordinate r1 can be chosen in n/q ways, the next
d − 2 – roughly in n ways each, and the last one is fixed due to the condition kr k1 =
n. We construct the functions
Fj = ∑ f r .
(201)
r∈A j

√
Due to orthogonality, kFj k2 ≈ #A j ≈ n(d−1)/2 / q. We now introduce the “false”
L2 normalization: ρe = aq1/4 n−(d−1)/2 (a > 0 is a small constant), whereas the “true”
d−1
√
normalization would be somewhat larger, ρ = qn− 2 . We are now ready to define
the Riesz product
p

q

Ψ := ∏ (1 + ρeFj ).

(202)

j=1

Let us explain the effects that this construction creates and compare it to the twodimensional Temlyakov’s test function (124).
First of all, the grouping of r-functions by the values of the first coordinate mildly
mirrors the construction of (124). Here, rather than specifying the value of |R1 |, we
indicate the range of values that it may take. This idea allows us to preserve some
lacunarity in the Riesz product. In particular, if i < j, then, in the first coordinate, the
Haar functions involved in Fj are supported on intervals strictly smaller than those
that support the Haar functions in Fi . It follows that for any k ≤ q and 1 ≤ j1 < j2 <
... < jk ≤ q
Z
[0,1]d

Fj1 (x) · ... · Fjk (x) = 0,

(203)
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since the integral in the first coordinate is already zero (all the Haar functions are
distinct). In particular,
Z
[0,1]d

Ψ (x)dx = 1,

(204)

as (203) implies that all the higher order terms have mean zero. By comparison,
Beck’s [8] construction of the short Riesz product was probabilistic, which made it
much more difficult to collect definitive information about the interaction of different factors in the product.
Secondly, recall that the Riesz product in (124) was non-negative allowing one
to replace the L1 norm with the integral which is much easier to compute. While
in our case positivity everywhere is too much to hope for, it can be shown that the
product is positive with large probability. The “false” L2 normalization ρe makes the
L2 norm of ρeFj small: kρeFj k2 ≈ q−1/4 ≈ n−ε/4  1. Thus (1 + ρeFj ) is positive on
a set of large measure, therefore, so is the product (202). This heuristic is quantified
in (212).
However, we cannot take Ψ to be the test function since we do not know exactly
how it interacts with ∑|R|=2−n αR hR . As explained in the remarks after the product
rule (123), problems arise when the rectangles supporting the Haar functions coincide in one of the coordinates, in other words, when for two vectors r, s ∈ Hdn and
for some k = 1, . . . , d, we have rk = sk . We say that a coincidence occurs in this
situation. We say that vectors {r j }mj=1 ⊂ Hdn are strongly distinct if no coincidences
occur between the elements of the collection, i.e., for all 1 ≤ i < j ≤ m, 1 ≤ k ≤ d,
we have ri,k 6= r j,k . We can then write
Ψ = 1 + Ψ sd + Ψ ¬sd , where
q

Ψ sd =

∑ ρe k
k=1

(205)
!

∑

1≤ j1 < j2 <...< jk ≤q

f f ····· f
r j1
r jk
∑

,

(206)

and the tilde above the innermost sum indicates that the sum is extended over all
collections of vectors {r jt ∈ A jt : t = 1, . . . , k} which are strongly distinct. To put it
simpler, Ψ ¬sd consists of the terms that involve coincidences, and Ψ sd – of the ones
that don’t.

5.2 The Beck gain
The function Ψ sd is then taken to be the test function. Since all the coincidences are
eliminated, the product rule (123) is applicable and an argument similar to (126)(127) can be carried out, provided we can show that kΨ sd k1 . 1.
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5.2.1 Simple coincidences
An enormous part of of the proof of Theorem 9 in [17, 18] is devoted to the study
of analytic and combinatorial aspects of coincidences, i.e. the behavior of Ψ ¬sd . An
important starting point is the following non-trivial lemma, which as a tribute to
József Beck’s ideas [8] we call the Beck gain:
Lemma 10 (Beck gain). For every p ≥ 2 we have the following inequality
fr · fs

∑

.p

2d−1
2

n

2d−3
2

.

(207)

p

r6=s∈Hdn
r1 =s1

The main aspect of this lemma is the precise power of n in the estimate. The
is in fact very natural. Indeed, d-dimensional vectors r and s have
exponent 2d−3
2
d parameters each. The condition krk1 = ksk1 = n eliminates one free parameter
in each vector. Additionally, the coincidence r1 = s1 freezes one more parameter.
Hence, the total number of free parameters in the sum is 2d − 3 and each can take
roughly n values. Thus the total number of terms in the sum is of the order of n2d−3
and (207) essentialy says that they behave as if they were orthogonal. The power of
p doesn’t seem to be sharp (perhaps, 2d−3
2 should also be the correct exponent of p),
but it is important for further estimates that this dependence is polynomial in p, see
e.g. computation (227) and the discussion thereafter.
Another intuitive explanation may be given from the following point of view. It
is not hard to see that

2
(208)
∑ fr · fs = ∑ fr − ∑ fr2
p

r6=s∈Hdn

r∈Hdn

r∈Hdn

p

2

≤

∑

+ #Hdn ≈ nd−1 ,

fr
2p

r∈Hdn

d−1

since #Hdn ≈ nd−1 and the L2p norm of F = ∑r∈Hdn fr is of the order n 2 as was
shown in (88) using the Littlewood–Paley
inequalities. Therefore, by imposing the
√
condition r1 = s1 one gains n in the estimate, which explains the name that the
authors have given to this estimate.
This lemma, albeit in a weaker form (just for p = 2 and with a larger power of
n) appeared in the aforementioned paper of Beck [8]. In his argument, in order to
compute the L2 norm, Beck expands the square of the sum:
2

∑
r6=s∈Hdn
r1 =s1

fr · fs

Z

=
2

∑

[0,1]d
r6=s, u6=v
r1 =s1 , u1 =v1

fr · fs · fu · fv dx.

(209)

Notice that each integral above is equal to zero unless the four-tuple of vectors
(r, s, u, v) ∈ (Hdn )4 has a coincidence in each coordinate. Careful and lengthy com-

64

Dmitriy Bilyk

binatorial analysis of the arising patterns of coincidences then leads to the desired
inequality.
The extension and generalization obtained in [17, 18] is achieved by replacing the
process of expanding the square by the applications of the Littlewood–Paley square
function (66), which is a natural substitution in harmonic analysis, when one wants
to pass from L2 to L p , p 6= 2. Every application of the Littlewood–Paley inequality
√
(68) yields a constant B p ≈ p. The lemma was initally proved in d = 3 [17] and
then extended to d ≥ 3 [18] by a tricky induction argument. The reader is invited to
see see [17, Lemma 8.2], [18, Lemma 5.2] for complete details.

5.2.2 Long coincidences
As we shall see, Lemma 10 is very powerful and yields important consequences,
e.g. (212)-(213). Yet it is only a starting point in the analysis. One needs to analyze
more complicated instances of coincidences which arise in Ψ ¬sd . Their high combinatorial complexity in large dimensions aggravates the difficulty of the problem.
Further success of the Riesz product method requires inequalities of the type

∑ fr1 · ... · frk

M

p

. pαM n 2 ,

(210)

where the sum is extended over all k-tuples r1 , ..., rk with a specified configuration
of coincidences and M is the number of free parameters imposed by this configuration; α > 0 is a constant which is conjectured to be 21 . Estimates of this type suggest
that free parameters behave orthogonally even for longer coincidences.
These patterns of coincidences may be described by d-colored graphs G = (V, E),
where the set of vertices V = {1, ..., k} corresponds to vectors r1 , ..., rk , and two
vertices i and j are connected by an edge of color m, m = 1, ..., d if the vectors ri
and rj have a coincidence in the mth coordinate: ri,m = r j,m .
In the case of a single coincidence, when k = 2 and the graph describing the
coincidence consists of two vertices and one edge, estimate (210) turns precisely
into inequality (207) of Lemma 207. At present, inequality (210) in full generality
is only a conjecture. In [17, 18] a partial result with a larger power of n is obtained
for k > 2. Namely, it is proved that, if the summation is taken over a fixed pattern of
coincidences of length k, the following estimate holds for some γ > 0

d−1 −γ ·k
Ck
2
f
·
...
·
f
.
p
n
.
(211)
r
r
∑ 1
k p
In other words, we have a gain proportional to the total length of the coincidence.
This would later allow one to sum the estimates over all possible patterns of coincidences.
Roughly speaking, this inequality is proved by choosing a large matching (disjoint collection of edges) in the associated graph. Each edge in the matching corresponds to a simple coincidence to which an analog of the Beck gain lemma (207)
may be applied, see [18, Theorem 8.3] for details. This approach, in particular, puts
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a restriction on the size of the gain. Consider, for example, a star-like graph with d
edges of d distinct colors, which connect a single vertex (center) to d other vertices.
The largest matching in such a graph consists of one edge. Therefore, in general, one
cannot expect a matching of size more than k/d, which immediately yields γ . 1/d.

5.3 The proof of Theorem 9
In this subsection we shall outline the main steps and ideas of the proof of Theorem
9 based on the construction of the short Riesz product and the Beck gain.
The ultimate goal of constructing the short Riesz product Ψ (202) was to produce
an L1 test function Ψ sd . The fact that Ψ sd has bounded L1 norm is proved through a
series of estimates which are gathered in the following technical lemma (see Lemma
4.8 in [18]):
Lemma 11. We have the following estimates:
√
µ({Ψ < 0}) . exp(−A q) ;
√
kΨ k2 . exp(a0 q) ;

(212)
(213)

Z

Ψ (x)dx = 1 ;

(214)

kΨ k1 . 1 ;

(215)

¬sd

k1 . 1 ;

(216)

kΨ k1 . 1 ,

(217)

kΨ

sd

where 0 < a0 < 1 is a small constant, A > 1 is a large constant, and µ is the Lebesgue
measure.
While we shall not give complete proofs of most of these inequalities, some remarks,
explaining their nature and the main ideas, are in order.
We start with the first two inequalities (212)-(213) which are consequences of
the Beck gain (207) for simple coincidences.

5.3.1 The distributional estimate (212)
Inequality (212) is a quantification of the fact discussed earlier that, due to the false
L2 normalization ρe, Ψ is negative on a very small set. Indeed, since Ψ = ∏qj=1 (1 +
ρeFj ), we have
q

µ({Ψ < 0}) ≤

q

∑ µ({ρeFj < −1}) = ∑ µ

j=1

j=1

{ρFj < −

1√
4 q ),
a

(218)
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where we have replaced the ‘false’ L2 normalization ρe = aq1/4 /n(d−1)/2 by the
d−1
√
‘true’ one ρ = q/n 2 . Let us view the functions Fj as a sum of ±1 random
variables. If all of them were independent, we would be able to deduce estimate
(212) immediately using the large deviation bounds of Chernoff-Hoeffding type,
see e.g. (119), much in the same way as in (120). However, the presence of coincidences destroys independence. The Beck gain estimate (207) allows one to surpass
this obstacle.
In fact, a weaker version of (212) can be proved without referring to the Beck
gain. We have, for all p > 1,
√
√
q
q d−1
1
d−1
(219)
kρFj k p = d−1 ∑ fr . d−1 p 2 (#A j ) 2 . p 2 .
2
2
n
n
p
r∈A j
This estimate follows from successive applications of the Littlewood–Paley inequality (68) in the first d − 1 coordinates (the last one is not needed due to the restriction
|R| = 2−n ) and is identical to the calculation leading to (85). A constant of the order
√
p arises each time we apply the square function. This shows, using the equivalent definitions of the exponential Orlicz norms (75), that kρFj kexp(L2/(d−1) ) . 1 and
√ 
hence µ {ρFj < − 1a 4 q} . exp(−Cq1/2(d−1) ).
To get the desired exp(L2 ) bound, one would have to use Littlewood–Paley just
once in order to get the constant of p1/2 on the right-hand side. Therefore, the strategy to obtain the sharper inequality (212) is the following: we apply the Littlewood–
Paley inequality to ρFj just in the first coordinate. The “diagonal” terms yield a
constant, while the rest of the terms are precisely the ones that have a coincidence
in the first coordinate and are governed by the Beck gain. To be more precise, recall that Fj = ∑r: r1 ∈I j fr and apply the Littlewood–Paley square function in the first
coordinate


2 1/2
√
√
2
kρFj k p . pkS1 (Fj )k p = p
ρ
(220)
f
∑
∑ r
r: r1 =t

t∈I j

=

√

p ρ2

∑

fr2 + ρ 2

r∈A j

∑

fr · fs
p/2

r6=s∈A j
r1 =s1




.

p

1/2

√ 
p 1 + ρ 2

1/2

∑

r6=s∈A j
r1 =s1

fr · fs
p/2


.

The diagonal term above is bounded by a constant since fr2 = 1 and ρ −2 = nd−1 /q
is roughly equal to the number of elements of A j . The Beck gain estimate (207) can
be applied to the second term to obtain
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fr · fs

.
p/2

r6=s∈A j
r1 =s1

q
nd−1

p

2d−1
2

n

2d−3
2

1

1

= qpd− 2 n− 2 . 1

(221)

when p is not too big. Hence for relatively small values of p, the Beck gain term
will not dominate over the diagonal term. For this range of exponents p we obtain
√
kρFj k p . p. This inequality for the full range of p by (75) would have implied
kρFj kexp(L2 ) . 1. Even though this estimate cannot be deduced in full generality,

repeating the proof of (75) we can find that µ {ρFj < −t} . exp(−Ct 2 ) for moderate values of t, and (212) will follow. t
u

5.3.2 The L2 bound (213)
An explanation for the L2 bound (213) may again be given using the heuristics of
probability theory. If Fj ’s were independent random variables, we would immediately have (213):
Z

q

q

∏ (1 + ρeFj )2 dx = ∏
j=1

j=1
q

Z

(1 + ρeFj )2 dx

(222)



2√
a2 q
≤ ea q .
≤ ∏ (1 + ρe2 kFj k22 ) ≤ 1 + √
q
j=1
While they are not independent, one can apply a conditional expectation argument
and Beck gain (207), since the lack of independence is the result of coincidences.
We can see from the discussion of the first two conclusions of Lemma 11 that,
from the probabilistic point of view, the Beck gain estimate (207) compensates for
the lack of independence.

5.3.3 The integral and the L1 norm of the Riesz product Ψ (214)-(215)
Equality (214) has already been explained, see (204). It follows from the fact that
the functions Fj , j = 1, . . . , q are orthogonal already in the first coordinate, since
they consist of Haar functions of different frequencies.
Even though Ψ is not positive unlike in the two-dimensional case, the L1 estimate
(215) easily follows from the previous three inequalities (212)-(214) using Cauchy–
Schwarz inequality:
kΨ k1 =

Z

Ψ (x)dx − 2

Z
{Ψ <0}

Ψ (x)dx ≤ 1 + 2µ({Ψ < 0})1/2 · kΨ k2

√
√
. 1 + exp(−A q/2 + a0 q) . 1. t
u

(223)
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5.3.4 The L1 norm of coincidences (216)
Estimate (216) is the deepest part of this result and follows from the scrupulous
analysis of coincidences which was outlined in §5.2, especially the bounds for long
coincidences.
Recall that, as explained in §5.2.2, we describe long coincidences by d-colored
graphs. Let the set of vertices be V = V (G) ⊂ {1, ..., q} and impose an additional
condition that s ∈ V (G) implies rs ∈ As . This assumption reflects the way the vectors
in the Riesz product are grouped. Denote by
SumProduct(G) := ∑

frs ,

∏

(224)

s∈V (G)

where the sum is extended over all tuples of vectors {rs }s∈V (G) with rs ∈ As whose
pattern of coincidences is described by the graph G. This is precisely the object
whose norm is estimated in the Beck gain inequality for longer coincidences (211).
We can then represent the non-distinct part of the Riesz product Ψ as a sum over
all possible configurations of coincidences as follows
Ψ ¬sd = ∑ ρe|V (G)| (−1)ind(G)+1 · SumProd(G) ·
G

∏

(1 + ρeFj ).

(225)

s6∈V (G)

Here the sum is taken over all ‘admissible’ graphs – graphs that describe a realizable
pattern of coincidences. The parameter ind(G) is simply a proper parameter needed
in order to take care of the overlaps of different patterns of coincidences and to
produce a correct version of the inclusion-exclusion formula. It is defined as the
total number of equalities which describe the given arrangement of coincidences.
For a given pattern G, the factor SumProd(G) gives all possible products arising
from this pattern, while ∏s6∈V (G) (1 + ρeFj ) is the part of the Riesz product which is
not involved in the given configuration of coincidences. Observe that in general the
function ∏s6∈V (G) (1 + ρeFj ) satisfies more or less the same estimates as the full Riesz
product Ψ itself, since it is of nearly identical form.
We shall interpolate between L1 (215) and L2 (213) estimates of the Riesz product
∏s6∈V (G) (1 + ρeFj ) to bound its L p norm and find that, when p gets sufficiently close
to 1, it is bounded by a constant. This is quite natural since its L1 norm is bounded
by a constant and it is
a limit of L p norms as√p approaches 1. To be more precise, we
√
√ 0
q
q−2
take p = ( q) = √q−1 . In this case, 1p = √q · 1 + √2q · 21 . For the sake of brevity
we denote ΨV (G)c := ∏s6∈V (G) (1 + ρeFj ). We then obtain
√
√
( q−2)/ q

kΨV (G)c k(√q)0 ≤ kΨV (G)c k1

√
2/ q

· kΨV (G)c k2

. 1·e

√
a0 q· √2q

. 1.

(226)

We are now ready to estimate the L1 norm of Ψ ¬sd , the non-distinct part of Ψ . From
(225) we have
kΨ ¬sd k1 ≤ ∑ ρe|V (G)| kSumProd(G) ·ΨV (G)c k1
G

(227)
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≤ ∑ ρe|V (G)| kSumProd(G)k√q · kΨV (G)c k(√q)0
G
q

.
.

v

∑

∑

∑

q n

q 4 n−

d−1 ·v
2

v=2 G: |V (G)|=v
q  
q vd (C0 ε−γ)·v
v=2 v
−γ 0

. qn

· qCv n

d−1 −γ
2



·v

·1

0

≤ n−γ + 1)q − 1

.1

provided that ε is small enough. Here we have applied the Beck gain for long coincidences (211) to SumProd(G) and the interpolation estimate (226) to ΨV (G)c .
The number of admissible graphs with the given vertex set of v vertices can be
controlled in the following way. Let us initially look at coincidences in a single
coordinate. The number of ways to have a single coincidence is at most 2v (every
vertex either participates in a coincidence or not), for two coincidences the number
of possibilities is at most 3v (every vertex is in the first, second, or none of the
coincidences), etc. Hence the total number of possibilities is no more than 2v + 3v +
... + (v/2)v . vv . If we now consider coincidences in all coordinates, the number of
patterns is bounded by (vv )d ≤ qvd .
This computation reveals the motivation for some of the previously discussed
estimates as well as the arising limitations.
• First of all, we see from the last two lines of the inequality that the amount of
gain in (196) is forced to be bounded by the amount of the Beck gain (211).
More precisely, we need ε . γ in order to have qC  nγ . Moreover, the estimate
on the total number of graphs qvd ≈ nεvd suggests that ε . d1 γ. Since γ . d1 as
explained in §5.2.2, this tells us that the gain η(d) in Theorem 9 coming from
thus argument is at most ε . 1/d 2 .
√
• Besides, we see that in order to bound the norm of ΨV (G)c , the index ( q)0 needs
√
to be sufficiently close to 1, hence q is rather large. Therefore, it is really important to be able not only to estimate the norm of the terms involving coincidences
SumProd(G) in L p spaces for p ≥ 2, but also to be able to track how the implicit
constants depend on the integrability index p.
The computation(227) finishes the proof of (216) and leaves us just one little step
away from the proof of Theorem 9.

5.4 The L1 norm of Ψ sd (217) and the conclusion of the proof
Since Ψ sd = Ψ − 1 −Ψ ¬sd , the sought bound (217) is trivially implied by the previous two. We can now conclude the proof of Theorem 9 following the lines of
(126)-(127):
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∑

R∈D d : |R|=2−n

&

αR hR

∑

αR hR ,Ψ sd

∑

αR hR , ρe


(228)

|R|=2−n

∞




=

|R|=2−n

= ρe

∑

sgn(αR )hR

|R|=2−n

αR · sgn(αR ) · khR k22

∑

R∈D d : |R|=2−n

≈ n−

d−1 + ε
2
4

2−n ·

∑

|αR |,

|R|=2−n

so, (196) holds with η = ε/4. t
u

5.5 The signed small ball inequality
The signed small ball inequality, i.e. a version with αR = ±1 for each R, see (116)
may be viewed as a toy model of Conjecture 5. It avoids numerous technicalities,
while preserving most of the complications arising from the combinatorial complexity of the higher dimensional dyadic boxes. In [19], the same authors came up with
a significant simplification of the arguments in [17, 18] for the signed case – it only
required the simplest estimate for coincidences (207), and not the more complicated
(210). It yielded the bound

∑−n αR hR

|R|=2

∞

&n

d−1 +η
2

(229)

for αR = ±1 in all dimensions and allowed them to obtain an explicit value of the
1
gain η(d) = 8d
− ε.
In fact, given Lemma 11, it is quite easy to produce a proof of the “improvement
of the L2 estimate” (229), which is just (196) restricted to the signed case αR = ±1.
We provide this proof below.

5.5.1 The proof of the signed version of Theorem 9
We shall use the same short Riesz product Ψ = ∏qj=1 (1 + ρeFj ) defined in (202).
Recall that Fj = ∑r∈A j fr , where A j := {r ∈ Hdn : n( j−1)
≤ r1 < nqj }, i.e. the first
q
component of r lies in the jth subinterval of {1, 2, . . . , n}. Notice that in the signed
case the expression inside the L∞ norm in the small ball inequality simply equals the
sum of all Fj ’s:
q

Hn =

∑−n αR hR = ∑ Fj .

|R|=2

j=1

(230)
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Unlike the general case, we can now take the product Ψ itself to be the dual test
function, rather than extracting its “coincidence-free” part. The coincidences will
be taken care of inside the argument. We first look at the inner product of a single
q

Fj with Ψ . Denote by Ψ6= j =

∏

i=1, i6= j
the jth

(1 + ρeFi ) the part of the Riesz product which

consists of all factors except
one. Note that its structure is virtually indistinguishable from that of the full product, hence Ψ6= j satisfies essentially the same
estimates as Ψ itself, see Lemma 11. Another important observation is that Fj is orthogonal to Ψ6= j : because of the structure of the product there are no coincidences in
the first coordinate, thus, in the first component, Fj and Ψj consist of Haar functions
of different frequencies. We then obtain
hFj ,Ψ i = h

fr ,Ψ i =

∑

r∈A j

= ρe

∑ h fr , (1 + ρeFj ) ·Ψ6= j i

r∈A j

∑ h fr2 ,Ψ6= j i + ρehΦ j ,Ψ6= j i

(231)

r∈A j

= ρe(#A j ) + ρehΦ j ,Ψ6= j i,
where Φ j is exactly the expression arising in the Beck gain estimate (207)
Φj =

fr · fs .

∑

(232)

r,s∈A j , r6=s, r1 =s1

The second line of the above computation (231) reflects the fact that the integral
of frΨ is equal to zero unless we get a coincidence in the first coordinate; and this
coincidence
may arise in two ways – when fr hits itself (in which case, since fr2 = 1
R
and Ψ6= j = 1, we simply pick up the cardinality of A j ) or when it is paired with a
different vector from A j with the same first coordinate (so that the Beck gain (207)
may be applied). We shall see that the former will be the main term in the estimate,
while the latter may be treated as the error term.
Just as in (226), interpolation between L1 (215) and L2 (213) estimates of the
Riesz product Ψ6= j shows that the L p √
norm kΨ6= j k p is at most a constant. Copying
√ 0
q
√
(226), we need to take p = ( q) = q−1 to obtain
√
√
( q−2)/ q

kΨ6= j k(√q)0 ≤ kΨ6= j k1

√
2/ q

kΨ6= j k2

. 1·e

√
a0 q· √2q

. 1.

(233)

We can now apply Hölder’s inequality, the Beck gain (207), and the previous inequality to estimate
√
|hΦ j ,Ψ6= j i| ≤ kΦk√q kΨ6= j k(√q)0 . ( q)d−1/2 nd−3/2 · q−1/2 ,

(234)

where the extra factor of q−1/2
from the restriction r, s ∈ A j , which means
 comes 
nj
that the parameter r1 = s1 ∈ n( j−1)
can actually be chosen in n/q ways rather
q , q

72

Dmitriy Bilyk

than n. Recalling that ρe ≈ q1/4 n−(d−1)/2 , q ≈ nε , and (#A j ) ≈ nd−1 /q, together with
the fact that kΨ k1 . 1, we obtain
q

kHn k∞ & |hHn ,Ψ i| =

∑ hFj ,Ψ i

j=1
1
4

≈q n

d−1
2

−q

d+1
2

n

d−2
2

&n



d 3
3
& qρe #A j − q 2 − 4 nd− 2
d−1 + ε
2
4

,

(235)

provided that ε is small enough, so that the second term is of smaller order of magnitude than the first one. This happens precisely when ε < d2 which already yields
the aforementioned restriction η(d) ≈ d1 . An even more stringent condition on ε
(yet still yielding the same rate of decay in terms of the dimension) arises from the
proof of the L2 estimate of Ψ (213).
The reader is reminded that estimate (215), kΨ k1 . 1, which is used in this
proof, only relied on the L2 bound (213), which in turn exploited only the simplest
case of the Beck gain (207) for a single coincidence. In other words, one does not
need to consider long coincidences – dealing with Ψ ¬sd can be avoided altogether.
Thus the proof of estimate (196) in the signed case circumvents the heavy analytic
and combinatorial investigation of coincidences and indeed allows for tremendous
simplifications of the argument.
We close the discussion of the signed version of the small ball inequality by
outlining two other potential points of view and approaches to the problem.

5.5.2 A new approach: independence and conditional expectation
In dimension d = 2, the signed small ball inequality (111) can be easily proved as
a consequence of the independence of the random variables fr , which is easy to
check. Independence implies
n

P( fr = 1 : r = (k, n − k), k = 0, ..., n) = ∏ P( f(k,n−k) = 1) =
k=0

1
> 0,
2n+1

(236)

i.e. on a set of positive measure the all the functions fr are positive. On this set
therefore
n

∑−n εR hR (x) = ∑ f(k,n−k) (x) = n + 1,

|R|=2

(237)

k=0

which proves Conjecture 6 in dimension d = 2.
In higher dimensions, due to possible coincidences in vectors r ∈ Hdn , independence of the functions fr no longer holds. This shortcoming can be partially compensated for by delicate conditional expectation arguments. The proof of the threedimensional version of inequality (229) in [21] yields the best currently known gain:
η(3) = 18 . Unfortunately, at this time it is not clear how to transfer this method to
the discrepancy setting or extend it to higher dimensions.
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5.5.3 L1 approximation
An alternative viewpoint stems from the close examination of the structure of the
two-dimensional Riesz products Ψ . Consider again the signed case αR = ±1 and
denote Hn = ∑|R|=2−n αR hR . It can be shown that kHn k1 ≈ kHn k2 ≈ n1/2 . Indeed,
1/3

2/3

Hölder’s inequality implies that kHn k2 ≤ kHn k1 · kHn k4 . It is easy to see that
kHn k2 ≈ kHn k4 ≈ n(d−1)/2 = n1/2 (the computation of the L4 norm is identical to
(88)). The estimate for the L1 norm of Hn then follows.
Equality (125), on the orther hand, implies that the L1 norm of Hn − (−Ψ>n ) is
at most 1 + kΨ k1 = 2, i.e. Hn , the hyperbolic sum of Haar functions of order n, can
be well approximated in the L1 norm by a linear combination of Haar functions of
higher order. In fact, the Small Ball Conjecture 5 would follow if we can prove that
for any choice of αR = ±1 we have
!
distL1

∑ −n αR hR , H>n

.n

d−2
2

,

(238)

R: |R|=2

where H>n is the span of Haar functions supported by rectangles of size |R| < 2−n .
These ideas are not new. In fact, in [107, 1980] (see also [108]), more than
ten years prior to the proof of the small ball inequality (111) in dimension d = 2,
Temlyakov has used a very similar Riesz product construction in order to prove an
analog of the statement described above, namely, that trigonometric polynomials
with frequencies in a hyperbolic cross (see §4.10) can be well approximated in the
L1 norm by a linear combination of harmonics of higher order.

6 Low discrepancy distributions and dyadic analysis
Most of the content of this chapter so far has been concerned with proofs of various
lower bounds for the discrepancy. In the last section we would like to illustrate how
Roth’s idea of incorporating dyadic harmonic analysis into discrepancy theory helps
in proving some upper discrepancy estimates.

6.1 The van der Corput set
We recall a very standard construction, the so-called “digit-reversing” van der Corput set [39], also known as the Hammersley point set. This distribution of points is
constructed in the following simple, yet very clever fashion. For N = 2n define a set
Vn consisting of 2n points
Vn = {(0.x1 x2 . . . xn , 0.xn xn−1 . . . x1 ) : xk = 0, 1; k = 1, . . . , n},

(239)
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where the coordinates are written as binary fractions. That means that the binary
digits of the y-coordinate are exactly the digits of the x-coordinate written in the
reverse order. Very roughly speaking, the effect of this construction is the following:
if the x-coordinate changes a little, the y-coordinate changes significantly (although
this is not exactly true), hence this set is well spreaded over the unit square.
Indeed, its star-discrepancy is optimal in the order of magnitude,
kDVn k∞ ≤ n + 1 ≈ log N.

(240)

This fact has been shown by van der Corput for the corresponding one-dimensional
infinite sequence. Halton [53] and Hammersley [55] later transferred the idea to the
multidimensional setting to construct the sets with the best currently known order
of magnitude of the star-discrepancy, (log N)d−1 .
A crucial property of the van der Corput set, which allows one to deduce such
a favorable discrepancy bound is the fact that it forms a dyadic (or binary) net of
order n: any dyadic rectangle R of area |R| = 2−n contains precisely one point of Vn ,
and hence the discrepancy of Vn with respect to such rectangles is zero. For more
information on nets, their constructions, and properties, the reader is referred to §3
of the chapter by J. Dick and F. Pillichshammer in the current book as well as [43].

6.1.1 The L2 discrepancy of the van der Corput set
Different norms of the discrepancy function of variations of this set have been studied by many authors: [15],[20], [36], [39], [45], [54], [57], [61], [68], [86] to name
just a few. We do not claim to present a complete survey of these results here – a
comprehensive survey of numerous interesting properties of this elementary and at
the same time wonderful set is yet to be written. Instead, we concentrate only on
some estimates which we find most relevant to the theme of this chapter. Naturally,
we shall start with the L2 discrepancy.
It is well known that, while Vn has optimal star-discrepancy,
its L2 discrepancy is
√
also of the order log N as opposed to the optimal log N. The problem actually lies
in the fact that
Z
n
DVn (x)dx = + O(1) ≈ log N
(241)
8
as observed in [54, 36, 15, 57]. Therefore, of course, kDVn k2 & log N.
One can look at this from a different point of view: (241) means that in any
reasonable orthogonal (Haar, Fourier, wavelet, Walsh etc) decomposition of DVn the
zero-order coefficient is already too big, so, by Plancherel’s theorem, the L2 norm
is big. However, it turns out that the input of all the other coefficients is exactly of
the right order, see e.g. [54, 20, 15], hence (241) is the only obstacle. Halton and
Zaremba [54] showed that
DV n

2
2

=

n2
+ O(n),
26

(242)
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which in conjunction with (241) proves this point.
There are several standard remedies which allow one to alter the van der Corput
set so as to achieve the optimal order of the LR 2 discrepancy. All of them, explicitly
or implicitly, deal with reducing the quantity DVn (x)dx. Here is a brief list of these
methods.

(i) Random shifts:
Roth [86, 87] has demonstrated that there exists a shift of Vn modulo 1 which
achieves optimal L2 discrepancy. The proof was probabilistic: it was shown
that the expectation over random shifts has the right order of magnitude
p
(243)
Eα kDVn, α k2 . log N,


where Vn, α = (xR + α) mod 1, y : (x, y) ∈ Vn . A straightforward calculation shows that Eα DVn (x)dx = O(1). A deterministic example of such a shift
was constructed recently in [15].

(ii) Symmetrization.
This idea was introduced by Davenport [42] to construct the first example of a
set with optimal order of L2 discrepancy in dimension d = 2. His example was

N
k
a symmetrized irrational lattice, i.e.
± N , {kα}
, where α is an irrak=1

tional number with bounded partial quotients of the continued fraction expansion and {x} is the fractional part of x. Roughly speaking, the symmetrization
‘cancels out’ the zero-order term of the Fourier expansion of DN . A similar
idea was applied to the van der Corput set in [36].

(iii) Digit shifts (digit scrambling).
The method goes back to [54] in dimension d = 2 and [30] in higher dimensions. In the case of the van der Corput set it works extremely well and may
be easily described. Fix an n-bit sequence of zeros and ones σ = (σk )nk=1 ∈
{0, 1}n . We alter Vn as follows:

Vnσ = (0.x1 x2 . . . xn , 0.(xn ⊕ σn )(xn−1 ⊕ σn−1 ) . . . (x1 ⊕ σ1 )) :
(244)
xk = 0, 1; k = 1, . . . , n ,
where ⊕ denotes addition modulo 2. To put this definition into simple words,
we can say that after flipping the digits, we also change some of them to the
opposite (we ‘scramble’ or ‘shift’ precisely those digits for which σk = 1).
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This procedure has been thoroughly studied for the van der Corput set. It is
well known that it improves its distributional qualities in many different senses
[61, 45]. In particular, when approximately half of the digits are shifted, i.e.
∑ σk ≈ n2 , this set has optimal order of magnitude of the L2 discrepancy [54,
62, 20].
There is a natural explanation for this phenomenon which continues the line
of reasoning started by (241). If one views the digits
x as independent 0 − 1
R i
random variables and tries to compute the quantity DVn (x)dx, one inevitably
encounters expressions of the type Exi · x j . And while for i 6= j we obtain
E xi · x j = 14 , in the ‘diagonal’ case this quantity is twice as big, Exi2 = 21 . And
this occurs n = log2 N times which leads to the estimate (241). However, if
the digit xi is scrambled, we have E xi · (1 − xi ) = 0. Therefore, one should
scramble approximately one half of all digits in order to compensate for the
‘diagonal’ effect. The details are left to the reader and can be also found in the
aforementioned references.
The nice dyadic structure of this set makes it perfectly amenable to the methods
of harmonic analysis. For example, in [15] it is analyzed using Fourier series, in [68,
35, 36, 43] the authors exploit Walsh functions (the Walsh analysis of the van der
Corput sets is nicely described in the chapter by W. Chen and M. Skriganov in the
current volume), while the estimates in [20, 57] are based on the Haar coefficients
of DVn . We shall focus on the latter results as they directly relate to Roth’s method,
the main topic of our chapter, and complement previously discussed lower bounds.

6.1.2 Discrepancy of the van der Corput set in other function spaces
It has been shown in [20] that the BMO (107) and exp(Lα ) (109) lower estimates
in dimension d = 2, which we presented in §3.4 are sharp. In particular, for the
digit-shifted van der Corput set Vnσ with ∑ σk ≈ n2 and for α ≥ 2 we have
1

kDVnσ kexp(Lα ) . (log N)1− α .
In the case of the BMO norm, the standard van der Corput set satisfies
p
kDVn kBMO . log N.

(245)

(246)

These inequalities were based on estimates of the Haar coefficients of the discrepancy function, namely

|hDVnσ , hR i| . min 1/N, |R| .
(247)
This estimate for small rectangles is straightforward. The counting and linear part
can be bounded separately. The estimate for the counting part relies on the fact that
Vnσ is a dyadic net and thus there cannot be too many points in a small dyadic
box, while the contribution of the linear part as computed in (33) is of the order
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N|R|2 . |R|. In turn, coefficients corresponding to large rectangles involve subtle
cancellations suggested by the structure and self-similarities of Vnσ . We point out
that, in accordance with Roth’s principle (24), the cutoff between ‘small’ and ’large’
rectangles occurs at the scale |R| ≈ N1 . The BMO and exp(Lα ) can then be obtained
by applying arguments of Littlewood–Paley type.
Almost simultaneously to these results, the Besov norm of the same digit-shifted
van der Corput set has been estimated using a very similar method in [57], see also
[76]. In fact, this work went much further: all the Haar coefficients of DVnσ have
been computed exactly. This led to showing that the lower Besov space estimate
(101) of Triebel [115] is sharp in d = 2, more precisely
1

kDVnσ kSrpq B([0,1]d ) . N r (log N) q

(248)

for 1 ≤ p, q ≤ ∞, 0 ≤ r < 1p .
6.1.3 The structure of the Riesz product and the van der Corput set
We close our discussion of the van der Corput set with an amusing observation
which pinpoints yet another connection between the small ball inequality (111) and
discrepancy.
Consider the two-dimensional case of the small ball inequality and assume
that all the coefficients αR are non-negative. Recall Temlyakov’s test function
n

(124): Ψ = ∏ 1 + fk . In this case, since sgn(αR ) = +1, the r-functions fk =
k=1

∑|R|=2−n , |R1 |=2−k hR are actually Rademacher functions. As explained in the very
beginning of §4.6, the Riesz product Ψ captures the set where all the functions fk
are positive. To be more precise, Ψ = 2n+1 1E , where E = {x ∈ [0, 1]2 : fk (x) =
+1, k = 0, 1, . . . , n}.
We shall describe the geometry of the set E. Evidently, it consists of 2n+1 dyadic
squares of area 2−2(n+1) . We characterize the locations of the lower left corners of
these squares. If t ∈ [0, 1] and a dyadic interval I of length 2−k contains t, then
hI (t) = −1 if the (k + 1)st binary digit of t is 0, and hI (t) = 1 if it is 1. Thus
fk (x1 , x2 ) = +1 exactly when the (k + 1)st digit of x1 and the (n − k + 1)st digit
of x2 are the same, either both 0, or both 1. Therefore, (x1 , x2 ) ∈ E when this holds
for all k = 0, 1, . . . , n, i.e. the first n + 1 binary digits of x2 are formed as the reversed
sequence of the first n + 1 digits of x1 – but this is precisely the definition of the van
der Corput set Vn+1 ! Therefore
E = Vn+1 + [0, 2−(n+1) ) × [0, 2−(n+1) ),

(249)

i.e. the Riesz product, which produces the proof of the small ball conjecture (5), is
essentialy supported on the standard van der Corput set. Notice also that replacing
fk by − fk results in ‘scrambling’ the kth digit in the van der Corput set.
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