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Among all linear operators on Hilbert spaces, the compact ones (defined below) are the simplest, and most
closely imitate finite-dimensional operator theory. In addition, compact operators are important in practice.
We prove a spectral theorem for self-adjoint compact operators, which does not use broader discussions
of properties of spectra, only using the Cauchy-Schwarz-Bunyakowsky inequality and the definition of self-
adjoint compact operator.

1. Boundedness, continuity, operator norms

[1.0.1] Definition: A linear (not necessarily continuous) map 7 : X — Y from one Hilbert space to another
is bounded if, for all € > 0, there is 6 > 0 such that |Tx|y < ¢ for all z € X with |z|x < J.

[1.0.2] Proposition: For a linear, not necessarily continuous, map 7' : X — Y of Hilbert spaces, the
following three conditions are equivalent:
(i) T is continuous

(ii) T is continuous at 0
(iii) T is bounded

Proof: For T continuous as 0, given € > 0 and z € X, there is small enough § > 0 such that |T2’ — 0|y < e
for |2/ — 0]x < 4. For 2" — z|x < 4, using the linearity,

T2" —Tx|x = |T(2" —2)—0|x < 6
That is, continuity at 0 implies continuity.

Since |x| = |x — 0], continuity at 0 is immediately equivalent to boundedness. /]

[1.0.3] Definition: The kernel ker T of a linear (not necessarily continuous) linear map 7 : X — Y from
one Hilbert space to another is
kerT = {z e X:Te=0€Y}

[1.0.4] Proposition: The kernel of a continuous linear map 7': X — Y is closed.
Proof: For T continuous
kerT=T"0} = X -TY(Y -{0}) = X —T *(open) = X —open = closed
since the inverse images of open sets by a continuous map are open. ///
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[1.0.5] Definition: The operator norm |T| of a linear map 7' : X — Y is

operator norm T = |T| = sup  |Tx|y
zeX :|z|x <1

[1.0.6] Corollary: A linear map T : X — Y is continuous if and only if its operator norm is finite. ///

2. Adjoint maps

[2.0.1] Definition: An adjoint T* of a continuous linear map 7': X — Y from a pre-Hilbert space X to a
pre-Hilbert space Y (if T* exists) is a continuous linear map T* : Y — X such that

(Tz,y)y = (,Ty)x
[2.0.2] Remark: When a pre-Hilbert space X is not complete, that is, is not a Hilbert space, an operator
T : X — Y may fail to have an adjoint.

[2.0.3] Theorem: A continuous linear map 7' : X — Y from a Hilbert space X to a pre-Hilbert space Y
has a unique adjoint T*.

[2.0.4] Remark: The target space of T' need not be a Hilbert space, that is, need not be complete.

Proof: For each y € Y, the map
Ay: X —C

given by

is a continuous linear functional on X. By Riesz-Fischer, there is a unique xz, € X so that

(Tz,y) = Ay(z) = (2,2y)

Try to define T by T*y = x,. This is a well-defined map from Y to X, and has the adjoint property
(Tz,y)y = (x,T"y)x.

To prove that T* is continuous, prove that it is bounded. From Cauchy-Schwarz-Bunyakowsky
T*y1* = [Ty, T y)x| = [y, TT y)v| < |yl - [TT*y| < |y|-|T|-|T*y|
where |T| is the operator norm. For T*y # 0, divide by it to find
Ty < |yl [T

Thus, |T*| < |T|. In particular, T is bounded. Since (T*)* = T, by symmetry |T'| = |T*|. Linearity of T*

is easy. ///
[2.0.5] Corollary: For a continuous linear map 7' : X — Y of Hilbert spaces, T** = T. ///
An operator T' € End(X) commuting with its adjoint is normal, that is,

TT* = T*T
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This only applies to operators from a Hilbert space to itself. An operator T is self-adjoint or hermitian if
T =T*. That is, T is hermitian when

(Tz,y) = (x,Ty) (for all z,y € X)
An operator T is unitary when
TT* = identity map on Y T*T = identity map on X
There are simple examples in infinite-dimensional spaces where TT™* = 1 does not imply 7*7T = 1, and vice-

versa. Thus, it does not suffice to check something like (T'z, Tx) = (x,x) to prove unitariness. Obviously
hermitian operators are normal, as are unitary operators, using the more careful definition.

3. Stable subspaces and complements

Let T : X — X be a continuous linear operator on a Hilbert space X. A vector subspace Y is T-stable or
T-invariant if Ty € Y for all y € Y. Often one is most interested in the case that the subspace be closed in
addition to being invariant.

[3.0.1] Proposition: For T': X — X a continuous linear operator on a Hilbert space X, and Y a T-stable
subspace, Y1 is T*-stable.

Proof: For ze Yt andy €Y,
(T"z,y) = (z,T"y) = (2,Ty)

since T** = T, from above. Since Y is T-stable, Ty € Y, and this inner product is 0, and 7%z € Y.

1

[3.0.2] Corollary: For continuous self-adjoint T on a Hilbert space X, and Y a T-stable subspace, both Y’
and Y1 are T-stable. /]

[3.0.3] Remark: Normality of T : X — X is insufficient to assure the conclusion of the corollary, in general.
For example, with the two-sided ¢ space

X = {{en:neZ}: ) e < oo}

ne’

the right-shift operator
(Te)n = en—1 (for n € Z)

has adjoint the left shift operator

(T"¢)n, = cnt1 (for n € Z)

and
T = TT* = 1x

So this T is not merely normal, but unitary. However, the T-stable subspace
Y = {en} € X e =0for k <0}
is not T™*-stable, nor is its orthogonal complement 7T-stable.

On the other hand, adjoint-stable collections of operators have a good stability result:
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[3.0.4] Proposition: Suppose for every T in a set A of bounded linear operators on a Hilbert space V the
adjoint T* is also in A. Then, for an A-stable subspace W of V, the orthogonal complement W is also
A-stable.
Proof: For yin W+ and T € A, for z € W,
(z,Ty) = (T"z,y) € (W,y) = {0}

since T* € A. ///

4. Spectrum, eigenvalues

For a continuous linear operator T' € End(X), the A-eigenspace of T is
Xy ={reX :Te= X}
If this space is not simply {0}, then X\ is an eigenvalue.

[4.0.1] Proposition: An eigenspace X for a continuous linear operator T' on X is a closed and T-stable
subspace of X. For normal T the adjoint T* acts by the scalar A on Xj.

Proof: The A-eigenspace is the kernel of the continuous linear map 7' — A, so is closed. The stability is clear,
since the operator restricted to the eigenspace is a scalar operator. For v € X, using normality,

(T—-XNTv =T(T—-XNv =T"-0=0
Thus, X, is T*-stable. For z,y € X,
(T" = Na,y) = (z.(T=Ny) = (2,0)
Thus, (T* — XNz = 0. ///

[4.0.2] Proposition: For T normal, for A # y, and for € Xy,y € X,,, always (z,y) = 0. For T self-adjoint,
if X # 0 then A € R. For T unitary, if X # 0 then |A\| = 1.

Proof: Let x € X, y € X, with p # X, Then
Mz,y) = (Tz,y) = (2, T"y) = (z,my) = pulz,y)

invoking the previous result. Thus,
A —p)z,y) = 0

giving the result. For T self-adjoint and x a non-zero A-eigenvector,
Mrz,z) = (x,T*z) = (,Tz) = (x,\r) = Nz, 2)
Thus, (A—\){(z, ) = 0. Since x is non-zero, the result follows. For T unitary and z a non-zero \-eigenvector,
(x,2) = (T*Tx,2) = (Tx,Tx) = N\?-(2,2)
"

In what follows, for a complex scalar \ write simply A for scalar multiplication by A on a Hilbert space X.
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[4.0.3] Definition: The spectrum o(T) of a continuous linear operator T': X — X on a Hilbert space X is
the collection of complex numbers A such that T — A does not have a continuous linear inverse.

[4.0.4] Definition: The discrete spectrum ogis(T) is the collection of complex numbers X such that 7' — A
fails to be injective. In other words, the discrete spectrum is the collection of eigenvalues.

[4.0.5] Definition: The continuous spectrum ocont(T') is the collection of complex numbers A such that
T — X\ - 1x is injective, does have dense image, but fails to be surjective.

[4.0.6] Definition: The residual spectrum oves(T) is everything else: neither discrete nor continuous
spectrum. That is, the residual spectrum of T is the collection of complex numbers A such that T — X - 1x
is injective, and fails to have dense image (so is certainly not surjective).

[4.0.7] Remark: To see that there are no other possibilities, note that the Closed Graph Theorem implies
that a bijective, continuous, linear map T : X — Y of Banach spaces has continuous inverse. Indeed,
granting that the inverse exists as a linear map, its graph is

graph of T7! = {(y,2) €Y x X : (x,y) in the graph of T C X x Y}

Since the graph of T is closed, the graph of T—! is closed, and by the Closed Graph Theorem T~! is
continuous.

[4.0.8] Proposition: A normal operator 7 : X — X has empty residual spectrum.

Proof: The adjoint of T — X is T* — X, so consider A = 0 to lighten the notation. Suppose that 7' does not
have dense image. Then there is non-zero z such that

0 = (2,Tx) = (T"z,x) (for every z € X)
Therefore T*z = 0, and the 0-eigenspace Z of T* is non-zero. Since T*(Tz) = T(T*z) =T(0) =0 for z € Z,

T* stabilizes Z. That is, Z is both T and T*-stable. Therefore, T = (T™)* acts on Z by (the complex
conjugate of) 0, and T has non-trivial 0-eigenvectors, contradiction. ///

5. Compact operators

A set in a topological space is pre-compact if its closure is compact. (11 A linear operator T : X — Y on
Hilbert spaces is compact when it maps the unit ball in X to a pre-compact set in Y. Equivalently, T is
compact if and only if it maps bounded sequences in X to sequences in Y with convergent subsequences.

[5.0.1] Remark: The same definition makes sense for operators on Banach spaces, but many good features
of compact operators on Hilbert spaces are not shared by compact operators on Banach spaces.

[5.0.2] Proposition: An operator-norm limit of compact operators is compact. A compact operator
T:X — Y with Y a Hilbert space is an operator norm limit of finite rank operators.

Proof: Let T,, — T in uniform operator norm, with compact T},. Given £ > 0, let n be sufficiently large
such that |T,, — T| < €/2. Since T,,(B) is pre-compact, there are finitely many yi, ..., y; such that for any
x € B there is i such that |T,z — y;| < £/2. By the triangle inequality

Tz —y;| < |Tx—Thx|+ |Thr —yi| < €

1] Beware, sometimes pre-compact has a more restrictive meaning than having compact closure.
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Thus, T(B) is covered by finitely many balls of radius e. ///

A continuous linear operator is of finite rank if its image is finite-dimensional. A finite-rank operator is
compact, since all balls are pre-compact in a finite-dimensional Hilbert space.

[5.0.3] Theorem: A compact operator T : X — Y with Y a Hilbert space is an operator norm limit of
finite rank operators.

Proof: Let B be the closed unit ball in X. Since T(B) is pre-compact it is totally bounded, so for given
€ > 0 cover T(B) by open balls of radius e centered at points yi, ..., y,. Let p be the orthogonal projection
to the finite-dimensional subspace F' spanned by the y; and define T, = poT. Note that for any y € Y and
for any y;

Ip(y) —vil <y — il

since y = p(y) + 3’ with 3’ orthogonal to all y;. For z in X with |z| < 1, by construction there is y; such
that |Tx — y;| <e. Then

|Tx — Tex| < |Tx —y;| +|Tex —yi| <e+e

Thus, T.T in operator norm as € — 0. ///

[5.0.4] Remark: The theorem is false in Banach spaces, although the only example known to this author
(Per Enflo, Acta Math., vol. 130, 1973) is complicated.

6. Hilbert-Schmidt operators

[6.1] Hilbert-Schmidt operators given by integral kernels

Originally Hilbert-Schmidt operators on function spaces L?(X) arose as operators given by integral kernels:
for X and Y o-finite measure spaces, and for integral kernel K € L?(X x Y'), the associated Hilbert-Schmidt
operator 2]

T:L*(X) — L(Y)

Tf(y) = /X K(z,y) f(z) d

By Fubini’s theorem and the o-finiteness, for orthonormal bases ¢, for L?(X) and g for L(Y'), the collection
of functions ¢, (7)1s(y) is an orthonormal basis for L2(X x Y). Thus, for some scalars c;;,

K(z,y) = Z cij piz) ¥;(y)

Square-integrability is
E leig|* = |K|2L2(X><Y) <
ij

The indexing sets may as well be countable, since an uncountable sum of positive reals cannot converge.

Given f € L?(X), the image T'f is in L?(Y), since

2] The o-finiteness is necessary to make Fubini’s theorem work as expected.
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) = 5 cii (f. i) ¥5(y)
1j
has L?(Y) norm easily estimated by

ITfFevy < X lePUE e P 151220y < 1flFexy D leisl l@iliz ) 15172 v)

4] i

= f122(x) Z|Cij\2 = |f132(x) - 1K|Z2(x xv)

ij

The adjoint T* : L?>(Y) — L?(X) has kernel

K*(yax) = K(Jj,y)

by computing
(Tf,)Lz(y:/ /ny dx /f /ny dy)d

[6.2] Intrinsic characterization of Hilbert-Schmidt operators

The intrinsic characterization of Hilbert-Schmidt operators V. — W on Hilbert spaces V,W is as the
completion of the space of finite-rank operators V. — W with respect to the Hilbert-Schmidt norm, whose
square is

IT|?s = tr(T*T) (for T:V — W and T* : W* — V*)

The trace of a finite-rank operator from a Hilbert space to itself can be described in coordinates and then
proven independent of the choice of coordinates, or trace can be described intrinsically, obviating need for
proof of coordinate-independence. First, in coordinates, for an orthonormal basis e; of V, and finite-rank
T:V — V, define

tr(T) = Z(Tei, €;) (with reference to orthonormal basis {e;})
i
With this description, one would need to show independence of the orthonormal basis. For the intrinsic

description, consider the map from V ® V* to finite-rank operators on V induced from the bilinear map 3]

vx)\—>(w—>)\(w)~v> (for v € V and X € V¥)

Trace is easy to define in these terms [4]

trlv @ A) = A(v)

3] The intrinsic characterization of the tensor product V ®; W of two k-vectorspaces is that it is a k-vectorspace
with a k-bilinear map b : V x W — V ®; W such that for any k-bilinear map B : V x W — X there is a unique
linear :V @ W — X giving a commutative diagram

VoW

T
b

N
vxw B Jx

[l In some contexts the map v ® A — A(v) is called a contraction.
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and

tr( Z vV )\) = Z A(v) (finite sums)
v\

[N

Expression of trace in terms of an orthonormal basis {e;} is easily obtained from the intrinsic form: given a
finite-rank operator T and an orthonormal basis {e;}, let \;(v) = (v, ;). We claim that

= Z Te; ® \;
Indeed,
(ZT& @ N\ ) ZTeZ- i(v) = ZTei (v, e) = T(Zei : <U,ei>> =Tv
Then the trace is
trT = tr(ZTei ® )\i) = Ztr(Te,» ®N) = Z Xi(Te;) = Z(Tei, €;)
Similarly, adjoints T* : W — V of maps T : V — W are expressible in these terms: for v € V', let A\, € V*
be A, (v') = (v',v), and for w € W let p,, € W* be iy (w') = (w',w). Then
(W@ M) = V® iy (for we W and v € V)

since

(W), w') = Qo(@)w,w') = (o) {w,w’) = (', (W' w)-v) = (v, (V& pw)w')

Since it is defined as a completion, the collection of all Hilbert-Schmidt operators T : V' — W is a Hilbert

space, with the hermitian inner product
(S, Ty = tr(T*S)

[6.2.1] Proposition: The Hilbert-Schmidt norm | | dominates the uniform operator norm | |y, so Hilbert-
Schmidt operators are compact.

Proof: Given ¢ > 0, let e; be a vector with |e;] < 1 such that |Twi| > |T|op — &. Extend {e;} to an
orthonormal basis {e;}. Then

712, = sup Tof? < |Toiff +e < e+ Y [T = [Tl

jol< 7

Thus, Hilbert-Schmidt norm limits of finite-rank operators are operator-norm limits of finite-rank operators,
so are compact. ///

[6.3] Integral kernels yield Hilbert-Schmidt operators

It is already nearly visible that the L?(X x Y) norm on kernels K (x,y) is the same as the Hilbert-Schmidt
norm on corresponding operators T : V — W, yielding

[6.3.1] Proposition: Operators T : L2(X) — L?(Y) given by integral kernels K € L?(X x Y)) are Hilbert-
Schmidt, that is, are Hilbert-Schmidt norm limits of finite-rank operators.

Proof: To prove properly that the L?(X x Y) norm on kernels K (z,y) is the same as the Hilbert-Schmidt
norm on corresponding operators T : V' — W, T should be expressed as a limit of finite-rank operators T,
in terms of kernels K, (x,y) which are finite sums of products ¢(x) ® ¥(y). Thus, first claim that

Z Zi(x) Toily (in L2(X x Y))
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Indeed, the inner product in L?(X x Y) of the right-hand side against any ¢;(x)1;(y) agrees with the inner
product of the latter against K (z,y), and we have assumed K € L?(X x Y). With K = > ij CiiPi @ Yy,

To; = Y cij;
J

Since }_,; |ci;|? converges,
lim |T;* = lim ) ley|* = 0
% % -
J

and

: 2 . 2
lim) [Teil® = lim) _ |ey* = 0
>n 1>n
so the infinite sum ), %; ® T'p; converges to K in L?(X x Y). In particular, the truncations

Ko(z,y) = Y, @ila)Toily)

1<i<n

converge to K(x,y) in L?(X x Y), and give finite-rank operators

T.f(y) = /X Ko (z,y) f(z) dz

We claim that T,, — T in Hilbert-Schmidt norm. It is convenient to note that by a similar argument

K(z,y) =32, T"%i(x)1;(y). Then

T-Tilks = (T -T) o (T-T) = Y o((T"0s0 ;) (7,0 T4;))

,j>n
= Z (T, 05)12(x) - (T@j, Yi) 2 (yvy = Z leij|? — 0 (as n — 00)
,j>n i,j>n
since Y, |ci|* converges. Thus, T,, — T in Hilbert-Schmidt norm. ///

[6.3.2] Remark: With o-finiteness, the argument above is correct whether K is measurable with respect
to the product sigma-algebra or only with respect to the completion.

7. Spectral theorem for self-adjoint compact operators

The M-eigenspace V) of a self-adjoint compact operator T on a Hilbert space T is
Vi ={veV:Tv=X v}
We have already shown that eigenvalues, if any, of self-adjoint T" are real.

[7.0.1] Theorem: Let T be a self-adjoint compact operator on a non-zero Hilbert space V.

e The completion of &V, is all of V. In particular, there is an orthonormal basis of eigenvectors.

e The only possible accumulation point of the set of eigenvalues is 0. For infinite-dimensional V', 0 is an
accumulation point.

e Every eigenspaces X, for A # 0 is finite-dimensional. The 0-eigenspace may be {0} or may be infinite-
dimensional.

o (Rayleigh-Ritz) One or the other of £|T'|,, is an eigenvalue of T

9
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A slightly-clever alternative expression for the operator norm is needed:

[7.0.2] Lemma: For T a self-adjoint continuous linear operator on a non-zero Hilbert space X,

Tlop = sup (T, z)|
o<1

Proof: Let s be that supremum. By Cauchy-Schwarz-Bunyakowsky, s < |T|op. For any z,y € Y, by
polarization
2[(Tx,y) +(Ty,z)| = [(T(z+y),z+y) —(T(x-y),z—-y)

< (T(z+y),x+y)|+ (T —y),x—y)| < slet+yl>+sle—y|* = 2s(z|* + |y*)
With y =t - Tx with t > 0, because T'=T",

(Tx,y) = (Tx,t-Tx) = t-|Tx|> > 0 (for y =t-Tc with t > 0)
and
(Ty,z) = (t-T?x,t-2) = t- (T, Tx) = t-|Tz|* > 0 (for y =1t -Tc with t > 0)
Thus,
[Tz, y)| + [(Ty,2)| = Tz,y)+ Ty, z) = [(Tz,y) + (Ty, )| (for y =t Tc with ¢ > 0)

From this, and from the polarization identity divided by 2,

(T, )] + [Ty, 2)| = [(Ta,y) + (Ty,2)| < s(lal? +|yl) (with y =t Tx)
Divide through by t to obtain

(T, Tx)| + (T?z,2)| < ; (2 + Tz
Minimize the right-hand side by taking t> = |T'z|/|x|, and note that (I"%xz,z) = (T'z, Tx), giving
2Tz, Tx)| < 2s-|z|-|Tz| < 252> |T|op

Thus, |T|op < s. /1
Now the proof of the theorem:
Proof: The last assertion of the theorem is crucial. To prove it, use the expression

IT| = sup [(Tz,z)]|
|z <1

and use the fact that any value (Tx, x) is real. Choose a sequence {x,} so that |z,| <1 and [(Tz, z)| — |T|.
Replacing it by a subsequence if necessary, the sequence (Tx, z) of real numbers has a limit A = £|T.

Then
0<|Tx, — Aep|* = (T, — Ary, Tz — Axy)

= |Tan|* = 2XMTxp, v,) + Nz < A2 = 2MTxy, ) + N2
The right-hand side goes to 0. By compactness of T, replace z,, by a subsequence so that T'x,, converges to
some vector y. The previous inequality shows Ax,, — y. For A = 0, we have |T| =0, so T = 0. For A # 0,

Azy, — y implies
T, — Ay

10
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For z = A1y,
Tr = Mz

and z is the desired eigenvector with eigenvalue +|T|. ///

Now use induction. The completion Y of the sum of non-zero eigenspaces is T-stable. We claim that the
orthogonal complement Z = Y= is T-stable, and the restriction of T to is a compact operator. Indeed, for
z€ZandyeY,

(Tz,y) = (2,Ty) =0

proving stability. The unit ball in Z is a subset of the unit ball B in X, so has pre-compact image T BN Z in
X. Since Z is closed in X, the intersection TB N Z of Z with the pre-compact T'B is pre-compact, proving
T restricted to Z = Y+ is still compact. Self-adjoint-ness is clear.

By construction, the restriction 77 of T to Z has no eigenvalues on Z, since any such eigenvalue would also
be an eigenvalue of T on Z. Unless Z = {0} this would contradict the previous argument, which showed
that £|7T7| is an eigenvalue on a non-zero Hilbert space. Thus, it must be that the completion of the sum of
the eigenspaces is all of X. ///

To prove that eigenspaces V) for A # 0 are finite-dimensional, and that there are only finitely-many
eigenvalues A with [A\| > ¢ for given € > 0, let B be the unit ball in

Yy = ZXA

Al > e

The image of B by T contains the ball of radius € in Y. Since T is compact, this ball is pre-compact, so Y
is finite-dimensional. Since the dimensions of the X are positive integers, there can be only finitely-many
of them with || > ¢, and each is finite-dimensional. It follows that the only possible accumulation point of
the set of eigenvalues is 0, and, for X infinite-dimensional, 0 must be an accumulation point. ///

8. Appendix: topologies on finite-dimensional spaces

In the proof that Hilbert-Schmidt operators are compact, we needed the fact that finite-dimensional subspaces
of Hilbert spaces are linearly homeomorphic to C™ with its usual topology. In fact, it is true that any finite
dimensional topological vector space is linearly homeomorphic to C™. That is, we need not assume that the
space is a Hilbert space, a Banach space, a Fréchet space, locally convex, or anything else. However, the
general argument is a by-product of the development of the general theory of topological vector spaces, and
is best delayed. Thus, we give more proofs that apply to Hilbert and Banach spaces.

[8.0.1] Lemma: Let W be a finite-dimensional subspace of a pre-Hilbert space V. Let wy,...,w, be a
C-basis of W. Then the continuous linear bijection

p:C"—>W

by
(21,5 2n) :Z Zi - W
p

is a homeomorphism. And W is closed.

Proof: Because vector addition and scalar multiplication are continuous, the map ¢ is continuous. It is
obviously linear, and since the w; are linearly independent it is an injection.

Let vy,...,v, be an orthonormal basis for W. Consider the continuous linear functionals
Ai(v) = (v, vi)

11
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As intended, we have \;(v;) = 0 for i # j, and \;(v;) = 1. Define continuous linear ¢ : W — C" by

¢(v) = ()‘1 (U)’ SEE) )‘n(v))

The inverse map to 1 is continuous, because vector addition and scalar multiplication are continuous. Thus,
1 is a linear homeomorphism W =~ C”.

Generally, we can use Gram-Schmidt to create an orthonormal basis v; from a given basis w;. Let eq,... e,
be the standard basis of C™. Let f; = ¢(w;) be the inverse images in C" of the w;. Let A: C* — C” be a
linear homeomorphism C"” — C™ sending e; to f;, that is, Ae; = f;. Then

gpzw_loA:(Cn—)W

since both ¢ and 1~ o A send e; to w;. Both ¥ and A are linear homeomorphisms, so the composition ¢ is
also.

Since C™ is a complete metric space, so is its homeomorphic image W, so W is necessarily closed. ///

Now we give a somewhat different proof of the uniqueness of topology on finite-dimensional normed spaces,
using the Hahn-Banach theorem. Again, invocation of Hahn-Banach is actually unnecessary, since the same
conclusion will be reached (later) without local convexity. The only difference in the proof is the method of
proving existence of sufficiently many linear functionals.

[8.0.2] Lemma: Let W be a finite-dimensional subspace of a normed space V. Let wy, ..., w, be a C-basis
of W. Then the continuous linear bijection

p:C"—>W

by
g@(zl,...,zn):Zzi~wi

g

is a homeomorphism. And W is closed.

Proof: Let v; be a non-zero vector in W, and from Hahn-Banach let A; be a continuous linear functional
on W such that A;(v1) = 1. By the (algebraic) isomorphism theorem

image A\ ~ W/ ker \;
so dimW/ker \; = 1. Take vy # 0 in ker A\; and continuous linear functional Ay such that Ay(ve) = 1.
Replace v1 by v; — A2(vi)va. Then still A\j(v1) = 1 and also Ay(v1) = 0. Thus, Ay and Ay are linearly

independent, and
(/\1,)\2) W — (C2

is a surjection. Choose v3 # 0 in ker A\; Nker Ay, and A3 such that A3(v3) = 1. Replace v by v — A3(v1)vs
and ve by ve — Az(va)vs. Continue similarly until

[ ker A = {0}
Then we obtain a basis vy, ..., v, for W and an continuous linear isomorphism
’L/): ()\17--~7>\n) W —=C"

that takes v; to the standard basis element e; of C". On the other hand, the continuity of scalar multiplication
and vector addition assures that the inverse map is continuous. Thus, 1 is a continuous isomorphism.
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Now let f; = ¥(w;), and let A be a (continuous) linear isomorphism C" — C™ such that Ae; = f;. Then
@ =110 A is a continuous linear isomorphism.

Finally, since W is linearly homeomorphic to C", which is complete, any finite-dimensional subspace of a
normed space is closed. ///

[8.0.3] Remark: The proof for normed spaces works in any topological vector space in which Hahn-Banach
holds. We will see later that Hahn-Banach holds for all locally convex spaces. Nevertheless, as we will see,
this hypothesis is unnecessary, since finite-dimensional subspaces of arbitrary topological vector spaces are
linearly homeomorphic to C™.
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