Math 2263 Spring 2009 Midterm 3, WITH SOLUTIONS April 23, 2009

1. (10 points) Let B be the box, or rectangular solid: 0 <z <2, 0<y <3,0<z<1. Find

/// (vy — 2yz + x2z2) dV.
B
SOLUTION:
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2. (15 points) Let E be the solid region bounded below by the cone 22 = 22 + 3? and above by

E

SOLUTION: Use cylindrical coordinates: FE is described by 0 <r <z <1,0<6 <27 So

1 pr2n pz 124 T
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3. (25 points) C; and Cy are oriented curves in the (x,y)-plane, each of which starts at (0,0) and
ends at (1, ) C1 1sg1venbyy—9: 0<x<1 and Cy is given by z = y?, 0 <y < 1. Let the
vector field F' be given by F(z, y) = 2zyi+ (22 —y2) ]

(a) (10 points) Find fCl F . dr.

Hint: Try cylindrical coordinates.

SOLUTION:

[ Fear= [ (oo @ = tya) = [ pntet) 2 —atppalan = [i -2 <

(b) (10 points) Find f02 F.dr.

SOLUTION:

1 1
. vy
/ F-dr=/ [2(y2)y(2y)+((y2)2—y2)]dy=/ Pyt —yPldy = |4+ - =
Cs 0 0 y=0 15

(c) (5 points) Is the vector field F(z,y) conservative? Why or why not?

SOLUTION: NO! 2 # £ 5o the integral from (0,0) to (1,1) depends on the path of inte-
gration connecting the two points.
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4. (15 points) Under the transformation x = 4u + v, y = bu + 2v from the (u,v)-plane to the
(x,y)-plane, the circular disk D given by the inequality u? 4 v?> < 9 is transformed into the
elliptical region E given by

8522 — T6zy + 17y% < 9.

Compute the area of E as an integral over D.
SOLUTION: First compute the Jacobian determinant:

d(xz,y) Oxdy 0Oxdy

D) duow  avou D -G =3

Also, the area of a circular disk of radius 3 is A(D) = 7(3)? = 97. So

5= ] ot [ st

5. (20 points) Let C be the circle 22 +y* = 9 in the (x,y)-plane, oriented counterclockwise. Find

% (21‘:1/6:02 + 2% — y) dx + (e“’c2 + 4zy — 3x) dy.
C

Hint: try Green’s theorem!

SOLUTION: Write P(z,y) = 256y8352 +2y% —y and Q(z,y) = e + 4zy — 3z. Following the
hint, C' is the oriented boundary of the circular disk D 22 4+ 9y? <9, so by Green’s Theorem
$oPdx+Qdy = [[, [— - —] dA. But BQ = 2ze” + 4y — 3 and %—I; = 2ze” + 4y — 1.

Subtracting, you get % Q — Gy =2 for all (m,y),

j{CdeJery://D(—z)dAz—lsm

6. (15 points) The portion E of the ball of radius 2 with center at (0,0,0), which lies above the

cone
2= Va4,

is described in spherical coordinates by 0 < p < 2,0 < ¢ < 7/4, 0 < § < 27. Find the
volume of this figure by computing an integral in spherical coordinates. (Hint: Recall that
sin/4 = $v2 = cosm/4.)

SOLUTION: Using spherical coordinates, the volume of F is

/// V= /%/m/ p Sm¢dpd0dqb—27r/ 4[§}Zosm¢d¢:
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