Inward linear perturbation can produce unbounded solutions

Hirokazu Ninomiya^∗ and Hans F. Weinberger^†

July 1, 2003; to appear in a volume of Mathematical Methods in the Applied Sciences dedicated to Howard Levine.

key words: grow-up, blowup, linear perturbation, inward perturbation AMS classifications: 34A34, 34C11

Abstract

One may expect that if one adds a vector field which points toward the origin to the right-hand side of a first-order system of ordinary differential equations for which the origin is globally stable, then the origin is globally stable for the new system as well. The purpose of this note is to present an example which shows that this apparently obvious statement is, in fact, false.

1 Introduction.

It seems intuitively obvious that if one adds a vector field which points toward the origin to the right-hand side of a first-order system of ordinary differential equations for which the origin is globally stable, then the origin is globally stable for the new system as well. In this paper we show by example that perturbation by a linear vector field which points towards the origin can, in fact, change an autonomous system with a global attractor at the origin to one which has unbounded

∗Department of Mathematics and Informatics, Ryukoku University, Seta, Otsu 520-2194, Japan_†

School of Mathematics, University of Minnesota, 206 Church Street, Minneapolis, MN 55455 USA

solutions. Our main result is that the family of systems of autonomous ordinary differential equations

u_t = (u + 2v)[u sin(3 ln √ u^2 + v^2) + v cos(3 ln √ u^2 + v^2)] − 3v − αu v_t = (v − 2u)[u sin(3 ln √ u^2 + v^2) + v cos(3 ln √ u^2 + v^2)] + 3u − αv (1.1) with the constant parameter α has the following property:

Theorem 1 When 1 ≤ α <^3_2 , all solutions (u(t), v(t)) of the autonomous system (1.1) converge to (0, 0) as t goes to infinity.

When α >^3_2 , any solution of the system (1.1) for which the initial value of u^2 + v^2 is sufficiently large has the property that u^2 + v^2 approaches infinity.

When α =^3_2 , all solutions of the system (1.1) are bounded, and all solutions with sufficiently large initial values of u^2 + v^2 are bounded away from the origin.

This Theorem shows, in particular, that the origin is a global attractor of the system (1.1) with α = 1, but that adding the linear inward radial vector field (−u, −v) to the right-hand sides of the equations produces unbounded solutions. Thus the “intuitively obvious” statement above is incorrect.

Another apparently paradoxical corollary of the Theorem is the following: Perturbing the right-hand side of the system (1.1) with α = 3/2 with an arbitrarily small linear inward vector field creates unbounded solutions, while perturbing the same system with an arbitrarily small outward linear vector field makes all solutions approach the origin.

Section 2 presents the proof of the above Theorem. Section 3 presents a variant of the example which shows that adding a nonlinear inward radial vector field to the right-hand side of a system all of whose solutions converge to the origin can produce solutions which blow up in finite time.

In another paper [1] the authors will present an example of an ecological system with a global attractor at the origin for which adding an arbitrarily small linear inward vector field to the right-hand side produces solutions which blow up in finite time.

2 Proof of the Theorem.

Proof. We begin by introducing the usual polar coordinates defined by

u = r cos θ, v = r sin θ into the system (1.1). An exercise in using the chain rule shows that

(ln r)_t = r sin(3 ln r + θ) − α θ_t = −2r sin(3 ln r + θ) + 3. (2.1)

By taking linear combinations of the two equations, we see that

(2 ln r + θ)_t = 3 − 2α (2.2) and (3 ln r + θ)_t = r sin(3 ln r + θ) + 3(1 − α). (2.3)

Suppose that 1 ≤ α < 3/2. Then the right-hand side of (2.2) is positive, so that the function 2 ln r + θ increases to infinity. Moreover, the right-hand side of (2.3) is nonpositive whenever 3 ln r + θ is an integral multiple of π, so that the quantity 3 ln r + θ is bounded above for any solution. Therefore

ln r = (3 ln r + θ) − (2 ln r + θ) (2.4)

converges to −∞. This means that r approaches zero, and hence that (u, v) approaches zero, which is the first statement of the Theorem.

Next we suppose that α > 3/2. Then the right-hand side of (2.2) is negative, so that 2 ln r + θ decreases to −∞. In particular, if r_0 and θ_0 are the initial values of r and θ, 2 ln r + θ ≤ 2 ln r_0 + θ_0. (2.5)

Suppose that ln r_0 ≥ 2π + ln[3(α − 1)]. (2.6)

Then there is an integer n such that

3 ln r_0 + θ_0 ≥ (4n + 1)π/2 ≥ 2 ln r_0 + θ_0 + ln[3(α − 1)]. (2.7)

The second inequality and (2.5) show that when 3 ln r + θ = (4n + 1)π/2, the right-hand side of (2.3) is nonnegative. It follows that the set

{(r, θ) : 2 ln r + θ ≤ 2 ln r_0 + θ_0, 3 ln r + θ ≥ (4n + 1)π/2}

is a positive invariant set of the system (2.1). Since the first inequality of (2.7) shows that the initial state lies in this set, (r, θ) lies in the set for all positive t. In particular, 3 ln r + θ is bounded below. Since 2 ln r + θ approaches −∞, the identity (2.4) shows that ln r goes to infinity whenever the initial value r_0 satisfies the inequality (2.6). This is the second statement of the Theorem.

We now consider the remaining case α = 3/2. In this case the right-hand side of (2.2) is zero, so that 2 ln r+θ remains constant. The proof of the first part of the Theorem still shows that 3 ln r+θ is bounded above. The representation (2.4) then shows that ln r is bounded above for any solution. On the other hand, the proof of the second statement of the Theorem shows that if r_0 satisfies the inequality (2.6), then 3 ln r + θ is bounded below, and hence ln r is bounded below. That is, the solution is bounded away from the origin. Thus all the statements of the Theorem have been established.

3 Finite-time blowup.

In order to show that an added inward radial vector field can produce finite-time blowup, we consider the system

u_t = (u + 2v)[u sin(3 ln √ u^2 + v^2) + v cos(3 ln √ u^2 + v^2)] −3[1 + (ln √ u^2 + v^2)^2]v − α[1 + (ln √ u^2 + v^2)^2]u v_t = (v − 2u)[u sin(3 ln √ u^2 + v^2) + v cos(3 ln √ u^2 + v^2)] +3[1 + (ln √ u^2 + v^2)^2]u − α[1 + (ln √ u^2 + v^2)^2]v.

(3.1)

In polar coordinates this system is

(ln r)_t = r sin(3 ln r + θ) − α[1 + (ln r)^2] θ_t = −2r sin(3 ln r + θ) + 3[1 + (ln r)^2].

(3.2)

The proofs used to establish the Theorem still work to establish the same facts for this system, with one slight change: In the proof of the case α > 3/2 one must replace the quantity ln[3(α − 1)] in (2.6) and (2.7) by the unique root q of the equation e^q/[1 + q^2] = 3(α − 1).

More importantly, this system has a stronger property. Since

(−2 ln r − θ)_t = (2α − 3)[1 + (ln r)^2],

we see from (2.4) and elementary algebra that

(−2 ln r − θ)_t ≥ (2α − 3)[^1_2 (−2 ln r − θ)^2 − (3 ln r + θ)^2 + 1]. (3.3)

We can establish as before that when the inequality

ln r_0 ≥ 2π + q

is satisfied, the function 3 ln r +θ is bounded both above and below. Therefore the right-hand side of (3.3) is bounded below by a constant plus a positive constant times the function (−2 ln r − θ). This function is known to converge to infinity, and a well-known theorem of differential equations then shows that it reaches infinity in a finite time. Then (2.4) shows that ln r goes to infinity in a finite time. We have thus shown that when α > 3/2, any solution with a sufficiently large initial value of u^2 + v^2 blows up in a finite time.

In particular, we see that when α = 1, every solution of the system (3.1) converges to the origin, but that adding the inward radial vector field (−[1 + ln(u^2 + v^2)]u, −[1 + ln(u^2 + v^2)]v) to the right-hand side produces solutions which blow up in a finite time.

In another work [1] we shall give an example of a system for which the origin is a global attractor such that adding an arbitrarily small positive multiple of the linear inward radial vector field (−u, −v) produces solutions which blow up in finite time.

References

[1] HIROKAZU NINOMIYA AND HANS F. WEINBERGER, Pest control may make the pest population explode, Z. Angew. Math. Phys. 54, (2003), pp. 869-873.