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Series

A series is a sum of a sequence {an} of numbers

a1 + a2 + a3 + a4 + · · ·+ an + · · ·

Notation:
∑
an or

∑∞
n=1 an.

Example: The number π = 3.1415926535 . . . is actually the series
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Question: Does it make sense to consider an infinite sum

a1 + a2 + a3 + a4 + · · ·+ an + · · ·?

If an > 0 for all n, need the sum be ∞?



Consider the series
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Convergence

Define the partial sums

sn =

n∑
i=1

ai = a1 + · · ·+ an.

If the seqeunce {sn} is convergenet and limn→∞ sn = s exists as a real number,
then the series

∑∞
n=1 an is convergent and

∞∑
n=1

an = s

(
or

∞∑
n=1

an = lim
n→∞

n∑
i=1

ai

)
.

The number s is the sum of the series. If the sequence {sn} is divergent,
then the series is divergent.



Geometric series

An important series is the geometric series

a+ ar + ar2 + ar3 + · · ·+ arn + · · · =
∞∑
n=1

arn−1.
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Find the sum of the geometric series
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In the geometric series
∑
rn−1, the series is convergent when |r| < 1 so that

lim
n→∞

rn = 0.

Question: If limn→∞ an = 0, must
∑∞

n=1 an converge?
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Example: Examine the convergence/divergence of the harmonic series

∞∑
n=1
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= 1 +
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Tests for convergence/divergence

1. If
∑
an converges, then limn→∞ an = 0.

2. Converse If limn→∞ an 6= 0 (or an does not converge), then
∑
an is

divergent.
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Show that the series
∑∞

n=1
n2

4n2−2 diverges.
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Properties of convergent series

If
∑∞

n=1 an and
∑∞

n=1 bn are convergent then

∞∑
n=1

can = c

∞∑
n=1

an

∞∑
n=1

(an + bn) =

∞∑
n=1

an +

∞∑
n=1

bn

∞∑
n=1

(an − bn) =
∞∑
n=1

an −
∞∑
n=1

bn
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