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Absolute convergence

A series
∑
an is absolutely convergent if the series

∑
|an| is convergent.

Fact: An absolutely convergent series is convergent.

Examples

•
∑ (−1)n

n2

•
∑ (−1)n

n
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Conditional convergence

A series
∑
an is conditionally convergent if it is convergent, but not ab-

solutely convergent.

Example: The alternating series
∑ (−1)n

n is conditionally convergent.
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Conditional convergence

A series
∑
an is conditionally convergent if it is convergent, but not ab-

solutely convergent.

Fact: Any conditionally convergent series
∑
an can be rearranged and made

convergent to any number s.



Example: Determine whether
∑ cos(n)

n2 is convergent or divergent.
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Ratio test

Suppose
∑
an is a series for which the limit

L = lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣
exists (possibly L =∞). Then

• If L < 1 then the series
∑
an is absolutely convergent.

• If L > 1 then the series
∑
an is divergent.

• If L = 1 then the ratio test is inconclusive.
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Example: Apply the ratio test to

∞∑
n=1

1

np
(p > 0).
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Example: Test the series
∞∑
n=1

(−1)nn
3

3n

for absolute convergence.
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Example: Test the series
∞∑
n=1

n!

nn

for absolute convergence.
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Root test

Suppose
∑
an is a series for which the limit

L = lim
n→∞

n
√
|an| = lim

n→∞
|an|1/n

exists (possibly L =∞). Then

• If L < 1 then the series
∑
an is absolutely convergent.

• If L > 1 then the series
∑
an is divergent.

• If L = 1 then the root test is inconclusive.
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Example: Test the series
∞∑
n=1

(
n+ 1

3n+ 2

)n

for absolute convergence.
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Example: Apply the root test to

∞∑
n=1

(
n2

n2 + π

)n

.
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