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Computing special functions

Question: How does your calculator compute

sin(x), cos(x), ln(x), . . .?

Type sin(1) into Google search:

sin(1) = 0.8414709848 . . .



Approximating with simpler functions

We can try to approximate a special function like sin(x), by simpler (com-
putable) functions, such as polynomials:

sin(x) ≈ c1 + c2x+ c3x
3 + c4x

4 + · · ·+ cnx
n.



sin(x) ≈ x
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sin(x) ≈ x− x3
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sin(x) ≈ x− x3
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sin(x) ≈ x− x3
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sin(x) ≈ x− x3

6
+

x5

120
− x7

5040
+· · ·+ x17

355687428096000
− x19

121645100408832000
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sin(x) ≈ x−x3

6
+

x5

120
−· · ·− x79

8946182130782975286851441715398316520698082 . . .
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Questions:

• How did we come up with these polynomials?

• On what domain do they well-approximate sin(x)?

• If we take the limit as degree n → ∞, do the polynomials converge to
sin(x) on the whole number line?
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Power series

A power series is a series of the form

∞∑
n=0

cnx
n = c0 + c1x+ c2x

2 + c3x
3 + · · ·+ cnx

n + · · · .

A power series may converge for some x and diverge for others.



Power series

A power series can also be translated

∞∑
n=0

cn(x− a)n = c0 + c1(x− a) + c2(x− a)2 + c3(x− a)3 + · · · .



Example: If cn = 1 we get the geometric series

∞∑
n=0

xn.
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Example: For what values of x does the power series

∞∑
n=0

(x− 1)3

n2

converge?
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Radius of convergence

For a given power series
∑∞

n=0 cn(x− a)n, there area only three possibilities:

1. The series converges only when x = a.

2. The series converges for all x.

3. There is a positive number R such that the series converges if |x−a| < R
and diverges if |x− a| > R.

The number R is called the radius of convergence.

The series may converge or diverge for x − a = R and x − a = −R. The
possible intervals of convergence are

(a−R, a+R), (a−R, a+R], [a−R, a+R), [a−R, a+R].





Example: Find the radius of convergence and interval of convergence of the
series

∞∑
n=0

xn.
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Example: Find the radius of convergence and interval of convergence of the
series

∞∑
n=0

(x− 1)3

n2
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Example: Find the radius of convergence and interval of convergence of the
series

∞∑
n=0

(−3)nxn√
n+ 1

.
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Example: Find the radius of convergence and interval of convergence of the
series

∞∑
n=0

n(x+ 2)n

3n+1
.
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