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Representing functions as power series

Given an arbitrary function f(x), can we find a power series representation

f(x) =

∞∑
n=0

cnx
n?













Theorem If f has a power series representation at a

f(x) =

∞∑
n=0

cn(x− a)n, |x− a| < R

then

cn =
f (n)(a)

n!
.



The representation

f(x) =

∞∑
n=0

f (n)(a)

n!
(x− a)n, |x− a| < R

is called the Taylor series of f centered at a.

When a = 0 it is often called the Maclaurin series.



Example Find the Maclaurin series for f(x) = ex, and the radius of conver-
gence.









Convergence of Taylor series to f(x)

To examine convergence of Taylor series to f(x), we consider the partial sums

Tn(x) =

n∑
i=0

f (i)(a)

i!
(x− a)i,

and remainder
Rn(x) = f(x)− Tn(x).

The Taylor series converges to f(x) if

lim
n→∞

Tn(x) = f(x) or lim
n→∞

Rn(x) = 0.

Question: How can we show that Rn → 0?













Taylor’s inequality

If |f (n+1)| ≤M for |x−a| ≤ d, then the remainder Rn(x) of the Taylor series
satisfies the inequality

|Rn(x)| ≤
M

(n+ 1)!
|x− a|n+1 for |x− a| < d.



Exercise: Prove that ex is equal to its Maclaurin series.











Exercise: Find the Taylor series for f(x) = ex at a = 2.











Exercise: Find the Maclaurin series for sinx and prove that it represents
sinx for all x.











Exercise: Find the Maclaurin series for cosx.











Exercise: Find the Maclaurin series for f(x) = (1+ x)k, where k is any real
number.















Exercise: Find the Maclaurin series for f(x) = 1√
4−x and its radius of

convergence.











Exercise: Evaluate
∫ 1
0 e−x

2
dx as an infinite series.











Multiplication and division of power series

Find a power series representation for ex sinx.










