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The dot product

Definition: The dot product between vectors a = 〈a1, a2, a3〉 and b =
〈b1, b2, b3〉 is defined as

a · b = a1b1 + a2b2 + a3b3.

Exercise: Compute the dot product between a = 〈1, 2, 3〉 and b = 〈−1, 0, 1〉.
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Properties of dot products

If a,b, c are vectors and λ a scalar, then

a · a = |a|2 a · b = b · a
a · (b+ c) = a · b+ a · c (λa) · b = λ(a · b) = a · (λb)

0 · a = 0
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Angles between vectors

Theorem: If θ is the angle between the vectors a and b then

a · b = |a||b| cos θ.
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Angles between vectors

Theorem: If θ is the angle between the vectors a and b then

a · b = |a||b| cos θ.

Corollary: If θ is the angle between the vectors a and b then

cos θ =
a · b
|a||b|

.
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Exercise: Find the angle between a = 〈2, 2,−1〉 and b = 〈5,−3, 2〉.
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Orthogonality

Two vectors a and b are orthogonal (perpendicular) if the angle between them
is θ = π/2. Recall cosπ/2 = 0 and

a · b = |a||b| cos θ.

Hence, two vectors a and b are orthogonal if and only if

a · b = 0.
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Exercise: Show that 2i+ 2j− k is perpendicular to 5i− 4j+ 2k.
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Direction angles

The direction angles of a nonzero vector a are the angles α, β, and γ (in
[0, π]) that a makes with the positive x-,y-, and z-axes, respectively.

cosα =
a1
|a|
, cosβ =

a2
|a|
, and cos γ =

a3
|a|
.
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Direction angles

The direction angles of a nonzero vector a are the angles α, β, and γ (in
[0, π]) that a makes with the positive x-,y-, and z-axes, respectively.

cosα =
a1
|a|
, cosβ =

a2
|a|
, and cos γ =

a3
|a|
.

Note that
a

|a|
= 〈cosα, cosβ, cos γ〉.



Exercise: Find the direction angles of a = 〈1, 2, 3〉.
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Orthogonal projection
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Orthogonal projection

The scalar projection of b onto a is given by

compab =
a · b
|a|

.

The vector projection of b onto a is given by

projab =

(
a · b
|a|

)
a

|a|
=

a · b
|a|2

a.

Jeffrey

Jeffrey

Jeffrey

Jeffrey

Jeffrey



Exercise: Find the scalar and vector projection of b = 〈1, 1, 2〉 onto a =
〈−2, 3, 1〉.
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Exercise: Work done pulling wagon.
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