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Approximate integration

Some functions are impossible to integrate exactly:∫ 1

0
e−x

2
dx or

∫ 1

−1

√
1 + x3 dx.

Thus, we need some tools for approximating the integral with a computer.

Idea: To approximate
∫ b
a f(x) dx, split up the interval a ≤ x ≤ b into small

pieces, and approximate f by simpler functions (e.g., lines, parabolas, etc.)
on each piece that you can integrate exactly.
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Midpoint rule

The midpoint rule in general is∫ b

a
f(x) dx ≈Mn = ∆x[f(x1) + f(x2) + · · ·+ f(xn)],

where
∆x =

b− a
n

and
xi =

1

2
(xi−1 + xi) = midpoint of [xi−1, xi].



Midpoint rule

Example 1. Use the midpoint rule with n = 3 to approximate
∫ 1
0 3x2 dx.
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Trapezoid rule
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Trapezoid rule

The trapezoid rule in general is∫ b

a
f(x) dx ≈ Tn =

∆x

2
[f(x0) + 2f(x1) + 2f(x2) + · · ·+ 2f(xn−1) + f(xn)],

where
∆x =

b− a
n

and
xi = a+ i∆x.
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Trapezoid rule

Example 2. Use the trapezoid rule with n = 3 to approximate
∫ 1
0 3x2 dx.







Error bounds
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Error bounds for Trapezoid and Midpoint rules

Suppose |f ′′(x)| ≤ K for all a ≤ x ≤ b. If ET and EM are the errors in the
Trapezoid and Midpoint rules, then

|ET | ≤
K(b− a)3

12n2
and |EM | ≤

K(b− a)3

24n2
.

Example 3. How large should we make n so that the error in the Trapezoid
rule for computing

∫ 1
0 sin(x) dx is less than 0.000001? Compare with the left

or right point rules.
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Simpson’s rule

Simpson’s rule approximates f by parabolas in each interval [xi, xi+1].

In general, Simpson’s rule is∫ b

a
f(x) dx ≈ Sn =

∆x

3

[
f(x0) + 4f(x1) + 2f(x2) + 4f(x3) + · · ·

+ 2f(xn−2) + 4f(xn−1) + f(xn)
]
,

where n is even and
∆x =

b− a
n

.



Simpson’s rule

Example 4. Use Simpson’s rule with n = 4 to approximate
∫ 1
0 3x2 dx.
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Error bounds for Simpson’s rule

Suppose |f (4)(x)| ≤ K for all a ≤ x ≤ b. If ES is the error involved in
Simpson’s rule, then

|ES | ≤
K(b− a)5

180n4
.
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Numerical examples

1. Area of a circle

π = 4

∫ 1

0

√
1− x2 dx
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Left point
Right point
Midpoint
T apezoid
Simpsons  ule
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2. Integral of 1/x:

1 =

∫ e

1

1

x
dx.
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