
Math 222A – Homework 4 (Due Oct 7)

1. Define

u(x, t) :=
∞∑
n=0

g(n)(t)

(2n)!
x2n, (x, t) ∈ R× [0,∞),

where

g(t) :=

{
e−

1
t2 if t > 0

0 if t ≤ 0.

Show that u is a solution of the heat equation{
ut − uxx = 0 in R× (0,∞)

u = 0 on R× {t = 0}.

2. Comparison principle: Let Ω ⊆ Rn be open and bounded. Let u, v ∈ C2
1 (ΩT )∩C(ΩT )

satisfy {
ut −∆u ≤ f in ΩT

u ≤ g on ΓT ,

and {
vt −∆v ≥ f in ΩT

v ≥ g on ΓT .

Show that u ≤ v on ΩT . [Remark: We call u a subsolution, and v a supersolution of the
heat equation.]

3. Let Ω ⊆ Rn be open and bounded. Let u ∈ C2
1 (Ω× (0,∞))∩C(Ω× [0,∞)) be a solution

of the heat equation 
ut −∆u = f in Ω× (0,∞)

u = 0 on Ω× {t = 0}
u = 0 on ∂Ω× {t > 0},

and let u∞ ∈ C2(Ω) ∩ C(Ω) be a solution of{
−∆u∞ = f in Ω

u∞ = 0 on ∂Ω.

Show that
lim
t→∞

u(x, t) = u∞(x) uniformly in x.

[Hint: Use the comparison principle to compare u against super and subsolutions of the
form

v(x, t) = u∞(x)± ϕ(x, t),

where limt→∞ ϕ(x, t) = 0 uniformly in x.]

4. Evans: Section 2.5, Problem 19 (Problem 15 in 1st Edition)

5. Evans: Section 2.5, Problem 24 (Problem 17 in 1st Edition)


