MATH 222A — HOMEWORK 4 SOLUTIONS

1. Define

o

(n)
u(z,t) := Z g(2n()tl) . (2,t) € R x [0,00),
n=0 :

where

1
e 2 ift>0
t) :=
o) {0 if ¢ < 0.

Show that u is a solution of the heat equation

U — Uye =0 in R x (0, 00)
u=0 onR x {t=0}.

2. Comparison principle: Let  C R” be open and bounded. Let u,v € C2(Qr)NC(Q7)
satisfy

’LLt—AUSf inQT
u<g onlp,
and
’Ut—AUZf inQT
u>g onl'r.

Show that v < v on Qr. [Remark: We call u a subsolution, and v a supersolution of the
heat equation.]

3. Let © C R™ be open and bounded. Let u € CZ(2 x (0,00))NC(Q x [0,00)) be a solution
of the heat equation
ug—Au=f in Q x (0,00)

u=0 onQx {t=0}
u=0 ondQx {t> 0},

and let us € C?(2) N C(Q) be a solution of

—Auge=f in
Uso = 0 on ON.

Show that

lim u(z,t) = uso(x) uniformly in x.
t—00

[Hint: Use the comparison principle to compare u against super and subsolutions of the
form

v(z,t) = us () £ p(x,t),

where lim;_, ¢(z,t) = 0 uniformly in z.|



Solution. Since ) is bounded, there exists R > 0 such that Q@ C B(0, R — 1). Let £ be
a smooth cutoff function satisfying { = 1 in B(0,R — 1), £ = 0 in R™ \ B(0, R) and
0 <¢ < 1. Define

p(z,t) = / d(z —y,t)E(y) dy,

where @ is the fundamental solution of the heat equation. Then ¢ satisfies the heat
equation uy — Au =0 in R”, ¢ > 0 on R", and ¢(z,0) = 1 in Q. Furthermore, we have

a(n)R"

1
lp(z, t)| = ( (amt)2

gy |2

for all t > 0 and x € R". Therefore
lim p(z,t) =0 uniformly in .
t—o00

Let O := [Jucc|| 1o (0) and set v(x,t) := uso(z) + Cp(z,t). Then v is a solution of the
heat equation v; — Av = f on Q x (0,00) that satisfies

v(x,t) = uso(z) + Cp(x,t) >0 for z € 05,

and
v(z,0) = us(z) +C >0 for x € (.

By the comparison principle, u < uq + Cp on Q x (0,00). A similar argument shows
that u > us — C'p. Therefore

|u — sl < Cyp  on Q x (0,00).

It follows that lim; o u(x,t) = ueo(x) uniformly in z. Furthermore, we have the decay
estimate

C
(-, 8) = s =y < S -

4. Evans: Section 2.5, Problem 19 (Problem 15 in 1st Edition)

5. Evans: Section 2.5, Problem 24 (Problem 17 in 1st Edition)



