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Gradient Descent

Gradient descent is one of the most important algorithms in many areas of science

and engineering. To minimize an objective function f : R" — R, gradient descent
iterates

(1) LTk+1 — Tk — OéVf(iEk)

until convergence. The parameter o > 0 is the time step (often called the learning
X rate when using gradient descent to train machine learning algorithms).
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Assumptions on f

We assume the objective function f : R” — R is a smooth function that admits a
global minimizer z, € R™. That is

fz) < flz)

for all x € R™. We denote the optimal value of f by f. := f(x.).



Sublinear convergence rate
We say V f is L-Lipschitz continuous if

(3) IVf(x) =Vl < Lijz —yl| forall 2,y € R™.

Theorem 2. Assume Vf is L-Lipschitz and that o < % Then for any integer

t > 1 we have
f(@o) — f+)
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(4) 0<h<t IV Gl” = ot '

Remark 3. The theorem says, with very few assumptions on f, that gradient
descent converges at a rate of O (%) to a critical point of f, in the sense that
Vf ~ % — 0. Since f is not assumed to be convex, critical points need not be
minimizers and could be also include saddle points.
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Theorem 2. Assume Vf is L-Lipschitz and that o < % Then for any integer
t > 1 we have
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Convergence to a minimizer

To show that gradient descent converges to a global minimizer of f, we need to
assume that f is convex, which for us means that f lies above its tangent planes,
that is

(5)

for all x,y € R".

Other equivalent definitions of convexity include positive definiteness of the Hessian
matrix V2 f(z) for all z, and the convexity along lines definition

fOAz+ (1= Ny) <Af(x)+ (1 —=N)f(y)

for all z,y € R™ and A € [0, 1].



Convergence to a minimizer

Theorem 4. Assume f is convex, Vf is L-Lipschitz, and take a < % Then for
any integer t > 1 we have

2o — 2. |1?
(6) f(xt)—f*STy

where x, is any minimizer of f.

Remark 5. Theorem 4 shows that the values f(xy) of gradient descent converge
to the optimal value f, at a rate of O (%) when f is convex. This is an extremely
slow convergence rate, known as sublinear. To get with € > 0 of the optimal value

requires O (5‘1) iterations. So if you want 10~% accuracy you need 10° iterations.
/
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Linear convergence

To obtain a better convergence rate, we need to make an additional assumption
about how flat f can be at minima. We say that f is u-strongly convex if /)(\

(7) F) 2 @)+ V@) (=) + Glle — ol

for all x,y € R™.

Note: If we take z = z, then V f(x,) = 0 and we get
—
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Polyak-Lojasiewicz (PL) inequality

If f is u-strongly convex, then f satisfies the PL inequality

) ( L V@) u<f<x>D

for all z € R™. :

Remark 6. The PL inequality is weaker than strong convexity, and even nonconvex
functions can satisfy it (as an exercise, show that f(z) = x2 + 3sin?(x) satisfies the

PL inequality (9) with p = 35, but f is not convex).
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Linear convergence
Theorem 7. Assume f satisfies the PL inequality (9), V f is L-Lipschitz, and take
Then for any integer t > 0 we have
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Convergence of minimizers

Remark 8. It is also natural to ask how quickly z is converging to x,. For this,
we require strong convexity. If f is p-strongly convex then we have

ngt - x*HQ < f(CUt) - f* < (1 - Oéﬂ)t(f(ilf()) o f*)
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Gradient Descent Notebook (.ipynb)
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