
Math 8385 – Homework 3 (Due Wednesday December 18)

Complete any one of the problems below.

1. Perform some numerical experiments to test the convergence rates from Theorems 5.24
and 5.37 in the course notes. What rates of convergence do you see numerically? Is the
rate better than provided in the theorems? [If you wish to do this problem, I can provide
Matlab or Python code to help you get started.]

2. Show that the convergence rate in Theorem 5.24 can be improved to read

max
x∈XN

|uN,ε(x)− u(x)| ≤ C(‖u‖C4(U) + 1)(λ+ ε2)

with probability at least 1−C exp
(
−cNεn+2λ2 + 4 log(N)

)
, provided ρ ∈ C3(U). If you

like, you may prove the result for ρ ≡ Constant to simplify the proof.

3. Prove a Poincaré inequality on the graph with high probability. That is, show that
there exists a constant C > 0, depending only on U , such that with probability at least
1− CN exp (−cNεn)

‖u‖L2(XN ) ≤ C‖∇N,εu‖L2(XN×XN )

for all u ∈ L2(XN ) with u(x) = 0 for all x ∈ XN ∩ ∂εU .

4. For the variational methods, we proved discrete to continuum control in two steps: First
in Section 5.5.2 we studied the extension operator Eδ that extends a function on the
graph to a piecewise constant function on U , and then in Section 5.5.3 we constructed
a very particular smoothing operator Λε,δ, and our discrete to continuum operator was
the composition Λε,δEδ.

Let us consider another approach where we skip the extension step and apply the smooth-
ing directly to the discrete function. That is, we define the smoothing extension operator
Kδ : L2(XN )→ L2(U) by

Kεu(x) =
1

θN (x)

∑
y∈XN

ψε,0(|x− y|)u(y),

where
θN (x) =

1

N

∑
y∈XN

ψε,0(|x− y|).

Can you prove discrete to continuum convergence using Kε in place of Λε,δEδ? That is,
prove an analogous result to Theorem 5.37 using KεuN,ε as the extension and smoothing
operator. How does the result change, in particular, is the convergence rate different
(better or worse), and is the probability with which the rate holds different. [Warning:
This is a hard problem.]


