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Abstract We study the use of high-order Sobolev gra-
dients for PDE-based image smoothing and sharpening,
extending our previous work on this problem. In par-
ticular, we study the gradient descent equation on the
heat equation energy functional obtained by modifying
the usual metric on the space of images, which is the L2

metric, to a weighted Hk Sobolev metric. We present
existence and uniqueness results which show that the
Sobolev diffusion PDE are well-posed both in the for-
ward and backward direction. Furthermore, we perform
a Fourier analysis on the scale space generated by the
Sobolev PDE and show that as the order of the Sobolev
metric tends to infinity, the Sobolev gradients converge
to a Gaussian smoothed L2 gradient. We then present
experimental results which exploit the theoretical sta-
bility results by applying the various Sobolev gradient
flows in the backward direction for image sharpening ef-
fects. Furthermore, we show that as the Sobolev order
is increased, the sharpening effects become more global
in nature and more immune to noise.
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1 Introduction

We revisit the problem of image diffusion, which plays
a key role in image enhancement and denoising appli-
cations [Aubert and Kornprobst (2006); Lieu and Vese
(2008); Alvarez et al (1992); Catté et al (1992); Cham-
bolle (1994); Lysaker et al (2003); Osher and Rudin
(1990); Perona and Malik (1990); Rudin et al (1992);
Witkin (1984, 1983); You and Kaveh (2000)], as well
as more recent applications such as image compres-
sion [Galić et al (2008)]. The equivalence between in-
tegrating the linear heat equation for a finite amount
of time (with the input image as the initial condition)
and convolving the input image with a Gaussian kernel
has long been used to establish a connection between
diffusion and low pass filtering, with various forms of
anisotropic diffusion playing the role of the nonlinear
counterpart. If it were not for its inherent instabil-
ity and ill-posedness, one might establish an analogous
connection between backward diffusion and high pass
filtering, with backward anisotropic diffusion compris-
ing a similar nonlinear counterpart1. As such, were it
not once again for its ill-posedness, backward diffusion
could constitute a natural computational method for
image sharpening just as forward diffusion for image
denoising applications. The closest prior realization of
this approach was the popular Shock Filter proposed in
[Osher and Rudin (1990)]

Noting that the linear heat equation represents the
gradient descent flow on the L2-norm of the image gra-
dient, we may generalize this diffusion process by refor-
mulating the gradient descent flow on this same energy
functional with respect to different metrics. In partic-

1 Technically, backward diffusion would be more comparable
to adding an image to its high pass filtered result rather than to

the high pass filtered result by itself.
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ular, the class of Sobolev metrics yield gradient flows
which, unlike the L2 case, are well-posed in both the
forward and backward directions, thereby allowing us
to propose matched (i.e. commutable) image smooth-
ing and sharpening methodologies. Furthermore, the
resulting generalized diffusions2 allow stronger edges
(discontinuities) to persist for longer periods of time
compared with weaker edges that may be due to noise
or unwanted texture in the image. This effect, which
was initially explored in [Calder et al (2009S)] for the
first order Sobolev metric H1 becomes more and more
striking as the order of the Sobolev metric increases.

In this paper, we give some background on Sobolev
spaces of various order, discuss how to formulate the
gradient descent of an energy with respect to Sobolev
metrics of various order, and illustrate the results of ex-
ploiting these gradient flows for image smoothing and
denoising applications. More than just the expected im-
provements when changing from H0 (or L2) to H1,
our experiments show compelling further improvements
when passing from H1 to H2 and yet again when pass-
ing from H2 to H3. We even analyze the infinite limit
under some additional assumptions and apply this re-
sult to the same test images for results that illustrate
even further visual improvements. Thus, the use of
higher order Sobolev metrics in image processing is not
a mere exercise of mathematical elegance but has con-
siderable practical merit as well.

2 Background

2.1 Sobolev spaces

Let Ω ⊂ Rn be an open subset of Rn, with
smooth boundary ∂Ω, and with coordinate functions
(x1, . . . , xn); we consider Ω as the domain of our im-
age functions. We define an image (or image function)
to be a mapping u : Ω → R. For each multi-index
α = (α1, . . . , αn) ∈ Nn0 3, we define |α| = α1 + · · · + αn
and Dα = Dα1

x1
· · ·Dαn

xn , where Dxi denotes the distri-
butional derivative with respect to xi. For each k ∈ N0,
the Sobolev space Hk(Ω) is defined as

Hk(Ω) = {u ∈ L2(Ω)| Dαu ∈ L2(Ω),

∀α ∈ Nn0 such that |α| ≤ k},

2 We add the qualifier, generalized, since standard diffusion

processes generate increases in entropy that are irreversible in a
mathematically stable manner (in stark contrast to the Sobolev

generalized diffusions considered here).
3 N0 denotes the non-negative integers, i.e. N0 = {0, 1, 2, 3, . . . }

together with the Hilbert space structure induced by
the inner product

(u, v) 7→ 〈u, v〉Hk =
∑
|α|≤k

〈Dαu,Dαv〉L2 ,

where 〈·, ·〉L2 denotes the usual L2 inner product. Note
that H0(Ω) is nothing other than the usual Hilbert
space L2(Ω).

We denote by D(Ω) the vector space of infinitely
differentiable compactly supported R−valued functions
on Ω. D(Ω) is a vector subspace of Hk(Ω) for every
k ≥ 1, and the closure of D(Ω) in Hk(Ω) is denoted by
Hk

0 (Ω). The inner product on Hk
0 (Ω) is taken to be the

same as the inner product on Hk(Ω). For each k ≥ 1,
the dual space of Hk

0 (Ω) (i.e. the space of continuous
linear functionals on Hk

0 (Ω)) is denoted by H−k(Ω).

2.2 Previous and related works

This work is motivated by works on active con-
tours [Sundaramoorthi et al (2005, 2006, 2007)] where
the gradient descent PDE for segmentation and track-
ing energies are recast under a Sobolev metric. The re-
sulting tracking and segmentation algorithms, referred
to as Sobolev active contours, are found to be far more
robust with respect to noise and more global in nature.
Charpiat et al (2007) study the case for active contours
in more generality and show how to design inner prod-
ucts in order to achieve a desired amount of spatial
coherency in the gradient flow.

Richardson (2008) studied the use of Sobolev gradi-
ents for image decomposition tasks. The decomposition
is obtained via the minimization of a least squares func-
tional and by using a Sobolev pre-conditioning on the
gradient descent flow, one can avoid falling into irrele-
vant local minima and obtain faster convergence rates.
Richardson (2005) also studied the use of high order
Sobolev gradients for the purpose of solving nonlinear
differential equations via a gradient descent algorithm
on a least squares functional.

Much of the previous work on Sobolev gradients
in image processing and computer vision is of a sim-
ilar flavour; the purpose is always to recast a gradi-
ent descent algorithm under a Sobolev inner product to
achieve better convergence results and less susceptibil-
ity to local minima. Oftentimes, the desired minima are
solutions to some PDE and Sobolev gradient descent is
used merely as a tool for finding these solutions. Sobolev
gradients and differential equations have been studied
extensively in this context; a good reference is [Neu-
berger (2010)]. What matters in these approaches is
only that the gradient descent PDE converges to a crit-
ical point of the associated energy functional. As such,
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much of the theory on Sobolev gradients and differen-
tial equations is focused on studying when the gradient
flows converge as t→∞ [Neuberger (2010)].

We study Sobolev gradients for an entirely different
purpose. In image processing, it is not the limit point of
the gradient descent process that matters; instead it is
the family of images generated by the gradient descent
or ascent procedure that we are interested in. This is
the point where our work on Sobolev gradients differs
from previous work. As such, we are far more interested
in the properties of the solutions to these gradient flows
and much less interested in whether or not the resulting
PDE converge in any meaningful way as t→∞.

This work is an extension of [Calder et al (2009S)] in
which the authors study the first order Sobolev gradient
flow

u(0) = u0,
du

dt
= ±(I − λ∆)−1∆u, t > 0.

Calder et al (2009S) show that the forward flow satisfies
a maximum principle and preserves the Hölder regular-
ity of the initial image. The reverse flow is shown to
be an effective linear sharpening algorithm and, when
combined with higher order standard diffusions, yields
interesting smoothing/sharpening effects. In this work,
we extend the results of Calder et al (2009S) to the
higher order Hk

0 (Ω) Sobolev spaces and explore the dif-
ferences between the various Sobolev orders.

3 Proposed model

3.1 Inner products on Hk
0 (Ω)

In order to compute the Sobolev gradient of a functional
in Hk

0 (Ω), one needs to solve a partial differential equa-
tion of order 2k. In general, this can be very difficult.
However, the PDE (I − λ∆)u = f is well understood
and has been studied previously[Calder et al (2009S)].
Since we have a certain amount of freedom in selecting
an inner product on Hk

0 (Ω), we would be wise to select
an inner product so that the corresponding 2k-order
PDE is of the form (I − λ∆)ku = f . To this end, let us
consider the operator (I − λ∆)k. First we note that we
can express (I − λ∆)k as

(I − λ∆)k =
k∑
`=1

(
k

`

)
(−λ∆)`.

Furthermore, there exist positive constants cα ≥ 1 such
that

∆` =
∑
|α|=`

cαD
2α, ∀1 ≤ ` ≤ k.

Combining these two results and integrating by parts,
we have that for all u ∈ H2k

0 (Ω) and v ∈ Hk
0 (Ω)∫

Ω

((I − λ∆)ku)v =
∑
|α|≤k

∫
Ω

(−λ)|α|cα

(
k

|α|

)
(D2αu)v

=
∑
|α|≤k

λ|α|cα

(
k

|α|

)
〈Dαu,Dαv〉L2 .(1)

We will take right side of the above equation as our
inner product on Hk

0 (Ω). Formally, for each k ∈ N, λ >
0, we define the mapping gk,λ : Hk

0 (Ω) × Hk
0 (Ω) → R

by

(u, v) 7→ gk,λ(u, v) =
∑
|α|≤k

(
k

|α|

)
λ|α|cα〈Dαu,Dαv〉L2 ,

where 〈·, ·〉L2 denotes the L2 inner product on Hk
0 (Ω).

It is clear that for all λ > 0, gk,λ is a bilinear, positive
definite and symmetric form on Hk

0 (Ω). Indeed for all
0 ≤ λ ≤ 1,

λk‖u‖2Hk0 ≤ gk,λ(u, u) ≤ 2kC‖u‖2Hk0 , ∀u ∈ H
k
0 (Ω),

and for all 1 < λ, we have

‖u‖2Hk0 ≤ gk,λ(u, u) ≤ (2λ)kC‖u‖2Hk0 , ∀u ∈ H
k
0 (Ω),

where C > 0 is the maximum value of the coeffi-
cients cα. This proves positive-definiteness of gk,λ for
all λ > 0. The preceding bounds also show that the
norm defined on Hk

0 (Ω) by u 7→ (gk,λ(u, u))1/2 is equiv-
alent to the norm of Hk

0 (Ω), and hence that the Hilbert
space structure induced by gk,λ on Hk

0 (Ω) is isomor-
phic to the standard Hilbert space structure of Hk

0 (Ω)
for all λ > 0. We shall refer to the metric gk,λ as the
Sobolev metric on Hk

0 (Ω). We also introduce the L2
metric g0 : Hk

0 (Ω)×Hk
0 (Ω)→ R defined by

(v, w) 7→ g0(v, w) = 〈v, w〉L2 .

Note however that Hk
0 (Ω) is not a Hilbert space under

the L2 inner product.

3.2 Isotropic gradient flows in Hk
0 (Ω)

Let H be a Hilbert space and E : H → R. Assuming E
is Gâteaux-differentiable, the gradient of E at u ∈ H is
the unique element ∇E|u ∈ H satisfying

〈∇E|u, h〉 = dE|u(h) ∀ h ∈ H,

where dE|u : H → R is the Gâteaux-differential of E
at u ∈ H defined by

dE|u(h) =
d

dt

∣∣∣∣∣
t=0

E[u+ th] ∀ h ∈ H.
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The gradient descent equation on E with initial condi-
tion u0 ∈ H is then defined as

u(0) = u0,
du

dt
= −∇E|u(t), t > 0. (2)

Let E : Hk
0 (Ω)→ R be defined by

u 7→ E[u] =
1
2

∫
Ω

‖∇u‖2.

The Gâteaux-differential of E is

dE|u(h) =
d

dt

∣∣∣∣∣
t=0

E[u+ th] =
∫
Ω

∇u · ∇h.

We first recall the classical result of isotropic dif-
fusion under the L2 metric g0. For any u ∈ H2(Ω) ∩
Hk

0 (Ω), the gradient of E with respect to the metric
g0 is defined as the unique element ∇0E|u ∈ L2(Ω) ∩
Hk−2

0 (Ω) satisfying

dE|u(h) = g0(∇0E|u, h) ∀h ∈ Hk
0 (Ω).

Integration by parts yields ∇0E = −∆u and therefore
the gradient descent partial differential equation on E

with respect to the g0 metric with initial condition u0 ∈
L2(Ω) is the usual heat equation
∂u
∂t = ∆u, in Ω×]0,∞[
u = 0, on ∂Ω×]0,∞[
u(x, 0) = u0(x), ∀x ∈ Ω.

(3)

For the heat equation, we have the following classical
regularity result.

Theorem 1 For all u0 ∈ H1
0 (Ω), the solution u to (3)

is C∞ on Ω̄ × [ε,∞[ for all ε > 0.

The implication of this theorem is that the heat equa-
tion instantly blurs the initial image which can destroy
edges and other important information. We will see
shortly that this is not the case for gradient descent
under a Sobolev metric.

We now consider the Sobolev gradient for the same
functional E. Note that for any u ∈ H1

0 (Ω), v ∈ Hk
0 (Ω),

|dE|u(v)| ≤ ‖u‖H1
0
‖v‖Hk0 . Thus, for any u ∈ H1

0 (Ω),
v 7→ dE|u(v) is a bounded linear functional on Hk

0 (Ω).
Thus, by the Riesz representation theorem there exists
a unique element w ∈ Hk

0 (Ω) such that

gk,λ(w, h) = dE|u(h) ∀h ∈ Hk
0 (Ω). (4)

The unique element w ∈ Hk
0 (Ω) is called the Sobolev

gradient of E at u ∈ H1
0 (Ω) with respect to the metric

gk,λ and we denote it by ∇k,λE|u. Note that ∇k,λE|u
exists and is well defined for all u ∈ H1

0 (Ω) not merely

for u ∈ Hk
0 (Ω). Thus, for any u0 ∈ H1

0 (Ω), the Sobolev
flow on E with respect to the metric gk,λ is given by

u(0) = u0,
du

dt
= −ξ∇k,λE|u(t), t > 0, (5)

where ξ = ±1. When ξ = 1 we have gradient descent
and when ξ = −1 we have gradient ascent. We im-
mediately have the following existence and uniqueness
result.

Theorem 2 Let 1 ≤ m ≤ k. Then for every u0 ∈
Hm

0 (Ω), there exists a unique u ∈ C1([0,∞[;Hm
0 (Ω))

solving (5).

Proof It is enough to show that the mapping defined
by u 7→ −ξ∇k,λE|u is a bounded linear operator on
Hm

0 (Ω) then the existence and uniqueness of a solution
to (5) will follow from linear ODE theory. Linearity
of ∇k,λE|u is clear. For boundedness, by the Cauchy-
Schwartz inequality and the definition of gk,λ, we have

‖ − ξ∇k,λE|u‖2Hm0 ≤ ‖∇k,λE|u‖
2
Hk0

≤ 1
λk
gk,λ(∇k,λE|u,∇k,λE|u)

=
1
λk
dE|u(∇k,λE|u)

=
1
λk

∫
Ω

∇u · ∇(∇k,λE|u)

≤ 1
λk
‖∇k,λE|u‖Hm0 ‖u‖Hm0 . ut

As in equation (1), if f ∈ H2k
0 (Ω) ∩ Hk

0 (Ω) and g ∈
Hk

0 (Ω) we have

gk,λ(f, g) =
∫
Ω

((I − λ∆)kf)g.

Therefore, the Sobolev gradient ∇k,λE|u ∈ Hk
0 (Ω) sat-

isfies the PDE

(I − λ∆)k∇k,λE|u = −∆u

in the weak sense (where the weak sense is defined as
satisfying equation (4)). Thus we write

∇k,λE|u = −(I − λ∆)−k∆u. (6)

Then the Sobolev gradient flow on E can be written as

u(0) = u0,
du

dt
= ξ(I − λ∆)−k∆u, t > 0. (7)

An important consequence of theorem 2 is that the
reverse Sobolev diffusion equation (i.e. (7) with ξ = −1)
is actually well-posed, contrary to the notoriously ill-
posed reverse L2 heat equation. Hence the high or-
der Sobolev gradient flows on the heat equation energy
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functional yield reversible diffusion processes that can
be used for image sharpening or blurring.

Since the Sobolev gradient ∇k,λE|u is well-defined
for u ∈ L2(Ω) we can extend the Sobolev diffusion equa-
tion to less regular (and more regular) initial conditions.
In these cases, we have identical results.

Theorem 3 For every u0 ∈ L2(Ω) (resp. Ck,γ(Ω̄))
there exists a unique u ∈ C1([0,∞[;L2(Ω)) (resp.
C1([0,∞[;Ck,γ(Ω̄))) solving (7).

Proof It is enough to show that the operator ξ(I −
λ∆)−k∆ is bounded on L2(Ω) (resp. Ck,γ(Ω̄)). This
has been shown for ξ(I − λ∆)−1∆ and (I − λ∆)−1 in
[Calder et al (2009S)], hence it holds for arbitrary com-
positions of these operators. ut

Since the above theorem applies to both the forward
and reverse Sobolev diffusion equations, it follows that
reverse Sobolev diffusion cannot introduce discontinu-
ities into the image. Thus we expect the Sobolev dif-
fusion equation to behave much differently than other
enhancement PDE such as the Shock Filter [Osher and
Rudin (1990)].

4 Numerical methods

Let Ω = Rn. In order to compute the Sobolev gradient
∇k,λE1|u = −ξ(I − λ∆)−k∆u it is necessary to under-
stand the operator (I−λ∆)−k. We considered the case
k = 1 in [Calder et al (2009S)], thus, we will build on
this work for k > 1. Solving for u = (I − λ∆)−kf with
f ∈ L2 is equivalent to solving the PDE

(I − λ∆)ku = f in Rn. (8)

In [Calder et al (2009S)], we showed that the solution
for k = 1 is given by

u = Sλ ∗ f,

where Sλ is given by

Sλ(x) =
1

(4λπ)n/2

∫ ∞
0

e−t−
|x|2
4tλ

tn/2
dt. (9)

Thus for k > 1, the solution to (8) is given by

u = Sk,λ ∗ f. (10)

where Sk,λ is given by

Sk,λ = (Sλ ∗ · · · ∗ Sλ)︸ ︷︷ ︸
k−copies

(x). (11)

Fortunately, the convolution in (11) can be greatly sim-
plified.

Lemma 1 For each k ≥ 1 we have

Sk,λ(x) =
1

(k − 1)!(4πλ)n/2

∫ ∞
0

e−t−
|x|2
4tλ

tn/2−(k−1)
dt.

Proof We will use induction on k. For k = 1 the result
follows from equation (9). Assume that the result holds
for an integer k ≥ 1 then

Sk+1,λ(x)

= Sk,λ ∗ Sλ(x)

=
1

(k − 1)!(4πλ)n

∫ ∞
0

∫ ∞
0

[
e−(t+τ)

tn/2−(k−1)τn/2
×∫

Rn
e
−|y|2
4tλ −

|x−y|2
4τλ dy

]
dτdt.

The integral over Rn is the convolution of two multi-
variate Gaussian distributions (up to a constant). It is
a standard result that

1
(4πλ)n(tτ)n/2

∫
Rn
e
−|y|2
4tλ −

|x−y|2
4τλ dy

=
1

(4πλ(t+ τ))n/2
e
−|x|2

4(t+τ)λ .

So we have

Sk+1,λ(x)

=
1

(k − 1)!(4πλ)n/2

∫ ∞
0

∫ ∞
0

tk−1 e
−(t+τ)− |x|2

4(t+τ)λ

(t+ τ)n/2
dτdt.

Now we can make a change of variables, u = t and
v = t+ τ . Thus we have (after substituting and writing
t instead of v)

Sk+1,λ(x)

=
1

(k − 1)!(4πλ)n/2

∫ ∞
0

e−t−
|x|2
4tλ

tn/2

∫ t

0

uk−1dudt

=
1

k!(4πλ)n/2

∫ ∞
0

e−t−
|x|2
4tλ

tn/2−k
dt. ut

Figure 1 shows examples of Sk,λ for various values of k.
Finally, we can rewrite the Sobolev diffusion equations
as

u(0) = u0,
du

dt
= ∆(Sk,λ ∗ u), t > 0 (12)

for the domain Ω = Rn.

4.1 Maximum principes

For every k = 1, 2, . . . and λ > 0, the Sobolev gradient
descent PDE (7) takes a single image and generates a
scale space of images indexed by t > 0. It is desirable
in many situations that the process of generating this
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(a) k=1 (b) k=2 (c) k=4 (d) k=6

Fig. 1 Sk,λ for k = 1, 2, 4, 6 with λ = 1 and n = 2.

scale space does not introduce details or artifacts into
the image which were not present in the original. Thus
it is natural to ask whether the diffusion PDE proposed
in this paper satisfy any kind of maximum principle. It
is a well-known result that the heat equation satisfies
a maximum principle and it has been shown in [Calder
et al (2009S)] that the H1 diffusion equation satisfies
a similar maximum principle for any λ > 0. Based on
these observations, one might expect that the higher
order Sobolev diffusion equations (i.e. k ≥ 2) will also
satisfy some type of maximum principle. However, as
demonstrated in Figure 2, this is not the case for H2 dif-
fusion. In fact, H2 diffusion can enhance local or global
extrema, as is evidenced in Figure 2 b).

One may attempt to rescue this state of affairs by
constraining the set of allowable initial conditions so
that functions such as the one in Figure 2 are dis-
carded. However, no matter how this is approached,
it is unlikely to succeed in a practical manner. To see
this, let u0 : R → R denote the W function from the
example in Figure 2 and let u ∈ C1([0,∞[;H1(R))
be the unique solution to the H2 Sobolev diffusion
PDE (7) for this initial condition. Then it is clear
from Figure 2 that there exists τ > 0 such that
u(0, τ) > 0 = maxx∈R u0(x). Now for any α > 0 let
v0,α(x) = αu0(x) and let vα ∈ C1([0,∞[;H1(R)) be
the corresponding solution to the H2 Sobolev diffu-
sion PDE. By linearity, vα = αu, hence we have that
vα(0, τ) = αu(0, τ) > 0 = maxx∈R v0,α(x). In other
words, we must disallow the entire family of initial con-
ditions {v0,α}α>0, but as α → 0, v0,α converges to the
constant zero function.

5 Fourier analysis

In this section we present a new analysis of the Sobolev
diffusion equations in the Fourier domain. For u ∈

L1(Rn) we define its Fourier transform as

û(ω) :=
1

(2π)n/2

∫
Rn
e−ix·ωu(x)dx (ω ∈ Rn), (13)

where x · ω =
∑n
i=1 xiωi, with x = (x1, . . . , xn) and

ω = (ω1, . . . , ωn). The inverse Fourier transform is given
by

ǔ(x) :=
1

(2π)n/2

∫
Rn
eiω·xu(ω)dω (x ∈ Rn). (14)

It is well known that the Fourier transform can be lin-
early extended to an isometry from L2(Rn) to L2(Rn).

The Fourier transform of Sk,λ can be easily obtained
by considering the fact that Sk,λ is the fundamental
solution for the PDE (I − λ∆)ku = f . Thus we have

Ŝk,λ(ω) =
1

(2π)n/2
1

(1 + λ|ω|2)k
.

Therefore, by taking Fourier transforms (in the spatial
variables) of each side of the Sobolev diffusion PDE (5)
we obtain

û(0) = û0,
∂û

∂t
=

−|ω|2

(1 + λ|ω|2)k
û(t), t > 0. (15)

Thus we have

u(t) = u0 ∗ Gk,λ(t). (16)

where Gk,λ(t) is defined by

Ĝk,λ(t) =
1

(2π)n/2
exp

(
−|ω|2

(1 + λ|ω|2)k
t

)
. (17)

Note that if k ≥ 1, Ĝ(t)k,λ has a non-zero limit as
ω → ∞ for every t > 0 so it cannot be the Fourier
transform of an L2 function and should be interpreted
in the sense of distributions. Thus the Sobolev diffusion
PDE can be viewed as a linear filter where at each time
t > 0, u(t) is obtained by convolving u0 with Gk,λ(t).
Figure 5 shows examples of Ĝk,λ(t) for n = 1. The same
properties observed in Figure 5 apply to higher dimen-
sions as well (n > 1). The first thing we can note from
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(a) H1 diffusion
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(b) H2 diffusion

Fig. 2 Illustrations of differences between H1 and H2 diffusion. Initial conditions for each PDE are the W functions with global
maximums of zero. The plots show the initial conditions and the result of the respective diffusion processes at t = 50. For these initial

conditions, H1 diffusion decreases the extrema whereas H2 diffusion enhances the extrema.

(a) t=1 (b) t=5 (c) t=10

Fig. 3 Ĝk,λ(t) for various values of t with n = 1, k = 0, 1, 2, 5, λ = 1. The curves for k = 0, 1, 2, 5 are red, blue, brown and green

respectively.

Figure 5 is that if k ≥ 1 then for each t > 0, Ĝk,λ(t)
is bounded away from zero. Therefore the inverse filter
to Ĝk,λ is well-posed in a practical sense, in contrast to
inverting a Gaussian filter which results in unbounded
amplification of noise. This gives us a somewhat more
intuitive reason for the well-posedness of the reverse
Sobolev diffusion PDE. Furthermore, we can see that
there is a qualitative difference between Sobolev diffu-
sion for k = 1 and k ≥ 2. For k = 1, Gk,λ is the sum of
a low-pass filter and an all-pass filter for every t > 0,
but for k ≥ 2, we have a bandstop filter for every t > 0.
Thus we should expect very different results for Sobolev
diffusion with k = 1 and k = 2.

6 Infinite order approximations for Sk,λ

We can see that as k →∞, the spread of Sk,λ increases
which eventually limits the practicality of Sobolev diffu-

sion in higher Sobolev spaces, say Hk
0 (Ω) with k = 100

or k = 10, 000. However, decreasing λ has the effect of
reducing the spread of Sk,λ; therefore we are naturally
led to the idea of taking k → ∞ and λ → 0 in such a
way that the sequence of functions Sk,λ obtained con-
verges in some sense to a limiting function.

More precisely, let λ(k) = σ2

2k for some σ > 0 and
consider the sequence of functions fk = Sk,λ(k). The
Fourier transform of fk is

f̂k(ω) =
1

(2π)n/2

(
1 + σ2 |ω|2

2k

)−k
.

Thus, using the fact that limk→∞(1 + 1
k )k = e, we have

that

f̂σ(ω) := lim
k→∞

f̂k(ω) =
1

(2π)n/2
e
−σ2|ω|2

2 ∀ω ∈ Rn.
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Recognizing this as the Fourier transform of a Gaussian
distribution, we have that fσ is given by

fσ(x) =
1

(2σ2π)n/2
e−
|x|2

2σ2 .

Thus, we can consider fσ as a high order approximation
of Sk,λ provided that 2kλ ≈ σ2. This leads to the PDE

u(0) = u0,
∂u

∂t
= ∆(fσ ∗ u), t > 0 (18)

on the domain Ω = Rn. We will call this the infinite or-
der Sobolev diffusion PDE. It is natural to ask how large
we must make k before this approximation is valid. The
plots in Figure 1 and the experimental results in Fig-
ures 4 and 5 suggest that the approximation becomes
good around k = 3 and by k = 6, the Sobolev ker-
nel is difficult to distinguish visually from a Gaussian
distribution.

7 Experimental results

In this section, we show the results of both forward
and backward Sobolev generalized diffusions of increas-
ing order on two different test images. For these color
test images, the generalized diffusions are applied sep-
arately to each color channel for equivalent times (i.e.
same number of iterations). To help make the compar-
isons meaningful, a consistent size and number of time
steps were also used when running the generalized dif-
fusions of different order, including the infinite order
approximation.

We begin by illustrating the difference in the for-
ward Sobolev diffusion process by increasing the order
k from 0, to 1, to 2, to 3, and then to our infinite or-
der approximation. We notice very clearly that salient
edges survive much longer throughout the diffusion pro-
cess as the Sobolev order increases. Note that the k = 0
case is equivalent to standard heat diffusion according
to the usual L2 metric (L2 = H0) which blurs all edges
instantly. In Figure 4, we can see very clearly how the
whiskers of the baboon image are better preserved as
k increases. A portion of the original baboon image is
shown in the upper-left corner followed by the stan-
dard L2 diffusion to the right (top-right corner) on the
same image portion. The middle row shows the H1 dif-
fusion on the left and the H2 diffusion on the right,
in which the whiskers remain clearly distinguishable.
Looking at the whiskers, however, on the bottom row,
which demonstrates the H3 diffusion on the left and
the infinite order diffusion on the right, one can see
a drastic further improvement in the preservation of
the whiskers during the smoothing process. The exact

same pattern of different order Sobolev diffusions is il-
lustrated on part of the Lena image in Figure 5. Here,
the improvement in feature preservation with increasing
k can be noticed through a variety of different features
including the eyes, the hair, the feathers in the hat, and
the corner of the mouth.

Next, we illustrate the backward Sobolev diffusion
process for sharpening the features in the same two orig-
inal images. Since the standard L2 diffusion (H0) is not
well posed in the reverse direction, we omit this case.
The increasing resistance to destroy fine structure as
k increases for the forward diffusion case goes hand in
hand with an increased resistance to create fine struc-
ture as k increases in the backward diffusion case. This
is to be expected and is quite intuitive when considering
that the forward and backward diffusions for k > 0 are
commutable and reversible. As such any fine structure
created by a backward diffusion would be destroyed by
a subsequent forward diffusion and vice-versa. In Figure
6 we start with the same baboon image in the upper-left
corner as in Figure 4 followed by backward H1 diffu-
sion to the right (top-right corner). While the operation
was stable and well-posed, we nevertheless see that a
lot of unwanted noise was amplified during the sharp-
ening process. This undesired effect is greatly reduced
by the H2 and H3 backward diffusions shown in the
middle row (left to right respectively) where only the
more prominent and persistent edges are enhanced dur-
ing the sharpening process. In the bottom row, we give
an example of the infinite order Sobolev diffusion which
closely resembles the H2 and H3 results, and we com-
pare against the well-known shock filter. We can see in
figure 4 that the shock filter produces unnatural im-
ages consisting of piecewise constant regions separated
by sharp edges, while, as a consequence of the regularity
preservation property (theorem 3), Sobolev sharpening
produces a much more natural looking image. In Figure
7 we see the same pattern of reverse Sobolev diffusions
on the Lena image of Figure 5.



9

(a) Original (b) L2 diffusion (c) H1 Sobolev diffusion λ = 1

(d) H2 Sobolev diffusion λ = 1 (e) H3 Sobolev diffusion λ = 1 (f) High order approximation
σ2 = 4

Fig. 4 k = 0, 1, 2, 3 and the infinite order approximation. The simulations were run until each respective PDE reduced the energy

u 7→
R
‖∇u‖2 to 25% of its original value.

(a) Original (b) L2 diffusion (c) H1 Sobolev diffusion λ = 1

(d) H2 Sobolev diffusion λ = 1 (e) H3 Sobolev diffusion λ = 1 (f) High order approximation
σ2 = 4

Fig. 5 k = 0, 1, 2, 3 and the infinite order approximation. The simulations were run until each respective PDE reduced the energy
u 7→

R
‖∇u‖2 to 25% of its original value.
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(a) Original (b) H1 Sobolev diffusion λ = 1 (c) H2 Sobolev diffusion λ = 1

(d) H3 Sobolev diffusion λ = 1 (e) High order approx. σ2 = 2 (f) Shock filter

Fig. 6 k = 0, 1, 2, 3, the infinite order approximation, and the shock filer. The simulations were run until each respective PDE increased

the energy u 7→
R
‖∇u‖2 to twice its original value. The shock filter was run until convergence.

(a) Original (b) H1 Sobolev diffusion λ = 1 (c) H2 Sobolev diffusion λ = 1

(d) H3 Sobolev diffusion λ = 1 (e) High order approx. σ2 = 2 (f) Shock filter

Fig. 7 k = 0, 1, 2, 3, the infinite order approximation, and the shock filter. The simulations were run until each respective PDE
increased the energy u 7→

R
‖∇u‖2 to twice its original value. The shock filter was run until convergence.
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8 Conclusion

In this paper we demonstrated, both theoretically and
experimentally, how high-order Sobolev gradients can
be used for superior edge-preservation in PDE based
image smoothing as well as for well-posed (and thereby
more natural looking) image sharpening. Our experi-
mental results suggest that as the Sobolev order is in-
creased, the smoothing/sharpening effects become more
global in nature and more immune to noise. By perform-
ing a Fourier analysis of the Sobolev diffusion process,
we gained some insight into its properties for different
k and we showed that as the order of the Sobolev met-
ric tends to infinity the Sobolev gradients converge to
a Gaussian blurred L2 gradient. We also provided some
experimental results which suggest that, contrary to the
cases of k = 0, 1, for k ≥ 2 the Sobolev diffusion PDE
do not satisfy a maximum principle.

We are currently investigating the use of Sobolev
metrics in image space for functionals which yield
anisotropic diffusion equations under the L2 metric,
such as the Perona-Malik equation. We expect the
Sobolev gradient flows on such functionals to be well-
posed which could open the door to a new type of re-
verse anisotropic diffusion process for image sharpen-
ing. We are also investigating the use of Sobolev met-
rics in other functional spaces which occur in variational
problems in image processing.
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