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Be sure to answer a total of FIVE QUESTIONS: Check to see that you have all
questions and pages. Answer the questions in the space provided on the question
sheets. If you need extra space, write on the other side of the page, in this case

please clearly indicate that your work is continued on the other side.

1. (20 points) Prove that a~ —, 0 IF AND ONLY IF a~I —* 0.
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2. (20 points) Consider the recursive sequence given by a1 = ~ and a~+i = ~2 + a~ for n ≥ 1.

(a) Prove that for alln≥ 1, v’~≤ a~ ≤2.
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(b) Prove that (an) is increasing.
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(c) Why does (an) converge? Compute lim a~ = L.
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3. (20 points) Let (an) be a sequence.

(a) Carefully and precisely write the definition of “an converges to L”

‘1€>o suc~4~4 ~ ~a—L\ < ~.

For parts (b) and (c), assume that a~ —* L.

(b) Prove that if L <0, then there exists n E N such that a~ <0.
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(c) Prove that if for every ii e N, a~ ≥ 0 then L ≥ 0. (Hint: There is a one-line proof of this
result.)
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4. (20 points) Determine if the following sequences converge or diverge. If they converge, find
their limit. Give reasons, but not a formal proof, for your answers. (Note: there are 5 parts to
this problem.)
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(d) .1,.13,.135 1357... (2n +1)
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5. (20 points) Determine if the following are true or false. If it is true, state reasons for your
answer. If false provide an example which shows that it is false.

(a) If (a~ + b~) diverges, then at least one of (an) or (ba) diverges.
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(b) If (an) diverges and (ba) converges to L> 0, then (N converges.
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(c) If (anbn) converges, then at least one of (an) or (ba) converges.
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