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SECTION 2.4 THE PRECISE DEFINITION OF AIIMIT ILl 115

must be able to bring it below any positive number. And, by the same reasoning, we can!
If we write e (the Greek letter epsilon) for an arbitrary positive number, then we find as
before that

If(x)_51<8 if 0x—3I<8~

This is a precise way of saying that f(x) is close to 5 when xis close to 3 because (1) says
that we can make the values of f(x) within an arbitrary distance s from 5 by taldng the val

x ues of x within a distance c/2 from 3 (but x 0 3).
Note that (1) can be rewritten as

5—g<f(x)<5+8 whenever 3—8<x<3+& (x03).

and this is illustrated in Figure 1. By taking the values of x (0 3) to lie in the interval
(3 5,3 + 8) we can make the values off(x) lie in the interval (5 — s,5 + s).

Using (1) as a model, we give a precise definition of a limit.

~ Definition Let f be a function defined on some open interval that contains the
number a, except possibly at a itself. Then we say that the limit off(x) as x
approaches a is L, and we write

limf(4=L

if for every number e > 0 there is a numbef 8> 0 such that

If(x)LI<8 whenever 0<Ix—aI<8

Mother way of writing the last line of this definition is

Since x — a is the distance from x to a and f(x) — LI is the distance from f(x) to L,
and since s can be arbitrarily small, the definition of a limit can be expressed in words
as follows:

liin1—~, f(x) = L means that the distance between f(x) and L can be made arbitrarily small
by taking the distance from x to a sufficiently small (but not 0).

Alternatively,

lim1-.0 f(x) L. means that the values of f(x) can be made as close as we please tc L
by taking x close enough to a (but not equal to a).

We can also reformulate Definition 2 in terms of intervals by observing that the in
equality Ix — aI < 8 is equivalent to —8< x — a < 8, whichin turn can be written
as a — 8<x< a + 8. Also 0< x — aI is true if and only if x — a 00, that is,
x 0 a. Similarly, the inequality I f(x) — LI <e is equivalent to the pair of inequalities
L — s <f(x) <L + s. Therefore, in terms of intervals, Definition 2 can be stated
as follows:

lim~-,~ f(x) = L means that for every a > 0 (no matter how small s is) we can find
8> 0 such that if x lies in the open interval (a — 8, a + 6) and x 0 a, then f(x) lies in
the open interval (L — a, L + a).

srewp~R; S
f(x)
is in
here f

3—6 3+8

when x is in here
(x*3)

FIGURE 1
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We interpret this statement geometrically by representing a function by an arrow diagram
as in Figure 2, where f maps a subset of D1 onto another subset of ~. *

FIGURE 2 x a f(a) f(x)

The definition of limit says that if any small interval (L — a, L + a) is given around L,
then we can find an interval (a — 6, a + 6) around a such that f maps all the points in
(a — 6, a + 8) (except possibly a) into the interval (L — a, L + a). (See Figure 3.)

______ _____________ j

FIGURE3 a—S a a+8 - L—s L L+a - I
Another geometric interpretation of limits can be given in terms of the graph of a func

lion, 118>0 is given, then we draw the horizontal lines y = L + candy = L — sand
the graph off (see Figure 4). If limx..af(x) = L, then we can find a number 6.> 0 such
that if we restrict x tO lie in the ifiterval (a — 6, a + 6) and take x ≠ a, then the curve
y = f(x) lies between the lines y L — candy = L + a. (See Figure 5jYou can see that
if such a 8 has been found, then any smaller 6 wifi also work.
It is important to realize that the process illustrated in Figures 4 and 5 must work for

every positive number e no matter how small it is chosen. Figure 6 shows that if a smaller
a is chosen,then a smaller 8 may be required. -
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FIGURE 4 FIGURE 5
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when x is in here
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a—S a+S

Jx — fl < 6

FIGURE 6

EXAMPLE 1 Use a graph to find a number 8 such that

— 5x + 6)— 21<0.2 whenever

In other words, find a number 8 that corresponds to a = 0.2~ in the definition of a limit for
the function f(x) = — 5x + 6 with a 1 and L 2.
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Another notation for Jim~~f(x) = L is
f(x)—>L as x—>x

“the limit of f(x), as x approaches infinity, is L”
“the limit of f(x), as x becomes infinite, is L”

“the limit of f(x), as x increases without bound, is L”

The meaning of such phrases is given by Definition 1. A more precise definition, similar
to the s, & definition of Section 2.4, is given at the end of this section.

Geometric illustrations of Definition 1 are shown in Figure 2. Notice that there are
many ways for the graph of f to approach the line y = L (v~Mch is called a horizontal
asymptote) as we look to the far right of each graph.
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Referring back to Figure 1, we see that for numerically large negative ~ealues of x, the
values of f(x) are close to~1. By letting x decrease through negative values without bound,
we can make f(x) as close as we like to I. This is expressed by writing

— 1lim =1

lini f(x) L
Definition Let f be a function defined on some interval (—no, a). Then

means that the values of f(x) can be made arbitrarily close to L by taking x suf
ficiently large negative.

Ill liii! III!’
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uiR

cecrsnJ ‘t4,
limf(x)=L

L

UI Definition Let f be a function defined on some interval (a, cc). Then

RIPWIALI

means that the values of f(x) can be made arbitrarily close to L by taking x suf
ficiently large.

or

fort

The symbàl cc does not represent a number. Nonetheless, the expression Jim f(x) = L is
often read as

~ ASY,1VT*T&
4:: or

yL
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y1t
yL

FIGURE 2
Examples illustrating Bin f(x) = L
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7y=Lz~
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The general definition is as follows.

I
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FIGURE 14
limf(x) = L

FIGURE 15
f(x) L

IW1 Precise Definitions
Definition 1 can be stated precisely as follows.

In words, this says that the values of f(x) can be made arbitrarily close to L (within a
distance a, where a is any positive number) by taking x sufficiently large (larger than N,
where N depends on a). Graphically it saS’s that by choosing x large enough (larger than

some number N) we can make the graph of f lie between the given horizontal line~.
y L — a and y = L + a as in Figure 14. This must be true no matter how small we~
choose a. Figure 15 shows that if a smaller value of a is chosen, then a larger value of 19
may be required.

4

f(x)is
inhere
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x

Definition Let f be a function defined on some interval (a, cc). Then

limf(x)=L

means that for every a> 0 there is a corresponding number N such that

If(x)—LI <-a whenever x>N

y

y = L + s

N

L.

when xis in here

y = f(x)

N x

Similarly, a precise version of Definition 2 is given by Definition 8, which is illustratedi
inFigurel6. .
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