
Math 3283W Professional Problem 1 February 9, 2010

1. Prove the following results

(a) Let k ∈ Z+ and let A ⊆ Z+ such that

1. k is the smallest element of A

2. If n ∈ A, then n + 1 ∈ A

Then A = {n ∈ Z+| n ≥ k}.

(b) (Theorem 4.13 on page 22). Let k ∈ Z+ and let be a statement P (n) depending on
n ∈ Z+. Assume that

1. P (k) is true,

2. ∀n ∈ Z+, if P (n) is true, then P (n + 1) is true.

Then ∀n ≥ k, P (n) is true.

2. (a) Use induction to prove that the following formula holds for any n ∈ N:

13 + 23 + · · ·+ n3 =
(n(n + 1)

2

)2

.

(b) Consider the following implicit definition for a function f : N→ N,

1

1 · 2
+

1

2 · 3
+ · · ·+ 1

n(n + 1)
= 1− f(n).

Find a closed formula for f(n) (i.e, an expression for f(n) in which the number of
terms does not vary with n), and prove your result using induction.

(c) Find a closed formula for the sum

23 + 43 + 63 + · · ·+ (2n)3;

be sure to prove that your formula works (using induction or other means).
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