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Math 4242. Section 10 Final Exam May 13, 2003
(There are a total of 200 points on this exam)

Problem 1 Consider the system of equations

or1 +4xs + Tx3 + 102y = 100
20$1 o 252‘:2 == 1U:E3 23 512'4 = 200
2x1 + 2x9 + 1023 + 624 = 5H0.

a. (15 points) Find the general solution of this system.
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b. (5 points) A veterinarian recommends that a certain pet’s diet should
contain 100 units of protein, 200 units of carbohydrates, and 50 units
of fat daily. A store’s pet food department contains four varieties of
foods with the following composition of protein, carbohydrate, and fat
(in units) per ounce in foods A, B,C, and D:

Food Protein Carbohydrates Fﬁt

A 9 20 2
B 4 25 2
C [ 10 10
D 10 9 - 6

Our problem is to find, if possible, the amounts of foods A, B, C, and
D that can be included in the pet’s diet to conform to the velerinarian’s
recommendation. First, show the relationship between this problem and

the above linear system.
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c. (b points) What is your answer to the question of finding the amounts of
foods A, B, C, and D that can be included in the pet’s diet to conform

to the veterinarian’s recommendation?
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Problem 2

2 1
3 0
1 1
2 D

a. (15 points) Find a PLU-decomposition of A.

b. (5 points) What is the rank of A?
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c. (10 points) Find a basis for the range (column space) of A.
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d. (5 points) What is the dimension of the null space of A?

e. (5 points) What is the dimension of the range of AT ?

4



f. (5 points) What is the relationship between the null space of A and the
range of A*?
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Problem 3 (15 points) Use the Gram-Schmidt process to find an ON basis
for the span of
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Problem 4 Consider planes of the form
z=ax+ by +c.

We want to find the least squares fit for a plane through the five points

(2= () () () () (5)

a. (5 points) Write the system of equations to be fit in the form Av = d

where
a
n=\| & ].
c

What are A and d?
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b. (15 points) Determine the least squares fit for Av =d
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c. (5 points) What is the equation of the plane that best fits the data?
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Problem 5 Answer each of the following as true or false. (The matrices
are all real n x n). If true, give a reason; if false give a counterezample.

a. (5 points) det(AAT) = det(A?). Jﬁw.
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c. (5 points) If det(A) = 0 then det(adj A) = 0. m
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d. (5 points) If A= SBS™! and S is nonsingular, then det(A) = det(B).
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Problem 6 Two masses are adjoined by springs and the ends A and B are
fized. (See the figure on the board.) The masses are free to move horizontally.
We assume that the three springs are uniform and that initially the system
18 in the equilibrium position. A force is exerted on the system to set the
masses in motion. The horizontal displacement of the masses at time t will
be denoted by x,(t) and x5(t), respectively. We assume that there are no
frictional retarding forces. Then the only forces acting on mass my at lime 1
will be from springs 1 and 2. The force from spring 1 wnll be —kx, and the
force from spring 2 will be k(z, — x;). By Newton’s second law,

myzy(t) = —kxy + k(zg — 241).

Similarly the only forces acting on the second mass will be from springs 2
and 3. From Newton’s second law we have

Moy (t) = —k(xa — 1) — kxs.

In the case where my = mqy =1, k =1 and assuming that the initial velocity
of both masses 18 +2 units per second we have the system

d::f) = Az(t),  z(t) = (i;%g ), A= ( _? _;) :

with initial conditions



a. (10 points) Compute the eigenvalues and eigen vectors of the matriz A.
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c. (10 points) Find the special solution of the system that satisfies the ini-
tial conditions and give a physical interpretation of the answer.
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Problem 7 Consider the quadratic form

. T
g(z) = —2z3 + 4z + 62,30 — 422, B = ( Ty ) :
L3

a. (5 points) Find the real symmetric matriz A such that g(z) = z* Ax.
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b. (10 points) Diagonalize the quadratic form by means of some orthogonal
matriz. (You need compute only the simplified (diagonal) form, not the
orthogonal matriz.)
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c. (5 points) Is this quadratic form positive definite, positive semidefinite
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Problem 8 Let T : R® — R3? be the linear transformation T'(z) = Az,

where @ @ @
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a. (10 points) Compute the 3 x 3 matriz 4
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b. (5 points) Find an equation relating a,b, and ¢ so that ( b ) will lie
- c

in the range of T'.

v L Y ora ' 2 Y @
| ¢ 2 5'L |— O -1 -3 b~24q
-

=1 =3 7} ¢ 0 =l =3 am\
L s 8§ Y &) [ _
(%[ -3 ) b—2a "5 (%\*‘Qﬁ)@
0o QO ©l3a-brc/ | 3a—b+=0|




A=LDV :(

1 (A’ Qtpamate 5@9“ -

M
=n
A
[
§ = = N - ks | BT HE ~ 000 d ~
S g — O ey BILL S g P09 3 O _Ml_\m
~ . KU == D P~ | ‘4
= -~ £S | A i T == = .HH,._._ o
m._ ._m B .lnm.” Dok’ oms n.U..L..L.» anﬂL. \_W [} U O}.t_ﬁ,ﬂT
,Wu. mﬁvﬂ_.l.,o} ﬁ.ul.-”hvlﬂ* O*m._vfl\.\ A-V.AN Qm.u..@
ﬂm..._ W T ) L\ J oo 90@ @ ' A}. \IU iuu\k\\
- : 0 -SRI i - il it noy
s 3 | O © \) . ,ﬁ " 4 U
. & T p " = o A T %
% 1 3} .% —
- A e <L .%
~ & ~



