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Abstract

Second-order conformal quantum superintegrable systems in 2 dimensions are
Laplace equations with scalar potential and 3 independent 2nd order conformal
symmetry operators. They encode all the information about 2D Helmholtz
superintegrable systems in an efficient manner: Each of these systems admits a
quadratic symmetry algebra (not usually a Lie algebra) and is multiseparable. The
separation equations comprise all of the various types of hypergeometric and Heun
equations in full generality. In particular, they yield all of the 1D Schrédinger exactly
solvable (ES) and quasi-exactly solvable (QES) systems related to the Heun operator.

The separable solutions of these equations are the special functions of mathematical
physics. The different systems are related by Stackel transforms, by the symmetry
algebras and by Bocher contractions of the conformal algebra so(4, C) to itself, which
enables all systems to be derived from a single one: the generic potential on the
complex 2-sphere.

Distinct separable bases for a single Laplace system are related by interbasis
expansion coefficients which are themselves special functions, such as the Wilson
polynomials. This approach facilitates a unified view of special function theory,
incorporating hypergeometric and Heun functions in full generality.
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Purpose

The purpose of this talk is to make clear how superintegrable systems theory
unifies and simplifies the study of the special functions of mathematical
physics, hypergeometric and Heun equations, and exactly solvable and
quasi-exactly solvable systems. We consider here one of the simplest classes
of such systems: 2nd order superintegrable systems in 2 complex variables.
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Purpose

The purpose of this talk is to make clear how superintegrable systems theory
unifies and simplifies the study of the special functions of mathematical
physics, hypergeometric and Heun equations, and exactly solvable and
quasi-exactly solvable systems. We consider here one of the simplest classes
of such systems: 2nd order superintegrable systems in 2 complex variables.

This is an integrable Hamiltonian system on an 2-dimensional manifold with
potential:
H = Ao + V7

that admits 3 algebraically independent 2nd order partial differential operators
Ly, Ly, H commuting with H, the maximum possible,

[H,Lj]=0, j=12

Here [A, B] = AB — BA is the operator commutator.
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Introduction

Superintegrability captures the properties of quantum Hamiltonian systems
that allow the Schrédinger eigenvalue problem HV = EW to be solved exactly,
analytically and algebraically.

The 2nd order 2D systems have been classified. There are 44 nondegenerate
(3 linear parameter potential) systems, on a variety of manifolds,

Under the Stéckel transform, an invertible structure preserving mapping, they
divide into 6 equivalence classes with representatives on flat space and the
2-sphere.
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Introduction

Superintegrability captures the properties of quantum Hamiltonian systems
that allow the Schrédinger eigenvalue problem HV = EW to be solved exactly,
analytically and algebraically.

The 2nd order 2D systems have been classified. There are 44 nondegenerate
(3 linear parameter potential) systems, on a variety of manifolds,

Under the Stéckel transform, an invertible structure preserving mapping, they
divide into 6 equivalence classes with representatives on flat space and the
2-sphere.

There is a similar number of degenerate (1 parameter potential) systems that
divide into 6 equivalence classes.
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Properties of 2nd order superintegrable systems with
potential

@ The symmetry operators of each system close under commutation to
generate a quadratic algebra, and the irreducible representations of this
algebra determine the eigenvalues of H and their multiplicity
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Properties of 2nd order superintegrable systems with
potential

@ The symmetry operators of each system close under commutation to
generate a quadratic algebra, and the irreducible representations of this
algebra determine the eigenvalues of H and their multiplicity

@ 2nd order superintegrable systems are multiseparable.

@ Smorodinsky, Winternitz and collaborators inaugurated this study in 1965
by pointing out the multiseparability of systems such as the
Smorodinsky-Winternitz system

g

H:@xx+3yy+a(x2+y2)+%+ﬁ.
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Introduction

Example: S9 - a nondegenerate system

a a.
H=f+ B+ b+ 5+ 5+
1 2

where J; = 510s, — 5205, and Js, J3 are obtained by cyclic permutations of indices.

Basis symmetries: (s? + s3 + 5 = 1)

st apsh as:  ast

2 2 2
L1:J1+?+?, L2:J2+?+?, L3:J3+

3 2 1 3
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Example: S9 - a nondegenerate system

ay as as
H=Sl+h+L5+2+=2+2
T+ Jo + 3+S12+S§+S§
where J; = 510s, — 5205, and Js, J3 are obtained by cyclic permutations of indices.

Basis symmetries: (s? + s3 + 5 = 1)

2 2 2 2 2 2
ass: ans: a s as$s ans ai s
L1:J12+¥+ﬁ’L2:J§+¥+L7L3:J§+L+ 12’
2 2 2 2 2 2
S3 2 Si S3 S; S

Structure equations:
[Li, R] = 4{L;, Lk} — 4{L;, L;} — (8 + 16a)L; + (8 + 16ak)L« + 8(a; — ax),
R = g{L1,L2,L3} — (16as + 12)L% — (16a2 + 12)L5 — (16a3 + 12)L5+
%({L1,L2}+{L2, L3}+{L3,L1})+%(16+176a1)L1+%(16+176a2)L2+%(16+176a3)L3
+33—2(a1 + a>+ a3) + 48(a1ax + aas + azar) + 64aiazas, R =Ly, Ly].

Here, H=Li+ Lo+ Lls+a—1+ a + as.
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E———— i
Example: Higgs oscillator - a degenerate system

It is the same as S9 with a; = a, = 0, a3 = a, but admits additional symmetry.

Basis symmetries:

as? 1 asis
X=ds, Li=B+Z2 L= (Jid+dd)— 02
S5 2 S5
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E———— i
Example: Higgs oscillator - a degenerate system

It is the same as S9 with a; = a, = 0, a3 = a, but admits additional symmetry.

Basis symmetries:

as? 1 as(s
X=ds, Li=B+Z2 L= (Jid+dd)— 02
S5 2 S5

Structure equations:

L, X] = 2L, [Lo,X]=-X?—2L,+H—a
1
[L1,L2]Z—(L1X+XL1)—(§+28)X, R:[L1,L2]

0={L,X?}+212+2[2-2[{H+ X? —2aly — a.
1 2

5+4a
2
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Nondegenerate flat space systems: nw = (92 + %+ v)v = Ev.

Q@ Et:V=a(®+y)+ 5+, (2 E2V=adx®+y?)+Bx+ s,

Q E3:V=a(x®+y?) + Bx+1y,

E7: V= —obty) B(x—ly) T+ (X2 + y?),
o Vx+iy2—b L\ /(x+iy2—b (x+/’y+\/(x+/y)27b)2 il ¥)

e E8 V a(x— ’y)+(xﬁy)2+7(xz_+_y2),

oy
_ y(x+2iy)

@ E10: V=a(x—iy)+ B(x + iy — 3(x = iy)?) + 7(x® + y* — 2(x — iy)?),
Q Eit:V=a(x—iy)+26=0 4 o

X-+iy x+iy’
Q E15: V="Ff(x—ly),
@ E16: V= ——"—(a+ —E2— +—~L—),

\/x2+y2 y+\/X2+y2 y—+/x2+y2
. _ « B8 9
® £ V= Vety? T T ey
Q@ E19: v = by 5

N
\/(X+fY)2 4/ x—iy)(x+iy+2) + Vx=iy)(x+iy—2)"
@ E20: V= \/W <a+ﬁ X+ \/x2+y2+7\/x—\/x2+y2)
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Constant curvature space Helmholtz systems

Nondegenerate systems on the complex 2-sphere:
H\IJ:(J223+J123+J122+ V)w: E\U, Jkézskasg 7328510 S12+S§+S§:1

Here,
v a Bs y(1—4s3)

Q S1:vV= CE + (s1+122)2 + (31+i52§'4 ’
L (s1—isp)

Q S2: V= Sz + (51+152)2 + '(YS11H52)23’
vy Bss ol

Q sS4 V= s1+152)2 + \/$2+s2 + (s1-+is2)/s5+83”

. _ «S3 5S4 ol
OSTV=-Fmtsema &

e 88 V: Sy + [3(82+f51+33) + 7(52+f31—$3)

\/52+s§ V(s2+is)(sa+ist)  +/(sa+isi)(ss—is1)’
Q S9: V_Sz+ +Sz,
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Constant curvature space Helmholtz systems

Darboux 1 systems:HW = (L (8% + %) + V) W = EV. (Winternitz et. al., 2002)

. _ by (2x72b+iy) by @
Q DIA V= BE ¢ e+ Rt by,

2 2
Q D1B: v =2 ey By oy,
Q DICV =200 4 ooy By gy,

Darboux 2 systems: HV = (x2+1 (02 +02) + V) V= FEV.

2

Q D2A:V = 25 <b1(x2+4y )+F+b3}/)+b4-
O D2B: V=35 (b1(X2+J’2)+%+%> + ba,

] _ X2 by by
e DZC V = \/X2+y2(X2+1) <b1 + y+\/x2+y2 + y_\/x2+y2> + b45

N+

Darboux 3 systems: HV = (2 (05 +09) + V) v =EV.

D3A: V = L b’ e
@ D3 1+6X + Vit2ertv(14e)  \/142e5 T (1+4ex)

Q D3B: V= em (by + e % (bycos ¥ + bysin %)) + by,
@ D3cC: V( eX+1 (b1 + ex(cosz Y + m)) + by,.

+ ba,
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Constant curvature space Helmholtz systems

Darboux 4 systems: HV = (—%(8& +95) + V) V= FEV.

.y _ _sin?2 bs
o D4(b)A V= chcl)rslzx)_(,’_b (smh2 =+ sinh2 2y> + 2cos 2x+b + bs,
@ D4(b)B: V = 5852y (b + b6 + bye? ) + by,

V. b by by e ¥
O DA(b)C: V= & + 22 <z+(17;2y)ﬁ + Z+(1+e)VZ T cos?x ) + b.

sin x | cos2 x
Generic Koenigs spaces:
0 K[171a171]: HY = m (8)2(4-85—"- V(a1,32783,a4))\|/ = E\U,

V(ai,ap, a3 a) = $ + % + ()(243523—1)2 B (x2+4y324+1)2’

V(a, az, a3, a4) = % + 53 — as(X* + y?) + a,
Q K[2,2]: HV = m (8)2( +(9}% + V(a17az,a3,a4)) v =EVy,

V(a1 ) aZa a37 a4) (X+Iy)2 + a(zx(i;/l)};) + a3 - a4(X2 + yz)’
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Generic Koenigs spaces:

Q K[3,1]: HV = m (8)2( +3§ + V(a1,az,a3,a4)) v =EVy,
V(a1 , &, as, 34) = a1 — &X+ 83(4X2 + }/2) + }%,
Q K[4]: HY = yppppy (02 + 0% + V(ai, a2, a3, a4)) ¥ = EV,

V(a1 , do, as, 34) =
ar—ax(x+iy)+as (B(x +iy)? +2(x — iy)) —aas (4(x* + y?) + 2(x + iy)®),
Q K[O]Z HV = m (3)% + 8}2, + V(a1,az, 33,64)) v =EV,

V(ar,ap, a3, as) = ar — (apX + asy) + as(x® + y?),
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Laplace systems 1

All these systems can be treated more conveniently as Laplace equations.
Since every 2D manifold is conformally flat, there always exist “Cartesian-like”
coordinates x, y such that H = 53 (9% + 95) + V(x, y).
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Laplace systems 1

All these systems can be treated more conveniently as Laplace equations.
Since every 2D manifold is conformally flat, there always exist “Cartesian-like”
coordinates x, y such that H = 57 y)(82 +9%)+ V(x, y).

Thus the Helmholtz equation HV = EV on some conformally flat space is
equivalent to the Laplace equation (with potential)

02+ 2+ V(x,y))v=0

on flat space, where V = \(V — E), so the eigenvalue E has been
incorporated as a parameter in the new potential.
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Laplace systems 2

More generally, we consider Laplace systems of the form

HW(X) = (As+ V(X)) W(x) = 0,

where A, is the Laplace-Beltrami operator on a 2D Riemannian or
pseudo-Riemannian manifold. All variables can be complex. A conformal
symmetry of this equation is a partial differential operator L such that

[L,H] = LH — HL = R, H for some differential operator R;. A conformal
symmetry maps any solution W to another solution. Two conformal
symmetries L, L' are identified if L = L' + S H for some differential operator S,
since they agree on the solution space.
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Laplace systems 2

More generally, we consider Laplace systems of the form
Hvy(x) = (A2 + V(x))V¥(x) = 0,

where A, is the Laplace-Beltrami operator on a 2D Riemannian or
pseudo-Riemannian manifold. All variables can be complex. A conformal
symmetry of this equation is a partial differential operator L such that

[L,H] = LH — HL = R, H for some differential operator R;. A conformal
symmetry maps any solution W to another solution. Two conformal
symmetries L, L' are identified if L = L' + S H for some differential operator S,
since they agree on the solution space.

The system is conformally superintegrable if there exist three algebraically
independent conformal symmetries, Ly, Ly, L3 with L3 = H. It is second order
conformally superintegrable if each L, can be chosen to be a 2nd order
differential operator, and L; of at most 2nd order.
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Laplace systems

Laplace systems and Stackel transform

The mapping of a Helmholtz superintegrable system HV = EW to the Laplace

equation preserves superintegrability, i. e., the Laplace system is conformally
superintegrable.

W. Miller (University of Minnesota)
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Laplace systems and Stackel transform

The mapping of a Helmholtz superintegrable system HW = EV to the Laplace
equation preserves superintegrability, i. e., the Laplace system is conformally
superintegrable.

Suppose we have a second order conformal superintegrable system
H=0x+0,+V(x,y)=0, H=Hy+V

where V(x,y) = W(x,y) — E U(x, y) for arbitrary parameter E. The potential
U defines a conformal Stéckel transform to the (Helmholtz) system

1
U
where V = % and this Helmholtz system is superintegrable.
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Laplace systems and Stackel transform

The mapping of a Helmholtz superintegrable system HW = EV to the Laplace
equation preserves superintegrability, i. e., the Laplace system is conformally
superintegrable.

Suppose we have a second order conformal superintegrable system
H=0x+0,+V(x,y)=0, H=Hy+V

where V(x,y) = W(x,y) — E U(x, y) for arbitrary parameter E. The potential
U defines a conformal Stéckel transform to the (Helmholtz) system

1
U
where V = % and this Helmholtz system is superintegrable.

There is a similar definition of Stackel transforms of Helmholtz superintegrable
systems HV = EV which take superintegrable systems to superintegrable
systems, essentially preserving the quadratic algebra structure. Thus any
second order conformal Laplace superintegrable system admitting a
nonconstant potential U can be Stackel transformed to a Helmholtz
superintegrable system.
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Laplace systems

Laplace System Non-degenerate potentials
V(x, y)
[1111] %J" +(X2+y2 1)2 - (Xz_:ya24+1)z
[211] B+ B-a(xP+y)t+a
[22] (x+ly)2 + (x(+ly)3) +as—ay (X2 + Y )
[31] a—ax+a(4x*+y*) + %
(4] a—a(x+iy)+as@B(x+iyP?+2(x —iy)) —a (40 +y*) +2(x +iy)®)
[0] ai —(ax+asy) +as (X® + y?)

Each of the Helmholtz nondegenerate superintegrable (i.e. 3-parameter)

eigenvalue systems is Stackel equivalent to exactly one of these Laplace
systems HV = (95 + 92 + V(x,y))V =0

W. Miller (University of Minnesota)
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Laplace systems

System Degenerate potentials
V(x, y)
A 483 _ 4a,
(x2+y2—1)2 P21
B ?2 + as
Cc a — as (X2 + y2)
D a —aXx
a
£ iy T8
F ai—a(x+iy)

Table : Each of the Helmholtz degenerate superintegrable (i.e. 1-parameter)
eigenvalue systems is Stackel equivalent to exactly one of these Laplace systems
HVY = (02 + 07 + V(x,y))¥ =0
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Bdcher contractions

All Laplace conformally superintegrable systems can be obtained as limits of
the basic system [1111]. The conformal symmetry algebra of the underlying
flat space free Laplace equation is so(4, C), and these limits are described by
Lie algebra contractions of this conformal algebra to itself, which can be
classified. We call these Bocher contractions since they are motivated by
ideas of Bocher,(1894), who used similar limits to construct separable
coordinates of free Laplace, wave and Helmholtz equations from basic
cyclidic coordinates.
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Bdcher contractions

All Laplace conformally superintegrable systems can be obtained as limits of
the basic system [1111]. The conformal symmetry algebra of the underlying
flat space free Laplace equation is so(4, C), and these limits are described by
Lie algebra contractions of this conformal algebra to itself, which can be
classified. We call these Bocher contractions since they are motivated by
ideas of Bocher,(1894), who used similar limits to construct separable
coordinates of free Laplace, wave and Helmholtz equations from basic
cyclidic coordinates.

There are 4 basic Bocher contractions of 2d Laplace systems and each one
when applied to a Laplace system yields another Laplace superintegrable
system. These in turn induce contractions of the Helmholtz systems in each
equivalence class to Helmholtz systems in other classes, over 200
contractions in all. However, we can summarize the basic results for Laplace
systems in Figures 1 and 2. A system can be obtained from another
superintegrable system via contraction provided it is connected to the other
system by directed arrows.
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Bocher contractions

V(4]

v

V(o]

Figure : Contractions of nondegenerate Laplace systems
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Bocher contractions

Figure : Contractions of degenerate Laplace systems
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Multiseparability of Laplace equations

The last crucial bit of information about these Laplace and associated
Helmholtz superintegrable systems is that they are multiseparable, Each
family of separated solutions is characterized as the family of eigenfunctions
of a 2nd order symmetry operator. Each family determines an eigenbasis of
separated solutions of the 2D superintegrable system. An eigenbasis of one
family can be expanded in terms of a eigenbasis for another family and the
quadratic structure algebras help to derive the expansion coefficients.
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Multiseparability of Laplace equations

The last crucial bit of information about these Laplace and associated
Helmholtz superintegrable systems is that they are multiseparable, Each
family of separated solutions is characterized as the family of eigenfunctions
of a 2nd order symmetry operator. Each family determines an eigenbasis of
separated solutions of the 2D superintegrable system. An eigenbasis of one
family can be expanded in terms of a eigenbasis for another family and the
quadratic structure algebras help to derive the expansion coefficients.

The compete list of separation equations follows.. (The notation (2) means
that the separation equations for the corresponding coordinates are both of
the same, except that the separation constant occurs as ¢ in one equation
and —c in the other.)

W. Miller (University of Minnesota) Heun equations, QES and Bécher contractions Atlanta 22/47



Separation of variables

[ Non-degenerate Systems ]

[ Separable coordinates and separation equations ]

Spherical Ellipsoidal
Hypergeometric eqn. (2) Heun eqn. (2)

Cartesian Polar
Confluent Confluent hypergeometric eqn.
hypergeometric eqn. (2) Hypergeometric egn.

Elliptic

Confluent Heun eqgn. (2)

Hyperbolic
Double-confluent Heun eqn. (2)

. Parabolic
Confluent hypergeometric eqn.

Polar
Confluent hypergeometric eqgn. (2)

Parabolic cylinder egn. Bi-confluent Heun eqn. (2)

Semi-hyperbolic
Tri-confluent Heun eqgn. (2)

Cartesian
Parabolic cylinder eqn. (2)

Figure : Separation equations for nondegenerate Laplace systems
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Separation of variables

Figure : Separation equations for degenerate Laplace systems

W. Miller (University of Minnesota) Heun equations, QES and Bdcher contractions



Hypergeometric type separation equations

@ Hypergeometric equation: z(1 — z)d—‘” +(c—(a+b+ 1)z) d _ apw = 0.

@ Confluent hypergeometric equation: z 2+ (b—2)% —aw =0.

@ Parabolic cylinder equation: % + (az + bz + c)w =0.

@ Gegenbauer equation: (1 — z2)2 d22 —2p+1)z% + (v—p)(v+p+1)w=0.

© Bessel’s equation: z” ¥ +z% 4+ (22— 1)w=0.

©Q Airy’s equation: 2% — zw = 0.
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Heun separation equations

z—1 z—a z—1)(z—a)
at+pB+1=~v+5+e

@ Confluent Heun equation: ‘fT';" + (321 + 25+ e) aw | ‘zj:f’) w=0.

© Doubly-confluent Heun equation: ‘3127‘;" +(Z+241) %+ 29w =0.

@ Heun equation: ‘ffT‘;V + (g 0 ;) %V + z(aﬂwz 0,

© Biconfluent Heun equation: £% — (2 + 4 + z) 9% 4 22-9y = 0.

dz2

@ Triconfluent Heun equation: ¢ d22 +(v+2)z% + (az — q)w = 0.
Q Spher0|dal wave equation:

L=+ (A +22(1-2) - 5 ) w=0.

W. Miller (University of Minnesota) Heun equations, QES and Bécher contractions Atlanta 26 /47



Special functions and Bécher contractions

Special functions associated with these systems arise in two distinct ways:
@ As separable eigenfunctions of the quantum Hamiltonian. Second order
superintegrable systems are multiseparable.
@ As interbasis expansion coefficients relating distinct separable coordinate
eigenbases. These are often solutions of difference equations.
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Special functions and Bécher contractions

Special functions associated with these systems arise in two distinct ways:

@ As separable eigenfunctions of the quantum Hamiltonian. Second order
superintegrable systems are multiseparable.

@ As interbasis expansion coefficients relating distinct separable coordinate
eigenbases. These are often solutions of difference equations.

Most of the special functions in the DLMF appear one of these ways.
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Special functions and Bécher contractions

Special functions associated with these systems arise in two distinct ways:

@ As separable eigenfunctions of the quantum Hamiltonian. Second order
superintegrable systems are multiseparable.

@ As interbasis expansion coefficients relating distinct separable coordinate
eigenbases. These are often solutions of difference equations.

Most of the special functions in the DLMF appear one of these ways.

Example: Consider the Helmholtz system S9. The eigenfunctions of
symmetry operator Ly correspond to spherical coordinates lined up on the

y — z axis; those of operator L, also correspond to spherical coordinates but
lined up on the x — z axis. The expansion coefficients of L, eigenfunctions in
terms of the L eigenbasis are the Racah and Wilson polynomials in full
generality.
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Special functions 2

Bécher contractions of S9 to other superintegrable systems induce limits of
these expansion coefficients to expansion coefficients for the contracted
superintegrable systems. Thus, a contraction of S9 to E1, (the
Smorodinski-Winternitz superintegrable system), yields Hahn polynomials as
limits of Wilson polynomials. The result of this is a reinterpretation of the
Askey Scheme relating the possible hypergeometric orthogonal polynomials
via limits.
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Special functions 3

Superintegrable system

Infnite dimensional
< Wilson

W. Miller (University of Minnesota)

Special Krawtchouk

“Specil Ve
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Exact and Quasi-exact solvability

Let H = Cj"—; + V(x). We are concerned with the 1D eigenvalue problem

HWV = EV. The operator H is said to be exactly solvable, (ES) if there exists
an infinite flag of subspaces of the domain of H: Py, N =1,2,3,--- | such
that ny = dimPy — coas N — oo and HPy C Py C Pyt for any N. In this
case, for each subspace Py the ny eigenvalues and eigenfunctions of H can
be obtained by pure algebraic means.

30/47
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Exact and Quasi-exact solvability

Let H = Cj"—; + V(x). We are concerned with the 1D eigenvalue problem

HWV = EV. The operator H is said to be exactly solvable, (ES) if there exists
an infinite flag of subspaces of the domain of H: Py, N =1,2,3,--- | such
that ny = dimPy — coas N — oo and HPy C Py C Pyt for any N. In this
case, for each subspace Py the ny eigenvalues and eigenfunctions of H can
be obtained by pure algebraic means.

This is roughly equivalent to saying the eigenfunctions are hypergeometric.

The operator H is called quasi-exactly solvable, (QES) if there exist a single
subspace Py of dimension n, > 0 such that HP, C Py. In this case, again we
can find n, eigenvalues and eigenfunctions of #H by algebraic means, but we
have no information about the remaining eigenvalues and eigenfunctions.
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Motivating example: A QES equation

Anharmonic oscillator with 6th order potential term:

102 k2 3 ki Ww? s
H=- 2dx2+[ - (2n+ )w]X +§x +?x

For n a fixed positive integer, there are n+ 1 eigenfunctions
=PV (x)e~ g

i=0,1,--- ,nwhere P is a polynomial of order at most nin x.

Similar examples studied by Turbiner, Schiffman, Ushveridze,
Gonzales-Lopez, Olver, ....
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Superintegrable explanation

The singular anisotropic oscillator potential, a Stackel transform of system
[31].

1

1 k2 — 1
Vi(x,y) = §w2(4x2+y )+ ki x + 22y 4

The Schrédinger equation has the form
0? 0?
<6X2 6y2> v

The Schrdédinger equation separates in two systems: Cartesian and parabolic
coordinates.

2_ 1

k.
2E — w?(4x% + y?) — 2kyx — 2y24 v =0.
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Cartesian separation

Separation of variables in Cartesian coordinates leads to the two independent
one-dimensional Schrédinger equations

d?yr
“dx2

¢y 22 K3
dy? +<2>\2—wy— y24 Yo =0

(X, y; ki, k2) = 11 (X; ki )2 (Y k2)
and \q, Ao are Cartesian separation constants with Ay + X\o = E.

+ (A1 — 4wPx® — 2k x)1py = 0.

where
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1st Cartesian separation equation

The first equation represents the well-known linear singular oscillator system.
The complete set of orthonormalized eigenfunctions, (on 1/2) in the interval
0 < y < oo can be expressed in terms of finite confluent hypergeometric
series or Laguerre polynomials

2w(1+k2)n2!

Itk o—1wy? 1 ke 2
rmilrn) € iy

djnz(y; k2) =

where Ao = w(2n + 1 + ko).
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Exact and Quasi-exact solvability

2nd Cartesian separation equation

The second equation easily transforms to the ordinary one-dimensional

oscillator problem. In terms of Hermite polynomials the orthonormal solutions
are

W 174 —wz?
wm (X; k1) = <2?> \/62— Hm(\/_Z),

wherez_x+4 oand A\ = w(2n +1) —

8w2
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Energy spectrum

2

Kk
E:)\1—|—)\2:w[2n—|—2+k2]—8—;2, n=n+n=0,1,2,..

The degree of degeneracy for fixed principal quantum number nis (n+1).
The separation of variables in Cartesian coordinates leads to two exactly
solvable one-dimensional Schrédinger equations.
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Parabolic separation

Parabolic coordinates £ and 7 are connected with the Cartesian x and y by

1
X=§(§2—n2), y=¢&n, £€R,n>0.

The Schrédinger equation in parabolic coordinates is
1 02V n A n
52 + ,,72 852 8772

1
2F — (& =P+t — k(& —nP) — 22
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Parabolic separation equations

Upon substituting
V(& m) = X(&)Y(n)

and introducing the parabolic separation constant A, we find the two
separation equations:

k2
€2

¢
de?

+ <2E§2 — w28 — ket — ) X = —)\X,

2 1

2 K2 1
dY+(2E7]2—w27]6+k17]4— 224>Y=—|—)\Y.
n

da?

Substituting E = A\ + X2 = w[2n+ 2 + k] — 8 -, in either of these equations
we get the QES equation for the anharmonic oscillator with 6th order potential
term, where now the energy is the separation constant, +\.
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QES < 2nd order superintegrable systems

Kalnins, Miller and Pogosyan showed that there is a general relation between
QES systems in 1D and 2nd order superintegrability in nD.
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Kalnins, Miller and Pogosyan showed that there is a general relation between
QES systems in 1D and 2nd order superintegrability in nD.

In two recent papers, Turbiner has studied and reported on the classification
of QES systems in 1D. His emphasis is on QES systems that are special
cases of the Heun equation and its confluent forms, and exactly solvable
systems which are special cases of the hypergeometric equation.
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QES <« 2nd order superintegrable systems

Kalnins, Miller and Pogosyan showed that there is a general relation between
QES systems in 1D and 2nd order superintegrability in nD.

In two recent papers, Turbiner has studied and reported on the classification
of QES systems in 1D. His emphasis is on QES systems that are special
cases of the Heun equation and its confluent forms, and exactly solvable
systems which are special cases of the hypergeometric equation.

We see now that all of these systems correspond to separation equations for
the 2D 2nd order superintegrable systems as given here. Thus all of these
solutions determine solutions of the 2D superintegrable systems.
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Exact and Quasi-exact solvability

Another QES example. 1

Some special cases of Heun equations reduce to hypergeometric equations,
see the impressive work of Maier. Moreover, in recent papers it has been
shown that some special QES cases of the Heun equations have explicit

solutions that are expressible in terms of derivatives of hypergeometric
functions.
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Another QES example. 1

Some special cases of Heun equations reduce to hypergeometric equations,
see the impressive work of Maier. Moreover, in recent papers it has been
shown that some special QES cases of the Heun equations have explicit
solutions that are expressible in terms of derivatives of hypergeometric
functions.

We can observe that all such special solutions lead to eigenfunctions of 2D
superintegrable systems which also have separable ES hypergeometric
eigenfunctions. The quadratic algebras of the 2D systems allow us to relate
the QES and ES systems. Moreover a knowledge of the possible ES systems
for a 2nd order superintegrable system gives important clues about the
structure of the QES systems
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Another QES example. 2

Consider the inverse square root system written in the form

dzf(x)+(i+9+ c
dx?

x1/2 77 x T x3/2
With y = /x we have

o?f(y) _ df(y)

dy? dy

E)f(x).

+ (4ay® + 4by + 4c — 4EY®)f(y).
The superintegrable system E2, in Cartesian coordinates yy, y» is

<32+82+(—A(42+2)+B bz E)) ) =0 ()
ov2 " oy ATV S

It belongs to the [31] Laplace equivalence class. This system is separable in
two coordinate systems: Cartesian and parabolic.
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Another QES example. 3

In Cartesian coordinates the separable solutions f(y1, y2) = g1(y1)g2()2) are
eigenfunctions L¢f = A\ f of the symmetry operator

Ly = 82 + (—4Ayf + By),

and the separation equations are

d291 2 1 _
> + (—4Ay; +Bys + M — E')g1 =0,
dy;
dzgz 2 C
—A — =) =0.
dy22 +( Yo + y22 1)92

Here, \; is the separation constant.
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Another QES example. 4
In parabolic coordinates 7, £ with y; = £ + 7, y» = 2iy/En, and writing

f(n, &) = (n€)~/*f1(n)f(&), we obtain the bi-confluent Heun separation
equation

dn? dn

a?f, df 15 C

1(77) 1(77) <.|617+_E17]+B772_4A773+)‘2> f1(17)=0
for f(n) with a similar equation for £(£) Now note that, with the restriction to
the superintegrable system E2 with C = —15/4 in the potential, this becomes
the inverse square potential system, provided we make the identifications

y=n, 4b=-E, 4a=B, 4c=)Xy, E=A

Thus this 1D inverse square root potential system corresponds to a special
case of the separation equation for the 2D superintegrable system E2 in
parabolic coordinates. This separation equation is QES, but we will show that
it has explicit solutions which are a consequence of the exactly solvable E2
separation equation in Cartesian coordinates.
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Another QES example. 5

We can solve the ES Cartesian coordinate system directly to get

91(y) = exp(—y(—a+ Ey)/VE) G(y) where G(y) is an arbitrary linear
combination of

F %(2E3/2+(4El§72>\1)E—a2) ; (2Ey — a)2
1/2 2E3/2

and

3/2 2F3/2

Here G(y) is the general solution of the equation Sy G(y) = 0, equivalent to
the above where

o _ @ 202Ey-a)d (2EY244bE - NE- )
' dy? VE dy E '
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Another QES example. 6

Assuming b = —4¢?, \; = —2VE — 32¢?, the equation for the inverse square
root system is equivalent to Sof = 0 where

Y7,}/277,+4(y a—4c y+Cny )
We define operators K and Q by

K= exp(a—f - y*VE) (: —4yVE +4c+ \/aE> ,

Q- exp( 2L~ y2VE) (15 4y VE +acy + 2L —1).

Then it is straightforward to verify the operator identity
S:K = QS;.

S =

This shows that K maps the solution space of the restricted Cartesian
separation equation to the solution space of the restricted parabolic
separation equation and provides explicit solutions for the 1D inverse square
root potential.
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Conclusions and Outlook

Conclusions. 1

We have reviewed the theory of 2D 2nd order superintegrable Laplace
systems and shown that they encode all the information about 2D Helmholtz
or time-independent Schrédinger superintegrable systems in an efficient
manner: there is a 1-1 correspondence between Laplace superintegrable

systems and Stéckel equivalence classes of Helmholtz superintegrable
systems.
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The separation equations comprise all of the various types of hypergeometric
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Conclusions. 1

We have reviewed the theory of 2D 2nd order superintegrable Laplace
systems and shown that they encode all the information about 2D Helmholtz
or time-independent Schrédinger superintegrable systems in an efficient
manner: there is a 1-1 correspondence between Laplace superintegrable
systems and Stéckel equivalence classes of Helmholtz superintegrable
systems.

The separation equations comprise all of the various types of hypergeometric
and Heun equations in full generality. In particular, they coincide with all of the
1D Schrédinger exactly solvable (ES) and quasi-exactly solvable (QES)
systems related to the Heun operator.

The separable solutions of these equations are the special functions of
mathematical physics. The different systems are related by Stackel
transforms, by their symmetry algebras and by Bécher contractions of the
conformal algebra so(4, C) to itself, which enables all of these systems to be
derived from a single one: the generic potential on the complex 2-sphere.
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Conclusions. 2

Distinct separable bases for a single Laplace system are related by interbasis
expansion coefficients which are themselves special functions, such as the
Wilson polynomials. Applying Bdcher contractions to expansion coefficients
for ES systems one can derive the Askey scheme for hypergeometric
orthogonal polynomials.
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incorporating hypergeometric and Heun functions in full generality.

47147

W. Miller (University of Minnesota) Heun equations, QES and Bécher contractions Atlanta



Conclusions. 2

Distinct separable bases for a single Laplace system are related by interbasis
expansion coefficients which are themselves special functions, such as the
Wilson polynomials. Applying Bdcher contractions to expansion coefficients
for ES systems one can derive the Askey scheme for hypergeometric
orthogonal polynomials.

This approach facilitates a unified view of special function theory,
incorporating hypergeometric and Heun functions in full generality.

All of our considerations generalize to 2nd order superintegrable systems in
3D and higher dimensions.
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