q-algebra and superalgebra tensor products, and special function identities

E. G. Kalnins Department of Mathematics and Statistics, University of Waikato, Hamilton, New Zealand, math0236@waikato.ac.nz and W. Miller, Jr.^� School of Mathematics, University of Minnesota, Minneapolis, Minnesota, 55455, U.S.A., miller@ima.umn.edu

December 10, 2001

Abstract

We work out the tensor products for distinct q-generalizations of euclidean, oscillator and sℓ(2) type algebras and superalgebras, including cases where the method of highest weight vectors will not apply. In particular, we use the three-term recurrence relations for Askey-Wilson polynomials to decompose the tensor product of representations from the positive discrete series and representations from the negative discrete series. We show that various q-analogs of the exponential function can be used to mimic the exponential mapping from a Lie algebra to its Lie group and we compute the corresponding matrix elements of the “group operators” on these representation spaces. The most important q-series identities derived here are interpreted as the expansion of the matrix elements of a “group operator” (via the exponential mapping) in a tensor product basis in terms of the matrix elements in a reduced basis. They involve q-hypergeometric series with base q and −q, respectively, for the algebra and superalgebra cases, where 0 < q < 1.

�Work supported in part by the National Science Foundation under grant DMS 94– 00533 1991 Mathematics Subject Classification: 33D55, 33D45, 17B37, 81R50

1 Introduction

This is a brief survey of the work carried out by the authors and their collaborators, relating q-series identities and the representation theory of qalgebras and q-superalgebras. The motivation comes from the factorization method of Infeld-Hull-Schrödinger and its relation to the representation theory of the family of Lie algebras G(a, b), [1, 2, 3, 4]. Here, G(a, b) has basis {H, E_+, E_−, I} and commutation relations [H, E_±] = ±E_±, [E_+, E_−] = aH + bI, [J , I] = 0, ∀J ∈ G(a, b). (1) For a ≠ 0 this algebra is isomorphic to sℓ(2) ⊕ {I}; for a = 0, b ≠ 0 it is isomorphic to the oscillator algebra; and for a = b = 0 it is isomorphic to m(2) ⊕ {I}, where m(2) is the Euclidean algebra in the plane. See [4] for relations between matrix elements and tensor products of these Lie algebras, the factorization method, and special function identities.

Zhedanov and others have introduced a product of generalized sℓ_q(2) algebras that 1) is a natural q-analog of (1), and 2) allows one to take tensor products of representations corresponding to two distinct algebras, [5, 6, 7]. Their generalization is an algebra (v, u) with generators H, E_+, E_− which obey the commutation relations

[H, E_+] = E_+, [H, E_−] = −E_−, [E_+, E_−] = −uq^{−H} − vq^H . (2)

Here, u and v are real numbers and 0 < q < 1. For uv ≠ 0 this algebra is isomorphic to one of the true sℓ_q(2) type algebras, for uv = 0, u^2 + v^2 > 0 it is isomorphic to a special realization of the q-oscillator algebra, and for u = v = 0 it is isomorphic to the Euclidean Lie algebra m(2), [8]. This algebra has an invariant element

C = E_+E_− + vq^H − uq^{1−H} 1 − q . (3)

Furthermore, the family of algebras admits a multiplication (v, u)⊗(−u, t) ∼= (v, t), defined by

F_± = Δ(E_±) = E_± ⊗ q^{12 H} + q^{− 12 H} ⊗ E_±, L = Δ(H) = H ⊗ I + I ⊗ H. (4)

The operators F_±, L satisfy the commutation relations (2). Using (4) we can easily define the tensor product ρ ⊗ μ of a representation ρ of (v, u) and the representation μ of (−u, t), thereby obtaining a representation of (v, t). This construction yields a convenient generalization of the tensor product computations in, for example, [9, 10, 11].

One can further extend this idea to q-superalgebras, such as generalizations of the osp_q(1/2) algebra, [12, 13, 14]. Indeed, we define the qsuperalgebra [v, u] by the generators H, V_± and relations [H, V_±] = ± 1 2 V_±, {V_+, V_−} = −uq^{−2H} − vq^{2H} , (5) where [A, B] = AB −BA and {A, B} = AB +BA. Here, u, v are parameters. The “Casimir” operator C for [v, u] is

C = V_+V_− + v 1 + q q^{2H} + u 1 + q^{−1} q^{−2H} (6)

and satisfies the relations [H, C] = 0, {V_±, C} = 0. Note that C^2 is an invariant operator, i.e., C^2 commutes with all elements of the [v, u] algebra. We define the coproduct

L = Δ(H) = H ⊗ I + I ⊗ H, F_± = Δ(V_±) = V_± ⊗ q^H + q^{−H} ⊗ V_±, (7)

where (A ⊗ B)(C ⊗ D) = (−1)^{p(B)p(C)}AC ⊗ BD. (8) Here p(A) is the parity of the operator A. In this case the bosonic variables H, q^H have parity 0 and the fermionic variables V_± have parity 1, [15, 13]. It follows that this algebra admits a multiplication of the form [v, u] ⊗ [−u, t] = [v, t], (9) where the first factor corresponds to the algebra [v, u] and the second factor to algebra [−u, t]. Indeed we have [L, F_±] = ± 1 2 F_±, {F_+, F_−} = −tq^{−2L} − vq^{2L}. (10) In §2 we give some details on the representation theory of the q-algebra (0, 0) and its relation to the representation theory of the ordinary Lie algebra m(2), and survey additional results for matrix elements and tensor products of q-algebras (v, u). In §3 we give a similar study for q-superalgebras [v, u].. The notation used for q-series and q-integrals in this paper follows that of Gasper and Rahman [16].

2 Representations of the q-algebras (v, u)

The ordinary three dimensional Lie algebra m(2) is determined by its generators H, E_+, E_− which obey the commutation relations

[H, E_+] = E_+, [H, E_−] = −E_−, [E_+, E_−] = 0.

We consider irreducible representations (ω) of m(2), characterized by the positive number ω. The spectrum of H is the set Z = {m : m aninteger} and the complex representation space has basis vectors f_m such that

E_±f_m = ωf_{m±1}, Hf_m = mf_m, E_+E_−f_m = ω^2f_m, (11)

where C ≡ E_+E_− is an invariant operator. We can introduce an inner product such that < f_n, f_n0 >= δ_{nn}0, n, n^′ ∈ Z, and H = H^∗, E^∗_+ = E_−.

Matrix elements T_m0_m of the complex motion group in the representation (ω) are typically defined by the expansions e^{βE+} e^{αE}�e^{τH} f_m = ∞∑ m0_{=−∞} T_m0_m(α, β, τ)f_m0, (12) T_m0_m(α, β, τ) = e^{[τm+i(π/2+θ)(m−m} 0_{)]} J_{m−m}0(ωr), where α = ire^{iθ}/2, β = ire^{−iθ}/2 and J_n(r) is a Bessel function [4, 17]. The group multiplication property of the operators on the left-hand side of (12) leads to addition theorems for the matrix elements. For convenience we shall set τ = 0.

We define the tensor product (ω_1)⊗(ω_2) of two irreducible representations (ω_1) and (ω_2) by the operators F_+, F_−, L: F_± = E_± ⊗ I + I ⊗ E_±, L = H ⊗ I + I ⊗ H. Here, I is the identity operator on the corresponding representation space. The operators F_+, F_−, L again obey the m(2) commutation relations and the representation is unitary. It is straightforward to decompose this representation into a direct integral of irreducible representations, [17]:

(ω_1) ⊗ (ω_2) ∼= ⊕ 1 2π ∫ 2π 0 (ω_μ) dμ, (13) where ω^2_μ = ω^2_1 + ω^2 + 2ω_1ω_2 cos μ. From the proof of (13) we see that the matrix elements of the operator e^{βF+}e^{αF}� with respect to the tensor product basis f^{ω1}_n ⊗ f^{ω2}_n0 and with respect to the reduced basis f^{ωμ}_m are related by the formula J_n0(r^′)J_n(r^{′′}) = 1 2π ∫ 2π 0 e^{i(nϕ} 00_{−n}0_{ϕ+nϕ)}

J_{n+n}0(r) dϕ^{′′} (14)

where re^{iϕ} = r^′ + r^{′′}e^{iϕ} 00 . In addition to the standard definition of the tensor product of two irreducible representations (ω_1) and (ω_2) of m(2) there is a q-algebra definition given by the nontrivial Hopf algebra structure in which the coproduct is (4). With the q-analogs of the exponential function

e_q(x) = ∞∑ k=0 x^k (q; q)_k = 1 (x; q)_∞ , |x| < 1; E_q(x) = ∞∑ k=0 q^{k(k−1)/2}x^k (q; q)_k = (−x; q)_∞, we define the following q-analogs of matrix elements of (ω), [18]:

e_q(βE_+)E_q(αE_−)f_n = ∞∑ n0_{=−∞} T^{(e,E)}_n0_n (α, β)f_n0, |ωβ| < 1. Setting α = ire^{iψ}, β = ire^{−iψ}, we see that in terms of the new complex coordinates [r, e^{iψ}] we have T^{(e,E)}_n0_n [r, e^{iψ}] = e^{i( π2 −ψ)(n} 0_{−n)} q^{(n} 0_{−n)/2} J_n0_{−n}(rωq^{− 12} ; q),

J_ν(z; q) =

(q^{ν+1}; q)_∞ (q; q)_∞ z^ν_1ϕ_1 ( 0 q^{ν+1} ; q, qz^2 ) , where J_ν(z; q) is the Hahn q-Bessel function. This and other q-analogs of m(2) matrix elements obey group-like addition theorems [18].

The tensor product decomposition (ω_1) ⊗_q (ω_2) is not unique, [18]. The simplest decompositions are

(ω_1) ⊗_q (ω_2) ≡ ∞∑ p=−∞ ⊕(ω_1q^{p/2}), (15)

and another decompostion obtained by replacing ω_1 with ω_2 on the righthand side of (15). A special case of the identity relating the matrix elements of the operator e_q(βF_+)E_q(αF_−) with respect to the tensor product basis and with respect to the reduced basis is

(−q)^nJ_{x−n}(Sq^{−y}; q^2)J_n(RSq^n; q^2) = ∞∑ k=−∞ q^{2k}J_{k−n}(Rq^y; q^2)J_x(Sq^{k−y}; q^2)J_k(Rq^{y+x}; q^2), (16)

valid for 0 < Rq^{y+x+1} < 1, 0 < Rq^{y+1} < 1, 0 ≤ S and n, x, y integers. The case S = q^z of this formula for z an integer is the addition theorem for Hahn q-Bessel functions derived by Koelink using the theory of quantum groups, [19]. (The computation of the matrix elements on the left hand side of this formula and in many formulas to follow is based heavily on the formal identities

E_q(X + Y ) = E_q(Y )E_q(X), e_q(X + Y ) = e_q(X)e_q(Y ), (17)

valid for operators X, Y such that Y X = qXY .)

The q-oscillator algebra is the associative algebra generated by the four elements H, E_+, E_−, E that obey the commutation relations

[H, E_±] = ±E_±, [E_+, E_−] = −q^{−H} E, [E, E_±] = [E, H] = 0. (18)

It admits a class of algebraically irreducible representations ↑_{ℓ,λ} where ℓ, λ are real numbers and ℓ > 0, [?, 10]. These are defined on a vector space with basis {e_n : n = 0, 1, 2, · · ·}, such that

E_+e_n = ℓ √ q^{−n−1} − 1 1 − q e_{n+1}, E_−e_n = ℓ √ q^{−n} − 1 1 − q e_{n−1} He_n = (λ + n)e_n, Ee_n = ℓ^2q^{λ−1}e_n. (19)

Since E is a constant for the representations ↑_{ℓ,λ}, they can be considered as representations of the algebras (0, ℓq^{λ−1}). Similarly, the q-oscillator algebra admits a class of algebraically irreducible representations ↓_{ℓ,λ}. These are defined on a vector space with basis {h_m : −m = 0, 1, 2, · · ·}, such that

E_+h_m = ℓ √ q^m − 1 1 − q h_{m+1}, E_−h_m = ℓ √ q^{m−1} − 1 1 − q h_{m−1} Hh_m = (−λ + m)h_m, Eh_m = −ℓ^2q^{λ−1}h_m. (20)

Note that the ↓_{ℓ,λ} can be considered as representations of (−ℓq^{λ−1}, 0).

Now we consider the tensor product representation ↑_{ℓ,λ} (0, ℓq^{λ−1})⊗ ↓_{ℓ,λ} (−ℓq^{λ−1}, 0) (21) of the Euclidean Lie algebra (0, 0). The invariant operator is C = F_+F_−.

To decompose this representation we compute the common eigenfunctions of L and C. Clearly, eigenfunctions of L with eigenvalue s ≥ 0 are just those linear combinations of the basis vectors H^s_n = e_n ⊗ h_m where n + m = s, −m = 0, 1, · · ·. For s < 0, they are linear combinations of the basis vectors H^s_n = e_n ⊗ h_m where now n + m = s, n = 1, 2, · · ·. Applying the symmetric operator C to the ON set {H^s_n} we find (1 − q)CH^s_n = q^{−λ−n+(s−1)/2}ℓ^2 [ (1 − q^{−n−1})(1 − q^{s−n−1}) ] 1_2 H^s_{n+1} + q^{−λ−n+(s+1)/2}ℓ^2 [ (1 − q^{s−n})(1 − q^{−n}) ] 1_2 H^s_{n−1} − [q^{−λ+s−n}ℓ^2(1 − q^{−n−1}) + q^{−λ−n}ℓ^2(1 − q^{s−n})]H^s_n. (22) If we introduce a spectral transform for a self-adjoint extension of this operator so that C corresponds to multiplication by the transform variable x, then (22) takes the form of a three term recurrence relation for orthogonal polynomials H^s_n(x) of order n in x. Indeed, comparing (22) with the three term recurrence relation for the q-Laguerre polynomials

L^{(α)}_n (x; q) =

(q^{α+1}; q)_n

(q; q)_n^1 ϕ_1 ( q^{−n} q^{α+1} ; q, −(1 − q)xq^{n+α+1} ) , (23)

[16], page 194, we get a match with C = ℓ^2q^{−λ}x and the identification H^s_n(x, t) = (−1)^nx^{−s/2}t^s [ (q; q)_nq^n(1 − q)^{1−s} (q^{1−s}; q)_n(q; q)_{−s}q^{(s−s2)/2} log q^{−1}

] 1_2 L^{(−s)}_n (x; q), (24) where t = e^{iϕ} and x = cos θ, we can verify that (22) holds, as well as the orthogonality relations < H^s_n, H^s 0_n 0 > = δn,n0δs,s0, < f, g >= 1 2π ∫ ∞ 0 ρ(x) dx ∫ 2π 0 dϕ f(x, t)g(x, t) ρ(x) = 1 (−(1 − q)x; q)_∞ . (25)

For s ≥ 0,

H^s_n(x, t) = (−1)^M x^{s/2}t^s [ (q; q)_M q^M (1 − q)^{1+s} (q^{1+s}; q)_M (q; q)_sq^{−(s+s2)/2} log q^{−1}

] 1_2

L^{(s)}_M (x; q), (26)

where M = −m = 0, 1, · · ·, and n = M + s. Furthermore, in terms of the new variables x, t the action of the operators F_±, L is F_+ = q^{−λ/2}ℓtx^{1/2}, F_− = q^{−λ/2}ℓt^{−1}x^{1/2}, L = t ∂ ∂t . (27)

Operators (27) acting on the space of square integrable functions of the periodic variable ϕ define the unitary irreducible representation ( √ q^{−λ}xℓ) of the Euclidean Lie algebra (0, 0). Thus, ↑_{ℓ,λ} (0, ℓq^{λ−1})⊗ ↓_{ℓ,λ} (−ℓq^{λ−1}, 0) ∼= ∫ ∞ 0 ⊕( √ q^{−λ}xℓ) ρ(x) dx. (28) The functions H^s_n(x, t) are the Clebsch-Gordan coefficients for this decomposition. However, as is well known [16, 20], the measure for which the q- Laguerre polynomials are orthogonal is not unique. Indeed C has no unique self-adjoint extension (the deficiency indices are (1,1)). Thus, there is a multiplicity of possible self-adjoint extensions for C and each such extension defines a different tensor product. For each of these cases the H^s_n(x, t) are the Clebsch-Gordan coefficients, with the proviso that the coefficients satisfy orthogonality but not completeness relations. (See [8] for another example.) These decompositions can be used just as before to obtain identities relating the matrix elements of the operator E_q(βF_+)e_q(αF_−) with respect to the tensor product basis and the reduced basis. The identities express products of q-Laguerre polynomials as integrals or sums over Hahn q-Bessel functions, with expansion coefficients that are themselves products of q-Laguerre polynomials.

Related results have been derived in the following papers. In [7] the Clebsch-Gordan coefficients for the tensor product of representations in the positive discrete series is calculated for the case (v, u)⊗(−u, w). The method of highest weights is used and the tensor product expansion is unique. The results are expressed in terms of q-Hahn polynomials. Here the eigenspace of L with eigenvalue α is finite dimensional, so one is considering finite discrete Askey-Wilson polynomials. In [8] results similar to the above have been worked out for the tensor product of a representation from the positive discrete series and one from the negative discrete series calculated for the case (v, u) ⊗ (−u, w). Results from the theory of Askey-Wilson polynomials are employed, and the expansion is unique.

In [10] we considered the tensor product representation (ω)(0, 0)⊗ ↑_{ℓ,λ} (0, ℓq^{λ−1}) of the q-oscillator algebra (0, ℓq^{λ−1}) and worked out the related matrix element identity. The direct sum decomposition corresponded to the orthogonality relations for the polynomials

H_n(x) =_2ϕ_1 ( q^{−n},^{ℓ2}_x 0 ; q, −xq ω^2(1 − q) ) = q^n_2ϕ_1 ( q^{−n},^{−ω2(1−q)}_x 0 ; q, xq ℓ^2 ) . These polynomials are orthogonal with respect to a measure with support at the points x = q^mℓ^2, −(1 − q)q^mω^2, m = 0, 1, 2, · · · . In [21] we considered tensor products of various discrete analogs of the Euclidean and oscillator algebras. For general tensor products of (v, u) algebras where the representation for each factor is bounded neither above or below, the situation is more complicated. The general spectral theory for the second order difference operator C has to be employed, such as sketched in [22], and in a certain sense the tensor product is no longer clearly defined [23]. Nevertheless, these tensor products can be used to derive useful special function identities, as we shall show in forthcoming work.

3 Representations of the q-supersymmetric algebras [v, u]

Next we consider a degenerate case of the tensor product of two q-superalgebras, a representation of the q-supereuclidean algebra [0, 0] of the form ↓^′_ξ [0, u]⊗ ↑^′_λ [−u, 0]. Here the family of algebraically irreducible representations (bounded below) ↑^′_λ, of the q-superalgebra [−u, 0], where u > 0, is defined as follows, [24]. An orthogonal basis for the representation space is {e_n : n = 0, 1, · · ·} where (p = −q)

V_−e_n = [ (1 − p^n)uq^{−2λ} 1 + q

] 1_2 e_{n−1}, He_n = (−λ + n 2 )e_n

V_+e_n = [ (1 − p^{n+1})uq^{−2λ} 1 + q

] 1_2

(−1)^ne_{n+1}. (29)

The representation space is a Hilbert space with indefinite inner product < e_n, e_n0 >= δ_{nn}0(−1)^{n(n−1)/2}, n, n^′ = 0, 1, · · · , (30) and V_+ = (V_−)^∗, H^∗ = H. We need the following matrix elements of ↑^′_λ:

e_{−q}(βV_−)E_{−q}(αV_+)e_n = ∞∑ n0_{=0} T^{′(e−,E+)} n0_n (α, β)en0, (31)

T^{′(e−,E+)} n0_n (α, β) = q^{12 (n}

0_{−n)(n}0_{+n−1)} α^n 0_{−n} ( uq^{−2λ} 1 + q

)^{12 (n} 0_{−n)} √ (p^{n+1}; p)_n0_{−n} (p; p)_n0_{−n} × [ 1 − i 2^1 ϕ_1 ( p^n 0_{+1} p^n 0_{−n+1} ; p; −iq^n0αβu p^nq^{2λ}(1 + q) )

+ 1 + i

2^1 ϕ_1 ( p^n 0_{+1} p^n 0_{−n+1} ; p; iq^n 0 αβu p^nq^{2λ}(1 + q) ) ] . (32)

Here, < T^′e_n, e_n0 >= T^′_n0_n(−1)^{n(n−1)/2}. (33) The motivation for the choice of base p = −q comes from the relations

(V_± ⊗ q^H )(q^{−H} ⊗ V_±) = −q^{±1}(q^{−H} ⊗ V_±)(V_± ⊗ q^H ).

We also consider a second family of algebraically irreducible representations (bounded above) ↓^′_ξ, of the q-superalgebra [0, u], where u > 0, defined as follows. A convenient orthogonal basis for the representation space with indefinite inner product is {j_m : m = 0, 1, · · ·} where

< j_m, j_m0 >= δ_{mm}0(−1)^{m(m+1)/2}, m, m^′ = 0, 1, · · · , (34)

V_−j_m = [ (1 − p^{m+1})uq^{2ξ} 1 + q

] 1_2

j_{m+1}, Hj_m = −(ξ + m 2 )j_m

V_+j_m = [ (1 − p^m)uq^{2ξ} 1 + q

] 1_2

j_{m−1} (35)

We have V_+ = (V_−)^∗ and H^∗ = H.

For this representation we consider the matrix elements

(e−, E+) : e_p(βV_−)E_p(αV_+)j_m = ∑ m0 S^{′(ξ)}_m0_m(α, β)j_m0,

S^{′(ξ)}_m0_m(α, β) = (β)^m 0_{−m} ( uq^{2ξ} 1 + q

)^{12 (m} 0_{−m)} √ (p^{m+1}; p)_m0_{−m} (p; p)_m0_{−m}

(36)

×_2ϕ_1 ( p^{−m}, 0 p^m 0_{−m+1} ; p; −αβp^mu q^{−2ξ}(1 + q) ) . Now we form the tensor product representation

↓^′_ξ [0, u]⊗ ↑^′_λ [−u, 0] ∼= [0, 0] (37)

of [0, 0] using the definition (7). Here C = F_+F_−. Note that F^∗_+ = F_−, L^∗ = L and that a basis for the indefinite inner product space is {j_m ⊗ e_n, m, n = 0, 1, · · ·} where < j_m ⊗ e_n, j_m0 ⊗ e_n0 >=< j_m, j_m0 >< e_n, e_n0 >= δ_{mm}0δ_{nn}0(−1)^{12 (m+n)(m−n+1)}. To decompose this representation we compute the common eigenfunctions of L and C. Clearly, eigenfunctions of L with eigenvalue −λ − ξ + α, α ≥ 0 are just those linear combinations of the basis vectors J^α_m = j_m ⊗ e_n where n = 2α + m, m = 0, 1, · · ·. For α < 0, they are linear combinations of the basis vectors J^α_m = j_m ⊗ e_n where n = 2α + m, n = 0, 1, · · ·. Taking the case α ≥ 0 and applying C to the orthogonal set {J^α_m} we find

(1 + q)q^{2(λ−ξ)} u CJ^α_m = (−1)^αp^mq^{α2 + 12} [ (1 − p^{m+1})(1 − p^{α+m+1})

] 1_2

J^α_{m+1}

+ p^mq^{α2 − 12} [ (1 − p^m)(1 − p^{α+m})

] 1_2

J^α_{m−1} (38) − p^m [ q^α(i − p^{m+1}) + (−1)^α(1 − p^{α+m}) ] J^α_m.

If we introduce the spectral transform of the self adjoint operator so that C corresponds to multiplication by the transform variable x, then (38) takes the form of a three term recurrence relation for orthogonal polynomials J^α_m(x) of order m in x. Indeed, comparing (38) with the three term recurrence relation for the continuous Askey-Wilson polynomials [16], we see that we get a match for a special case of the little q-Jacobi polynomials

p_n(x; a, b; Q) =_2ϕ_1 ( Q^{−n}, abQ^{n+1} aQ ; Q, xQ ) (39)

where Q = p, a = p^α and C ∼ xuq^{2(ξ−λ)}(−1)^{α+1}/(1 + q). Making the identification J^α_m(x, s) = [ q^{−m(α+1)}(p^{α+1}; p)_∞(p^{α+1}; p)_m (p; p)_m ] 1_2

p_m(x; p^α, 0; p)s^α (40)

we have < J^α_m, J^α 0_m >= δ_{αα}0 (−1)^{[ α}2^] 2 [ 1 − (−1)^α + (−1)^m + (−1)^{α+m} ] (41)

where < f(x)s^α, g(x)s^α 0 >≡ δ_{αα}0(−1)^{α(α−1)/2} ∞∑ y=0 p^{y(α+1)} (p; p)_y f(p^y)g(p^y). (42)

For fixed integer α odd, this defines a true inner product for little q-Jacobi polynomials; for α even it is just a bilinear product since the discrete measure can be negative. It is not dificult to verify that on this basis the superalgebra acts as follows: F_+ = q^{ξ−λ} √ u q + 1 sR_s, F_− = q^{ξ−λ} √ u q + 1 x s , L = −(ξ + λ) + 1 2 s∂_s (43)

where R_sG(s) = G(−s). For fixed x this representation is equivalent to the irreducible representation (ω) = (q^{ξ−λ} √ xu q+1 ) of [0, 0], as studied in [24]. Thus we have derived the decomposition ↓^′_ξ [0, u]⊗ ↑^′_λ [−u, 0] ∼= ⊕ ∞∑ y=0 (q^{ξ−λ} √ p^yu q + 1

)[0, 0] (44)

Again, the functions J^h_m(x, s) are essentially the Clebsch-Gordan coefficients for this decomposition; the orthogonality and completeness relations for the corresponding little p-Jacobi polynomials are the unitarity conditions for the C-G coefficients. Also, the decomposition (44) can be used to obtain an identity relating the matrix elements (32), (36) and the adjoint of (43). We can compute the matrix element

T^′_m0_n0_{,mn}(α, β) =< e_p(βF_−)E_p(αF_+)j_m ⊗ e_n, j_m0 ⊗ e_n0 >

in two diferent ways. On one hand we have the representation

T^′_m0_n0_{,mn}(α, β) = < e_p(βF_−)E_p(αF_+)J^h_m, J^h

0_m 0 > = < U^{′(·)}_h0_h(α, β)K^h_m(·), K^h 0_m 0(·) >, (45)

where J^h_m(x, s) = K^h_m(x)s^h, U^{′(ω)}_h0_h(α, β) = x^{(h−h}

0_{)/2}

L^′_h0_h(α, β), n = h + m, n^′ = h^′ + m^′ and the L^′ are essentially the adoint matrix elements to (43), [24]:

L^{′(x)}_h0_h(α, β) = (βq^{ξ−λ} √ ux 1+q )^{h−h} 0 (p; p)_{h−h}0 (46) × [ 1ϕ_1 ( 0 p^{h−h} 0_{+1} ; p, iαβux(−1)^{h+1} q^{2λ−2ξ}(1 + q) ) 1 − i 2 +_1ϕ_1 ( 0 p^{h−h} 0_{+1} ; p, (−1)^h iαβq^{2ξ−2λ}ux 1 + q ) 1 + i 2 ] . On the other hand,

2T^′_m0_n0_{,mn}(α, β) = (47) = S^{′(ξ)}_m0_m(αq^{−λ+ n} 0_2 , βq^{−λ+ n} 0_{2 )} T^{′(e−,E+),λ} n0_n (α(−1)^mq^{ξ+ m2} , β(−1)^mq^{ξ+ m2} ) + S^{′(ξ)}_m0_m(αq^{−λ+ n} 0_2 , βq^{−λ+ n} 0_{2 )} T^{′(e−,E+),λ} n0_n (α(−1)^mq^{ξ+ m2} , −β(−1)^mq^{ξ+ m2} ) + S^{′(ξ)}_m0_m(−αq^{−λ+ n} 0_2 , βq^{−λ+ n} 0_{2 )} T^{′(e−,E+),λ} n0_n (α(−1)^mq^{ξ+ m2} , β(−1)^mq^{ξ+ m2} ) − S^{′(ξ)}_m0_m(−αq^{−λ+ n} 0_2 , βq^{−λ+ n} 0_{2 )} T^{′(e−,E+),λ} n0_n (α(−1)^mq^{ξ+ m2} , −β(−1)^mq^{ξ+ m2} ).

In [25] we carried out the analogous constructions for tensor products of positive discrete series representations of the general algebra [v, u] for v^2 + u^2 > 0. Here the method of highest weights can be employed. In [24] irreducible representations of the “Euclidean” superalgebra [0, 0] were studied and the (nonunique) tensor product decomposition for

[0, 0] ⊗ [0, 0] ∼= [0, 0]

was worked out. Also, the product [v, 0] ⊗ [0, 0] ∼= [v, 0] was studied.

References

[1] G. Darboux, (1889) Lecons sur la Théorie Génerale des Surfaces et les Applications Géométrique du Calcul Infinitésimal, Volume 2, Entry 408, page 196, Gautier Villars et Fils, Paris, 1889

[2] L. Infeld and T.E. Hull , The Factorization Method Rev. Mod. Phys.

23, (1951), 21–68

[3] W. Miller, On Lie algebras and some special functions of mathematical physics, American Mathematical Society Memoir no. 50, Providence, Rhode Island, 1964

[4] W. Miller , Lie Theory and Special Functions, Academic Press, New York, 1968

[5] A.S. Zhedanov, Q rotations and other Q transformations as unitary nonlinear automorphisms of quantum algebras J. Math. Phys. 34, (1993), 2631–2647.

[6] Ya.I.Granovskii, A.S.Zhedanov and O.B.Grakhovskaya, Phys. Lett. 85, (1992), B278.

[7] Ya.I. Granovskii and A.S. Zhedanov, Hidden Symmetry of the Racah and Clebsch-Gordan Problems for the Quantum Algebra sl_q(2) J. Group Theoretical Methods in Phys. (1994).

[8] E.G. Kalnins and W. Miller, A note on tensor products of q-algebra representations and orthogonal polynomials Journal of Computational and Applied Mathematics 68, (1996), 197-207.

[9] E.G. Kalnins, H.L. Manocha and W. Miller, Models of q-algebra representations: Tensor products of special unitary and oscillator algebras J. Math. Phys. 33, (1992), 2365–2383.

[10] E.G. Kalnins, S. Mukherjee and W. Miller, Models of q-algebra representations: Matrix elements of the q-oscillator algebra J. Math. Phys. 34, (1993), 5333–5356.

[11] E.G. Kalnins, S. Mukherjee and W. Miller, Models of q-algebra representations: Matrix elements of U_q(su_2) in Lie algebras, cohomology and new applications to quantum mechanics, a volume in the Contemporary Mathematics Series, American Mathematical Society, 1994.

[12] M. Chaichian and P. Kulish, Quantum Lie superalgebras and q- Oscillators Physics Letters B 234, (1990), 72–80.

[13] R. LeBlanc and D.J. Rowe, Superfield and matrix realizations of highest weight representations for osp(m/2n) J. Math. Phys. 31 (1990), 14–36.

[14] H. Saleur, Quantum osp(1, 2) and solutions of the graded Yang-Baxter equation Nuclear Physics B336, (1990), 363–376.

[15] I. Bars, Supergroups and their representations 107–184 in Supersymmetry in Physics, edited by V.A. Kostelecký and D.K. Campbell, North Holland, Amsterdam, 1985.

[16] G. Gasper and M. Rahman, Basic Hypergeometric Series Cambridge University Press, Cambridge, 1990.

[17] N. Ja. Vilenkin, Special Functions and the Theory of Group Representations, American Mathematical Society, Providence, Rhode Island, 1968

[18] E.G. Kalnins, S. Mukherjee and W. Miller, Models of q-algebra representations: The group of plane motions SIAM J. Math. Anal. 25, (1994), 513-527.

[19] H.T. Koelink , On quantum groups and q-special functions, Thesis, University of Leiden, 1991

[20] D.S. Moak, The q-analogue of the Laguerre polynomials , J. Math. Anal.

Appl. 81, (1981), 20–47

[21] E.G. Kalnins and W. Miller, q-algebra representations of the Euclidean, pseudo-Euclidean and oscillator algebras, and their tensor products Proceedings of the Workshop on Symmetries of Difference Equations, CRM, Montreal, (to appear 1996).

[22] A.U. Klimyk and I.I. Kachurik Spectra of representation operators for quantum algebra U_q(su_{1,1}) Proceedings of International Workshop on Finite Dimensional Integrable Systems, A.N. Sissakian and G.S. Pogosyan, eds., Dubna 1995, 104–115

[23] NEW REFERENCEJ. Physics A , to appear (1997),

[24] W.S. Chung, E.G. Kalnins and W. Miller Tensor products of qsuperalgebra representations and q-series identities J. Physics A , to appear (1997),

[25] W.S. Chung, E.G. Kalnins and W. Miller Tensor products of qsuperalgebras and q-series identities. I submitted , (1996),