Fine structure for 3D second order superintegrable systems: 3-parameter potentials.

E. G. Kalnins Department of Mathematics, University of Waikato, Hamilton, New Zealand.

J. M. Kress School of Mathematics, The University of New South Wales, Sydney NSW 2052, Australia j.kress@unsw.edu.au and W. Miller, Jr.

School of Mathematics, University of Minnesota, Minneapolis, Minnesota, 55455, U.S.A.

miller@ima.umn.edu

April 24, 2007

Abstract

A classical (or quantum) superintegrable system of second order is an integrable n-dimensional Hamiltonian system with potential that admits 2n − 1 functionally independent constants of the motion quadratic in the momenta, the maximum possible. For n=3 on conformally flat spaces with nondegenerate, i.e., 4-parameter potentials (the extreme case) we have worked out the structure and classified most of the possible spaces and potentials. Here we extend the analysis to a more degenerate class of functionally linearly independent superintegrable systems, the 3-parameter potential case. We show that for “true” 3-parameter potentials the algebra of constants of the motion no longer closes at order 6 but still all such systems are Stäckel transforms of systems on complex Euclidean space or the complex 3-sphere.

This is a significant step toward the complete structure analysis of all types of second order superintegrable systems.

1 Introduction

This paper is part of a series analyzing the structure of second order superintegrable systems [1, 2, 3, 4, 5] on conformally flat Riemannian manifolds. In 2D the structure is well understood and the possible systems have been classified, [6, 7, 8, 9]. The 3D case is more typical of the general nD problem and much remains to be done, although the basic outlines are now clear. To describe the situation we briefly review some important definitions. An n-dimensional complex Riemannian space is conformally flat if and only if it admits a set of local coordinates x_1, · · · , x_n such that the contravariant metric tensor takes the form g^{ij} = δ^{ij}/λ(x). A classical superintegrable system H = ∑ ij g^{ij}p_ip_j +V (x) on the phase space of this manifold is one that admits 2n − 1 functionally independent generalized symmetries (or constants of the motion) S_k, k = 1, · · · , 2n − 1 with S_1 = H where the S_k are polynomials in the momenta p_j. That is, {H, S_k} = 0 where

{f, g} = n∑ j=1 (∂_{xj} f∂_{pj} g − ∂_{pj} f∂_{xj} g)

is the Poisson bracket for functions f(x, p), g(x, p) on phase space [10, 11, 12, 13, 14, 15, 16, 17]. It is easy to see that 2n − 1 is the maximum possible number of functionally independent symmetries and, locally, such (in general nonpolynomial) symmetries always exist.

A system is second order superintegrable if the 2n − 1 functionally independent symmetries can be chosen to be quadratic in the momenta. Usually a superintegrable system is also required to be integrable, i.e., it is assumed that n of the constants of the motion are in involution, although we do not make that assumption here. Our ultimate goal is to develop tools that will enable us to study the structure of superintegrable systems of all orders and to develop a classification theory. We are starting with second order systems because it is the most tractable case. Thus each of the 2n − 1 symmetries takes the form S = ∑ a^{ij} (x)p_ip_j + W (x), quadratic in the momenta. There is an analogous definition for second-order quantum superintegrable systems with Schrödinger operator

H = Δ + V (x), Δ = 1 √ g ∑ ij ∂_{xi} ( √ gg^{ij})∂_{xj} , the Laplace-Beltrami operator plus a potential function, [18]. Here there are 2n − 1 second-order symmetry operators

S_k = 1 √ g ∑ ij ∂_{xi} ( √ ga^{ij}_{(k)})∂_{xj} + W^{(k)}(x), k = 1, · · · , 2n − 1

with S_1 = H and [H, S_k] ≡ HS_k − S_kH = 0. A basic motivation for studying these systems is that they can be solved explicitly and in multiple ways. It is the information gleaned from comparing the distinct solutions and expressing one solution set in terms of another that is a primary reason for their interest.

For n = 3 the number of functionally independent second order symmetries is 5. The analysis of the corresponding superintegrable systems splits into two cases depending on whether these symmetries are functionally linearly independent (FLI) or not. A set of second order symmetries is functionally linearly independent (or continuously linearly independent) if the corresponding set of quadratic forms a^{ij} (x) is linearly independent at each regular point x, [1, 3, 5]. Otherwise the set is functionally linearly dependent (FLD). For nondegenerate, i.e., 4-parameter, potentials treated in [3] and for the 3-parameter potentials treated here we assume that the system admits 5 functionally linearly independent second order symmetries. Second order superintegrable systems for which this is not the case must necessarily involve potentials that satisfy a 1st order linear PDE [5]. An example of a system with 5 functionally linearly dependent second order symmetries is the Calogero potential [19, 20, 21, 5]. Another example is the second order superintegrable flat space system with 3-parameter potential V (x, y, z) = α/(x + iy)^2 + β/(x + iy) + γ/z^2. Though this potential is 3- parameter we will not analyse it in this paper because the corresponding system is FLD.

In addition to admitting 5 functionally linearly independent second order symmetries, a 3-parameter potential must be expressible in the form

V (x, y, z) = αV^{(1)}(x, y, z) + βV^{(2)}(x, y, z) + γV^{(3)}(x, y, z) (1)

where α, β, γ are parameters and the gradients of the V^{(i)}, i = 1, 2, 3, are assumed linearly independent for each (x, y, z) in some open set of C^3. Here we are ignoring a trivial additive parameter to the potential. Differentiating (1) with respect to x, y, z, respectively, we can solve the resulting 3 equations for α, β, γ as linear functions of V_1, V_2, V_3. (Here V_1 = V_x, V_{12} = V_{xy}, etc.) Now, differentiating (1) twice with respect to x and substituting the expressions for the parameters as functions of the first derivatives we obtain the parameter-free equation

V_{11} = Ã^{11}(x, y, z)V_1 + B̃^{11}(x, y, z)V_2 + C̃^{11}(x, y, z)V_3.

Similarly, we can derive the canonical system of 6 2nd order PDEs,

V_{ij} = Ã^{ij}V_1 + B̃^{ij} V_2 + C̃^{ij} V_3, 1 ≤ i ≤ j ≤ 3, (2)

satisfied by the potential. Note that the integrability conditions for this system will be satisfied identically. Further, the solution space of this system is exactly 4-dimensional and a solution is uniquely determined at a regular point (x_0, y_0, z_0) by specifying the values of V_1, V_2, V_3 and V at the point. (Here as usual we will ignore the additive constant and the freedom to specify V .)

Recall that the canonical system of 5 PDEs for a nondegenerate potential is V_{22} = V_{11} + A^{22}V_1 + B^{22}V_2 + C^{22}V_3, V_{33} = V_{11} + A^{33}V_1 + B^{33}V_2 + C^{33}V_3, V_{ij} = A^{ij} V_1 + B^{ij} V_2 + C^{ij} V_3, (3) where 1 ≤ i < j ≤ 3. Clearly, a 3-parameter potential also satisfies (3) with the identifications

A^{jj} = Ã^{jj} − Ã^{11}, B^{jj} = B̃^{jj} − B̃^{11}, C^{jj} = C̃^{jj} − C̃^{11}, j = 2, 3, (4)

A^{ij} = Ã^{ij}, B^{ij} = B̃^{ij}, C^{ij} = C̃^{ij} , 1 ≤ i < j ≤ 3.

If V is a nondegenerate, i.e., 4-parameter, potential then the integrability conditions for (3) are satisfied identically. If V is 3-parameter then the integrability conditions for (2) are satisfied identically, but the integrability conditions for (3) may not all be satisfied.

A 3-parameter potential for a superintegrable system can arise in two distinct ways. First, the potential could be a linear restriction of a nondegenerate potential. For example, the potential

Ṽ = α ( (x − iy)^3 + 6(x^2 + y^2 + z^2) + (x − iy) + (x − iy)^2 + 2(x + iy) ) +γ(x−iy)+δz,

is the restriction β = α − δ of the nondegenerate potential

V = α ( (x − iy)^3 + 6(x^2 + y^2 + z^2) ) + β ( (x − iy)^2 + 2(x + iy) )

+γ(x − iy) + δ((x − iy)^2 + 2(x + iy) + z).

For the nondegenerate potential the canonical equations take the form (3) and it is not possible to solve for V_{11} in terms of V_1, V_2, V_3 whereas for the 3-parameter restriction we have a unique solution.

A second way the canonical equations (4) could arise is from the Bertrand- Darboux (B-D) equations for the 5 second order symmetries. As shown in [3], the rank of the second derivative terms in the 12 nontrivial B-D equations is 5, so the B-D equations must lead to the canonical conditions (3), plus possibly additional linear conditions involving only the first derivative terms V_j . However, for a 3-parameter potential no first order linear conditions can occur, since otherwise the potential would depend on strictly fewer than 3 parameters. Thus the equations must be (3) alone, but the integrability conditions are not identically satisfied. To obtain a 3-parameter potential the only possibility is that there is a single integrability condition and it is equivalent to V_{11} = A^{11}V_1 + B^{11}V_2 + C^{11}V_3. We call such superintegrable potentials true 3-parameter potentials.

The best known true 3-parameter system in Euclidean space is the extended Kepler-Coulomb potential:

V^{(1)} = α √ x^2 + y^2 + z^2 + β x^2 + γ y^2 (5) The classical Hamilton-Jacobi equation, or the quantum Schrödinger equation, admits separable solutions in four coordinate systems: spherical, spheroconical, prolate spheroidal and parabolic coordinates. The bound states are degenerate and important special function identities arise by expanding one basis of separable eigenfunctions in terms of another. However, the space of second order symmetries is only 5-dimensional (as compared to 6 for nondegenerate potentials) and, although there are useful identities among the generators and commutators that enable one to derive spectral properties algebraically, there is no finite quadratic algebra structure. Two other examples that can be made real in real Euclidean space are given by Evans:

V^{(2)} = αx y^2 √ x^2 + y^2 + β y^2

+ γz, (6)

V^{(3)} = αx y^2 √ x^2 + y^2 + β y^2 + γ z^2

. (7)

A complex Euclidean example that is real in Minkowski space is

V^{(4)} = α (x + iy)^2

+ β(x^2 + y^2 + z^2) + γz. (8)

A complex sphere example, real on the hyperboloid u^2_1 − u^2 + u^2_3 − u^2_4 = 1, is

V^{(5)} = a (s_1 + is_2) √ s^2_1 + s^2 + b (s_1 + is_2)^2 + c (s_3 − is_4)^2 (9) where s^2_1 + s^2 + s^3 + s^2_4 = 1. For all these cases the space of second order symmetries is exactly 5-dimensional and the quadratic algebra does not close, although it has a rich structure.

In this paper we shall show clearly how to distinguish between restrictions of systems with nondegenerate potentials and systems with true 3-parameter potentials just from the structure of their second order symmetry algebras. Further we will uncover the structure of the higher order symmetries for true 3-parameter potentials and prove multiseparability and lack of closure of the algebra of symmetries. We treat only the classical case here. Proofs of the analogous results for quantum systems are straight forward, just as in [5].

2 Conformally flat spaces in three dimensions

We adopt the notation for a classical superintegrable system with 3-parameter potential on a conformally flat space, as given in the introduction. Thus the system will admit 5 functionally linearly independent second order symmetries (or constants of the motion) S = 3∑ k,j=1

a^{kj}(x, y, z)p_kp_j + W (x, y, z) ≡ L + W, a^{jk} = a^{kj}

. The symmetry condition {H, S} = 0 where H = (p^2_1 + p^2 + p^2_3)/λ(x, y, z) + V (x, y, z) leads to the second order Killing tensor equations

a^{ii}_i = −G_1a^{1i} − G_2a^{2i} − G_3a^{3i} 2a^{ij}_i + a^{ii}_j = −G_1a^{1j} − G_2a^{2j} − G_3a^{3j} , i ≠ j a^{ij}_k + a^{ki}_j + a^{jk}_i = 0, i, j, k distinct

(10)

and W_k = λ 3∑ s=1 a^{sk}V_s, k = 1, 2, 3. (11)

(Here a subscript j denotes differentiation with respect to x_j and λ = exp G.) The requirement that ∂_{xℓ} W_j = ∂_{xj} W_ℓ, ℓ ≠ j leads from (11) to the second order B-D partial differential equations for the potential. 3∑ s=1 [ V_{sj}λa^{sℓ} − V_{sℓ}λa^{sj} + V_s ( (λa^{sℓ})_j − (λa^{sj})_ℓ )] = 0. (12)

We assume five functionally linearly independent constants of the motion (including the Hamiltonian itself). Thus the Hamilton-Jacobi equation admits four additional constants of the motion:

S_h = 3∑ j,k=1

a^{jk}_{(h)}p_kp_j + W_{(h)} = L_h + W_{(h)}, h = 1, · · · , 4.

Assuming also that V is 3-parameter, we substitute the requirement for a 3-parameter potential (2) into the B-D equations (12) and obtain three equations for the derivatives a^{jk}_i , the first of which is

(a^{11}_3 − a^{31}_1 )V_1 + (a^{12}_3 − a^{32}_1 )V_2 + (a^{13}_3 − a^{33}_1 )V_3 (13)

+a^{12}(A^{23}V_1 + B^{23}V_2 + C^{23}V_3) − (a^{33} − a^{11})(A^{13}V_1 + B^{13}V_2 + C^{13}V_3)

−a^{23}(A^{12}V_1 + B^{12}V_2 + C^{12}V_3) + a^{13}(A^{33}V_1 + B^{33}V_2 + C^{33}V_3)

= (−G_3a^{11} + G_1a^{13})V_1 + (−G_3a^{12} + G_1a^{23})V_2 + (−G_3a^{13} + G_1a^{33})V_3,

and the other two are obtained in a similar fashion.

The integrability conditions satisfied by the 3-parameter potential equations can be expressed as follows. We introduce the vector v = (V_1, V_2, V_3)^T, and the matrices Ã^{(j)}, j = 1, 2, 3, where

Ã^{(1)} =

Ã11, B̃11, C̃11, Ã12, B̃12, C̃12, Ã13, B̃13, C̃13

, Ã^{(2)} =

Ã12, B̃12, C̃12, Ã22, B̃22, C̃22, Ã23, B̃23, C̃23 ,

Ã^{(3)} =

Ã13, B̃13, C̃13, Ã23, B̃23, C̃23, Ã33, B̃33, C̃33 . Then ∂_{xj} v = Ã^{(j)}v j = 1, 2, 3. (14)

The integrability conditions for this system are

Ã^{(j)}_i − Ã^{(i)}_j = Ã^{(i)}Ã^{(j)} − Ã^{(j)}Ã^{(i)} ≡ [Ã^{(i)}, Ã^{(j)}]. (15)

The integrability conditions (15) are analytic expressions in x_1, x_2, x_3 and must hold identically. For convenience in the computation to follow we define

U^1 = Ã^{(3)}_2 − Ã^{(2)}_3 = Ã^{(i)}Ã^{(j)} − [Ã^{(2)}, Ã^{(3)}] (16)

plus cyclic permutations, so that the conditions are U^1 = U^2 = U^3 = 0 There are 6 × 3 = 18 first partial derivatives a^{jk}_i of a quadratic symmetry.

There are 10 Killing tensor conditions (10) for these derivatives and 3×3 = 9 conditions from the 3 B-D equations (13) and its companions. (Since each derivative V_j can be prescribed arbitrarily at a point, each B-D equation yields 3 conditions.) Thus we can use 18 conditions to solve for all of the a^{jk}_i of and obtain

a^{11}_1 = −G_1a^{11} − G_2a^{12} − G_3a^{13} (17) a^{22}_2 = −G_1a^{12} − G_2a^{22} − G_3a^{23}, a^{33}_3 = −G_1a^{13} − G_2a^{23} − G_3a^{33}, 3a^{12}_1 = a^{12}A^{22} − (a^{22} − a^{11})A^{12} − a^{23}A^{13} + a^{13}A^{23}

+ G_2a^{11} − 2G_1a^{12} − G_2a^{22} − G_3a^{23}, 3a^{11}_2 = −2a^{12}A^{22} + 2(a^{22} − a^{11})A^{12} + 2a^{23}A^{13} − 2a^{13}A^{23} − 2G_2a^{11} + G_1a^{12} − G_2a^{22} − G_3a^{23}, 3a^{13}_3 = −a^{12}C^{23} + (a^{33} − a^{11})C^{13} + a^{23}C^{12} − a^{13}C^{33} − G_1a^{11} − G_2a^{12} − 2G_3a^{13} + G_1a^{33}, 3a^{33}_1 = 2a^{12}C^{23} − 2(a^{33} − a^{11})C^{13} − 2a^{23}C^{12} + 2a^{13}C^{33} − G_1a^{11} − G_2a^{12} + G_3a^{13} − 2G_1a^{33}, 3a^{23}_2 = a^{23}(B^{33} − B^{22}) − (a^{33} − a^{22})B^{23} − a^{13}B^{12} + a^{12}B^{13} − G_1a^{13} − 2G_2a^{23} − G_3a^{33} + G_3a^{22}, 3a^{22}_3 = −2a^{23}(B^{33} − B^{22}) + 2(a^{33} − a^{22})B^{23} + 2a^{13}B^{12} − 2a^{12}B^{13} − G_1a^{13} + G_2a^{23} − G_3a^{33} − 2G_3a^{22}, 3a^{13}_1 = −a^{23}A^{12} + (a^{11} − a^{33})A^{13} + a^{13}A^{33} + a^{12}A^{23}

− 2G_1a^{13} − G_2a^{23} − G_3a^{33} + G_3a^{11}, 3a^{11}_3 = 2a^{23}A^{12} + 2(a^{33} − a^{11})A^{13} − 2a^{13}A^{33} − 2a^{12}A^{23} + G_1a^{13} − G_2a^{23} − G_3a^{33} − 2G_3a^{11}, 3a^{33}_2 = −2a^{13}C^{12} + 2(a^{22} − a^{33})C^{23} + 2a^{12}C^{13} − 2a^{23}(C^{22} − C^{33}) − G_1a^{12} − G_2a^{22} + G_3a^{23} − 2G_2a^{33}, 3a^{23}_3 = a^{13}C^{12} − (a^{22} − a^{33})C^{23} − a^{12}C^{13} − a^{23}(C^{33} − C^{22}) − G_1a^{12} − G_2a^{22} − 2G_3a^{23} + G_2a^{33}, 3a^{12}_2 = −a^{13}B^{23} + (a^{22} − a^{11})B^{12} − a^{12}B^{22} + a^{23}B^{13} − G_1a^{11} − 2G_2a^{12} − G_3a^{13} + G_1a^{22}, 3a^{22}_1 = 2a^{13}B^{23} − 2(a^{22} − a^{11})B^{12} + 2a^{12}B^{22} − 2a^{23}B^{13} − G_1a^{11} + G_2a^{12} − G_3a^{13} − 2G_1a^{22}, 3a^{23}_1 = a^{12}(B^{23} + C^{22}) + a^{11}(B^{13} + C^{12}) − a^{22}C^{12} − a^{33}B^{13} + a^{13}(B^{33} + C^{23}) − a^{23}(C^{13} + B^{12}) − 2G_1a^{23} + G_2a^{13} + G_3a^{12}.

3a^{12}_3 = a^{12}(−2B^{23} + C^{22}) + a^{11}(C^{12} − 2B^{13}) − a^{22}C^{12} + 2a^{33}B^{13} + a^{13}(−2B^{33} + C^{23}) + a^{23}(−C^{13} + 2B^{12})

− 2G_3a^{12} + G_2a^{13} + G_1a^{23}.

3a^{13}_2 = a^{12}(B^{23} − 2C^{22}) + a^{11}(B^{13} − 2C^{12}) + 2a^{22}C^{12} − a^{33}B^{13} + a^{13}(B^{33} − 2C^{23}) + a^{23}(2C^{13} − B^{12}) − 2G_2a^{13} + G_1a^{23} + G_3a^{12}.

The remaining condition is

a^{11}(C̃^{12} − B̃^{13}) + a^{22}(Ã^{23} − C̃^{12}) + a^{33}(B̃^{13} − Ã^{23}) + a^{12}(Ã^{13} + C̃^{22} − C̃^{11} − B̃^{23}) (18) +a^{13}(C̃^{23} + B̃^{11} − B̃^{33} − Ã^{12}) + a^{23}(B̃^{12} + Ã^{33} − Ã^{22} − C̃^{13}) = 0,

which we can regard as an obstruction to extending the assumed 5-dimensional space of second order symmetries to the full 6-dimensional space of quadratic forms. (Note that the analogous obstruction equation appears for the nondegenerate potential case in [3], but there the linear integrability conditions for the nondegenerate potential cause the obstruction to vanish identically.)

Since the system (17) is in involution, a second order symmetry is determined up to a trivial added constant by the value of the quadratic form a^{ij} (x_0) at a single regular point. Thus the dimension of the space of second order symmetries ( ≥ 5 by assumption) cannot exceed 6. We will show that the dimension is 6 if and only if the 3-parameter potential is a restriction of a nondegenerate potential. Further, the obstruction (18) vanishes identically if and only if the dimension is 6. This is a satisfying solution of our first structure problem. Unfortunately, the proof is lengthy.

3 No obstruction implies nondegenerate potential

Suppose the obstruction (18) vanishes identically. Then the conditions

C̃^{12} = B̃^{13} = Ã^{23}, Ã^{13} + C̃^{22} − C̃^{11} − B̃^{23} = 0, (19)

C̃^{23} + B̃^{11} − B̃^{33} − Ã^{12} = 0, B̃^{12} + Ã^{33} − Ã^{22} − C̃^{13} = 0

must hold identically.

To determine the dimension of the solution space of second order symmetries we need to study the integrability conditions for equations (17). For the integrability conditions we define the vector-valued function

h(x, y, z) = ( a^{11}, a^{12}, a^{13}, a^{22}, a^{23}, a^{33}

)_T

and directly compute the 6 × 6 matrix functions A^{(j)} to get the first-order system ∂_{xj} h = A^{(j)}h j = 1, 2, 3, (20) under the assumptions (19). The integrability conditions for this system are

A^{(j)}_i h − A^{(i)}_j h = A^{(i)}A^{(j)}h − A^{(j)}A^{(i)}h ≡ [A^{(i)}, A^{(j)}]h. (21)

In terms of the 6 × 6 matrices

S^{(1)} = A^{(3)}_2 − A^{(2)}_3 − [A^{(2)}, A^{(3)}], S^{(2)} = A^{(1)}_3 − A^{(3)}_1 − [A^{(3)}, A^{(1)}],

S^{(3)} = A^{(2)}_1 − A^{(1)}_2 − [A^{(1)}, A^{(2)}], the integrability conditions are

S^{(1)}h = S^{(2)}h = S^{(3)}h = 0 (22)

We can proceed in analogy with the proof in [3] of the 5 =⇒ 6 Theorem for nondegenerate potentials.

Assume first that the system of equations (17) admits a 6-parameter family of solutions a^{jk}. Thus at any regular point we can prescribe the values of the a^{jk} arbitrarily. This means that (21) or (22) holds identically in h. Thus S^{(1)} = S^{(2)} = S^{(3)} = 0. Using these expressions, we can perform a tedious but straightforward Maple-assisted computation that yields

1. An expression for each of the first partial derivatives ∂_ℓÃ^{ij} , ∂_ℓB̃^{ij} , ∂_ℓC̃^{ij}, for the 18 functions as homogeneous polynomials of order at most two in the Ã^{i′j′} , B̃^{i′j′} , C̃^{i′j′} . There are 54 = 3 × 18 such expressions in all. An example is

B̃^{12}_2 = 2 3 Ã^{12}B̃^{12} − 1 6 B̃^{12}G_2 − 5 6 G_1Ã^{12} − 1 6 G_1G_2 + 1 3 (B̃^{22} − B̃^{11})B̃^{12} + 1 3 (B̃^{22} − B̃^{11})G_1 + 1 3 Ã^{23}B̃^{23} − 7 6 G_3Ã^{23} + 1 2 G_{12}.

2. Exactly 5 quadratic identities for the independent functions (in addition to the linear identities (19)):

(a) −A^{23}B^{33} − A^{12}A^{23} + A^{13}B^{12} + B^{22}A^{23} + B^{23}A^{33} +^1_2 A^{22}G_3 −^1_2 A^{33}G_3 −^1_2 B^{12}G_3 −^1_2 G_1G_3 −^1_2 A^{13}G_1 +^3_2 G_{13} −^1_2 A^{23}G_2 − A^{22}B^{23} = 0, (b) (A^{33})^2 + B^{12}A^{33} − A^{33}A^{22} − B^{33}A^{12} − C^{33}A^{13} + B^{22}A^{12} −B^{12}A^{22} + A^{13}B^{23} − (A^{12})^2 + 3 2 G_{22} −^1_2 G^2_y −^3_2 G_{33} +^1_2 A^{13}G_3 +^1_2 B^{33}G_2+ −^1_2 A^{22}G_1 +^1_2 A^{33}G_1 −^1_2 B^{23}G_3 −^1_2 B^{22}G_2 +^1_2 C^{33}G_3 +^1_2 (G_3)^2 = 0, (c) − (B^{33})^2 − B^{33}A^{12} + B^{33}B^{22} + B^{12}A^{33} + B^{23}C^{33} − (B^{23})^2 + (B^{12})^2 +^1_2 (G_1)^2 −^3_2 G_{11} +^3_2 G_{33} −^1_2 B^{33}G_2 −^1_2 A^{33}G_1 −^1_2 (G_3)^2 −^1_2 C^{33}G_3 = 0, (d) −B^{12}A^{23} − A^{33}A^{23} + A^{13}B^{33} + A^{12}B^{23} +^3_2 G_{23} −^1_2 A^{23}G_1 −^1_2 A^{12}G_3 −^1_2 B^{23}G_2 −^1_2 G_2G_3 −^1_2 B^{33}G_3 = 0, (e) A^{12}B^{12} + C^{33}A^{23} − A^{23}B^{23} + B^{33}A^{22} − B^{33}A^{33} +^3_2 G_{12} −^1_2 G_1G_2 −^1_2 A^{12}G_1 −^1_2 B^{12}G_2 −^1_2 A^{23}G_3 = 0 (23)

There are no nontrivial conditions in which some derivative of G is involved as a factor in each term and no conditions other than those described here..

Theorem 1 (5 =⇒ 6) Let V be a 3-parameter potential corresponding to a conformally flat space in 3 dimensions that is superintegrable, i.e., suppose V satisfies the equations (2), where conditions (19,15,4) hold, and there are 5 functionally linearly independent constants of the motion. Then the space of second order symmetries for the Hamiltonian H = (p^2_x + p^2_y + p^2_z)/λ(x, y, z) + V (x, y, z) (excluding multiplication by a constant) is of dimension D = 6. At any regular point (x_0, y_0, z_0) and given constants α^{kj} = α^{jk} there is exactly one symmetry S (up to an additive constant) such that a^{kj}(x_0, y_0, z_0) = α^{kj}.

PROOF OF THEOREM: The proof takes many steps, most of which have to be carried out with computer algebra software. We give the logic behind the proof and describe the steps in order.

If there is only a 5-parameter family of solutions then (22) holds only for the h that lie in a 5-dimensional space. By appropriate Euclidean transformation of coordinates, if necessary, we can use Gauss-Jordan elimination and show that there is a basis for the space of the form h̃^j , j = 1, · · · 5 where ( h̃^1, h̃^2, h̃^3, h̃^4, h̃^5 ) =

1 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 1 α_1(x, y, z) α_2(x, y, z) α_3(x, y, z) α_4(x, y, z) α_5(x, y, z) .

Here we mean that if h belongs to the solution space then there are unique differentiable functions g_j(x, y, z) such that h =

∑_5

j=1 g_jh̃^j . It follows that the integrability conditions become

S^{(ℓ)}_{kj} + α_j S^{(ℓ)}_{k6} = 0, ℓ = 1, · · · , 3, k = 1, · · · , 6, j = 1, · · · , 5. (24)

Further, the conditions (22) must hold. The question that we need to decide is whether the conditions (22) and (24) imply

S^{(1)} = S^{(2)} = S^{(3)} = 0.

Some of the elements of the matrices S^{(i)} vanish identically. Indeed

S^{(1)}_{16} = S^{(1)}_{26} = S^{(1)}_{46} = S^{(2)}_{14} = S^{(2)}_{34} = S^{(2)}_{64} = S^{(3)}_{41} = S^{(3)}_{51} = S^{(3)}_{61} ≡ 0

Also S^{(2)}_{16} ≡ S^{(1)}_{15} , S^{(2)}_{66} ≡ −S^{(2)}_{61} , S^{(3)}_{46} ≡ −S^{(1)}_{43} ,

This implies that the following conditions must hold no matter what are the values of the α_j :

S^{(1)}_{ij} = 0, i = 1, 2, 4 1 ≤ j ≤ 6, S^{(2)}_{1j} = S^{(3)}_{4j} = 0, 1 ≤ j ≤ 6. (25)

Our strategy is to use these identities and the potential integrability conditions (15) step by step to solve for as many of the 54 independent partial derivatives ∂_kD^{ij} , 1 ≤ i ≤ j ≤ 3, D = A, B, C,

as we can. In each case we will obtain an expression for the derivative as a polynomial in the 18 variables D^{ij} with coefficients in the linear and zero order terms that involve derivatives of G. Then to substitute these results back into the potential equations to obtain new results.

For the first step, our initial results imply that the quadratic identity (d) holds, further by substitution the identity U^3_{12} = 0 implies that the quadratic identity (a) holds. However, (a) is equivalent to S^{(3)}_{2,6} = 0 which in turn implies S^{(3)}_{2j} = 0, 1 ≤ j ≤ 6. The fact that S^{(3)}_{46} = 0 implies by substitution that S^{(3)}_{16} = 0, so S^{(3)}_{1j} = 0, 1 ≤ j ≤ 6. Then quadratic identity (e) is implied by S^{(3)}_{13} = 0. The potential identities U^1_{33} = 0, U^2_{23} = 0 and substitution imply S^{(3)}_{36} = S^{(2)}_{56} = 0, so S^{(3)}_{3j} = S^{(2)}_{5j} = 0, 1 ≤ j ≤ 6. Similarly, the result S^{(3)}_{46} = 0, and substitution implies S^{(2)}_{66} = 0, so S^{(2)}_{6j} = 0, 1 ≤ j ≤ 6. The result S^{(1)}_{43} = 0, and substitution implies S^{(1)}_{36} = 0, so S^{(1)}_{3j} = 0, 1 ≤ j ≤ 6, and and substitution implies S^{(2)}_{26} = 0, so S^{(2)}_{2j} = 0, 1 ≤ j ≤ 6. From this we can obtain the remaining quadratic identities (b) and (c). The process finally ends with the result S^{(1)} = S^{(2)} = S^{(3)} = 0,

hence that the integrability conditions are satisfied identically and there is a 6-parameter family of symmetries. Further, each of the 54 independent partial derivatives

∂_kD^{ij} , 1 ≤ i ≤ j ≤ 3, D = A, B, C,

is expressed explicitly as a polynomial in the 18 variables. Q.E.D.

Suppose we have a superintegrable 3-parameter potential with no obstruction. Is it a restriction of a nondegenerate (4-parameter) potential or is it truly 3-parameter? To help answer this question we call call on some of the results of papers [3] and [4]. The results from [3] on the structure of the third order constants of the motion for nondegenerate superintegrable systems needed only the assumption of a 3-parameter potential with no obstructions for their proof.

Theorem 2 Let K be a third order constant of the motion for a conformally flat superintegrable system with 3-parameter potential V and no obstructions: K = 3∑ k,j,i=1

a^{kji}(x, y, z)p_kp_jp_i + 3∑ ℓ=1 b^ℓ(x, y, z)p_ℓ.

Then

b^ℓ(x, y, z) = 3∑ j=1 f^{ℓ,j}(x, y, z)V_j(x, y, z)

with f^{ℓ,j} + f^{j,ℓ} = 0, 1 ≤ ℓ, j ≤ 3. The a^{ijk}, b^ℓ are uniquely determined by the four numbers

f^{1,2}(x_0, y_0, z_0), f^{1,3}(x_0, y_0, z_0), f^{2,3}(x_0, y_0, z_0), f^{1,2}_3 (x_0, y_0, z_0)

at any regular point (x_0, y_0, z_0) of V .

Corollary 1 For a system satisfying the assumptions of the theorem, the space of truly third order constants of the motion is 4-dimensional and is spanned by Poisson brackets of the second order constants of the motion.

Correspondingly, the proofs of the following results from [4] need only the assumptions of 3-parameter superintegrability with no obstructions:

Theorem 3 Let V be a superintegrable 3-parameter potential with no obstruction in a 3D conformally flat space. Then V defines a multiseparable system.

Corollary 2 For a system satisfying the assumptions of the theorem, there is a continuous 1-parameter (or multi-parameter) family of separable systems for V , spanning at least a 5-dimensional subspace of symmetries.

4 The 3D Stäckel transform

The Stäckel transform [22] or coupling constant metamorphosis [23] plays a fundamental role in relating superintegrable systems on different manifolds. Suppose we have a superintegrable system H = p^2_1 + p^2 + p^2_3 λ(x, y, z)

+ V (x, y, z) (26)

in local orthogonal coordinates, with 3-parameter potential V (x, y, z):

V_{ij} = A^{ij}V_1 + B^{ij}V_2 + C^{ij}V_3, V_{22} = V_{11} + A^{22}V_1 + B^{22}V_2 + C^{22}V_3, (27)

1 ≤ i ≤ j ≤ 3, and suppose U(x, y, z) is a particular solution of equations (27), nonzero in an open set. Then the transformed system H̃ = (p^2_1 + p^2 + p^2_3)/λ̃ + Ṽ with nondegenerate potential Ṽ (x, y, z):

Ṽ_{ij} = Ã^{ij}Ṽ_1 + B̃^{ij}Ṽ_2 + C̃^{ij}Ṽ_3 (28)

is also superintegrable, where

λ̃ = λU, Ṽ = V U , Ã^{11} = A^{11} − 2

U_1 U , B̃^{22} = A^{11} − 2

U_2 U , C̃^{33} = C^{33} − 2

U_3 U , B̃^{11} = B^{11}, C̃^{11} = C^{11}, Ã^{22} = A^{22}, C̃^{22} = C^{22},

Ã^{33} = A^{33}, B̃^{33} = B^{33}, Ã^{13} = A^{13} − U^3 U , C̃^{13} = C^{13} −

U_1 U , Ã^{12} = A^{12} − U^2 U , B̃^{12} = B^{12} −

U_1 U , B̃^{23} = B^{23} − U^3 U , C̃^{23} = C^{23} −

U_2 U , and Ã^{23} = A^{23}, B̃^{13} = B^{13}, C̃^{12} = C^{12}. Let S = ∑ a^{ij} p_ip_j + W = S_0 + W be a second order symmetry of H and S_U = ∑ a^{ij}p_ip_j + W_U = S_0 + W_U be the special case that is in involution with (p^2_1 + p^2 + p^2_3)/λ + U. Then S̃ = S_0 −^WU_U H +^1_U H is the corresponding symmetry of H̃. Since one can always add a constant to a nondegenerate potential, it follows that 1/U defines an inverse Stäckel transform of H̃ to H. See [22] for many examples of this transform.

The next result follows immediately from the proof of the corresponding theorem in [4].

Theorem 4 Every superintegrable system with 3-parameter potential and no obstruction on a 3D conformally flat space is Stäckel equivalent to a superintegrable system on either 3D flat space or the 3-sphere.

Using Theorem 4 we can show that a 3-parameter superintegrable potential with no obstruction is a restriction of a nondegenerate potential. In [3] we derived the integrability conditions for the nondegenerate potential equations (3). We recall the form of these equations (the details are in [3]). We introduce the vector w = (V_1, V_2, V_3, V_{11})^T, and the matrices A^{(j)}, j = 1, 2, 3, such that ∂_{xj} w = A^{(j)}w j = 1, 2, 3. (29)

The integrability conditions for this system are

A^{(j)}_i − A^{(i)}_j = [A^{(i)}, A^{(j)}]. (30)

What we must show is that the 5 no obstruction equations (19), the 108 integrability conditions

S^{(1)} = S^{(2)} = S^{(3)} = 0

for the 6-dimensional family of symmetries and the 27 integrability conditions (15) for the 3-parameter potential imply the integrability conditions (30) for a nondegenerate potential.

First we assume that we are in complex Euclidean space, so that G(x, y, z) ≡ 0. Then, from the proof of Theorem 1 we can express each of the 54 independent partial derivatives

∂_kD̃^{ij}, 1 ≤ i ≤ j ≤ 3, D = Ã, B̃, C̃,

explicitly as a quadratic polynomial in the 18 variables D̃^{ℓm}, and we can obtain the 5 fundamental quadratic identities (23). Finally, from the integrability conditions ∂_ℓ∂_kD̃^{ij} = ∂_k∂_ℓD̃^{ij} we obtain 54 cubic polynomial identities. These second and third order identities generate a polynomial ideal Σ in the 18 variables D̃^{ℓm}. Substituting the quadratic expressions for the ∂_kD̃^{ij} into the integrability conditions (30) we can show that these conditions are equivalent to 7 quadratic and cubic identities Ij = 0, j = 1, · · · , 7 in the variables D̃^{ℓm}. Making use of the Gröbner basis package in the symbol manipulation program MAPLE, we have verified that Ij ∈ Σ for j = 1, · · · , 7. Thus conditions (30) must hold for Euclidean space potentials.

We cannot use the same reasoning for metrics with general G because we do not know the explicit form of G. However, from Theorem 4 the only remaining case we need study is the 3-sphere. As was argued in Section 4.5 of [4], at any regular point on the sphere we can always choose Cartesian-like local coordinates such that

G(x, y, z) = −2 ln(1 + x^2 + y^2 + z^2 4 ) and the regular point is (0, 0, 0). Thus at this point

G = G_j = 0, G_{ij} = −δ_{ij} , 1 ≤ i, j ≤ 3.

With this choice we can carry out the exact analog of the Euclidean space demonstration and use the Gröbner basis package in MAPLE to verify that Ij ∈ Σ for j = 1, · · · , 7, so that conditions (30) hold for 3-sphere potentials.

Thus, by exploitation of the integrability conditions for the potential and for equations (17) we obtain the following results:

Theorem 5 A 3-parameter potential for a 3D second order superintegrable FLI system is a restriction of a nondegenerate potential if and only if the obstruction (18) vanishes identically. If the obstruction doesn’t vanish then the space of second order symmetries is 5-dimensional and the system is uniquely determined by the values of D̃^{ij} , i ≤ j, D = A, B, C at a single regular point.

5 Structure theory for true 3-parameter potentials

For a superintegrable FLI system with true 3-parameter potential there is a nontrivial obstruction (18) which we can express in the form

trace (AJ ) = 0 (31) where A = (a^{ij} ) and

J = −B̃^{13} + C̃^{12 1}_2 (Ã^{13} + C̃^{22} − C̃^{11} − B̃^{23})^1_2 (C̃^{23} − B̃^{33} + B̃^{11} − Ã^{12}) 1 2 (Ã^{13} + C̃^{22} − C̃^{11} − B̃^{23}) Ã^{23} − C̃^{12 1}_2 (B̃^{12} + Ã^{33} − Ã^{22} − C̃^{13}) 1 2 (Ã^{13} + C̃^{22} − C̃^{11} − B̃^{23})^1_2 (B̃^{12} + Ã^{33} − Ã^{22} − C̃^{13}) B̃^{13} − Ã^{23} (32) = X_1 Y_1 Y_2 Y_1 X_2 Y_3 Y_2 Y_3 −X_1 − X_2

where the X_j , Y_k have obvious definitions. Under a complex rotation of coordinates with 3 × 3 orthogonal matrix O the quadratic form of the symmetry transforms as O → OAO^{tr}, so J → OJ O^{tr}. Thus the traceless symmetric obstruction J transforms as the 5-dimensional irreducible representation of the complex rotation group. It follows that about any regular point x_0 we can always find a rotation that fixes this point and such that all the matrix elements of J are nonzero. In this section we can always assume that we have determined a regular point and a coordinate system centered at this point for which all the elements of J are nonvanishing.

At a regular point x_0 we can use our knowledge of the obstruction to determine an explicit basis for the second order symmetries. The five basis elements take the form S^{(ℓ,m)} = ∑ ij A^{(ℓ,m)}_{ij} p_ip_j +W^{(ℓ,m)} where W^{(ℓ,m)}(x_0) ≡ 0 and

A^{(1,1)} =

1 0 0 0 0 0 0 0^{C12−B13}

A^{23}−B^{13}

, A^{(2,2)} =

0 0 0 0 1 0 0 0^{A23−C12}

A^{23}−B^{13}

, (33)

A^{(1,2)} = 1 2 0 1 0 1 0 0 0 0^{A13+C22−C11−B23}

A^{23}−B^{13}

, A^{(1,3)} = 1 2 0 0 1 0 0 0 1 0^{C23+B11−B33−A12}

A^{23}−B^{13} ,

A^{(2,3)} = 1 2 0 0 0 0 0 1 0 1^{B12+A33−A22−C13}

A^{23}−B^{13} . Next we investigate the space of third order constants of the motion, assuming a true 3-parameter potential V . We have K = 3∑ k,j,i=1

a^{kji}(x, y, z)p_kp_jp_i + b^ℓ(x, y, z)p_ℓ, (34)

which must satisfy {H, K} = 0. Here a^{kji} is symmetric in the indices k, j, i.

The required conditions are

a^{iii}_i = − 3 2 ∑ s a^{sii}(ln λ)_s, (35)

3a^{jii}_i + a^{iii}_j = −3 ∑ s a^{sij}(ln λ)_s, i ≠ j

a^{ijj}_i + a^{iij}_j = − 1 2 ∑ s a^{sjj}(ln λ)_s − 1 2 ∑ s a^{sii}(ln λ)_s, i ≠ j

2a^{ijk}_i + a^{kii}_j + a^{jii}_k = − ∑ s a^{sjk}(ln λ)_s, i, j, k distinct

b^j_k + b^k_j = 3λ ∑ s a^{skj}V_s, j ≠ k, j, k = 1, 2, 3, (36)

b^j = 3 2 λ ∑ s a^{sjj}V_s − 1 2 ∑ s b^s(ln λ)_s, , j = 1, 2, 3,

and ∑ s b^sV_s = 0. (37)

The a^{kji} is just a third order Killing tensor. As usual, we require that the highest order terms, the a^{kji} in the constant of the motion, be independent of the three independent parameters in V . However, the b^ℓ must depend on these parameters. We set

b^ℓ(x, y, z) = 3∑ j=1 f^{ℓ,j}(x, y, z)V_j(x, y, z).

Substituting this expression into (37) we see that

f^{ℓ,j} + f^{j,ℓ} = 0, 1 ≤ ℓ, j ≤ 3.

Further b^i_j = ∑ ℓ≠i

(f^{i,ℓ}_j V_ℓ + f^{i,ℓ}V_{jℓ}),

where the subscript j denotes the partial derivative with respect to x_j . Substituting these results and expressions (3) into the defining equations (36) and equating coefficients of V_1, V_2, V_3, respectively, we obtain the independent conditions (G_s ≡ (ln λ)_s):

λa^{111} = 2 3 (f^{1,2}Ã^{12} + f^{1,3}Ã^{13}) + 1 3 3∑ s=1 f^{s,1}G_s, (38)

λa^{222} = 2 3 (−f^{1,2}B̃^{12} + f^{2,3}B̃^{23}) + 1 3 3∑ s=1 f^{s,2}G_s, λa^{333} = 2 3 (−f^{1,3}C̃^{13} − f^{2,3}C̃^{23}) + 1 3 3∑ s=1 f^{s,3}G_s,

λa^{112} = 2 9 ( f^{1,2}(Ã^{22} − Ã^{11} + B̃^{12}) + f^{1,3}(Ã^{23} + B̃^{13}) + f^{2,3}Ã^{13} ) + 1 9 3∑ s=1 f^{s,2}G_s,

λa^{113} = 2 9 ( f^{1,2}(Ã^{23} + C̃^{12}) + f^{1,3}(Ã^{33} − Ã^{11} + C̃^{13}) − f^{2,3}Ã^{12} ) + 1 9 3∑ s=1 f^{s,3}G_s,

λa^{122} = 2 9 ( f^{1,2}(−Ã^{12} + B̃^{22} − B̃^{11}) + f^{1,3}B̃^{23} + f^{2,3}(Ã^{23} + B̃^{13}) ) + 1 9 3∑ s=1 f^{s,1}G_s,

λa^{223} = 2 9 ( −f^{1,2}(B̃^{13} + C̃^{12}) − f^{1,3}B̃^{12} + f^{2,3}(−B̃^{22} + B̃^{33} + C̃^{23}) ) + 1 9 3∑ s=1 f^{s,3}G_s,

λa^{133} = 2 9 ( f^{1,2}C̃^{23} + f^{1,3}(−Ã^{13} + C̃^{33} − C̃^{11}) − f^{2,3}(Ã^{23} + C̃^{12}) ) + 1 9 3∑ s=1 f^{s,1}G_s,

λa^{233} = 2 9 ( −f^{1,2}C̃^{13} − f^{1,3}(B̃^{13} + C̃^{12}) + f^{2,3}(−B̃^{23} − C̃^{22} + C̃^{33}) ) + 1 9 3∑ s=1 f^{s,2}G_s,

λa^{123} = 2 9 ( f^{1,2}(C̃^{22} − C̃^{11}) + f^{1,3}(B̃^{33} − B̃^{11}) + f^{2,3}(−B̃^{12} + C̃^{13}) ) ,

f^{1,2}_1 = 1 3 ( f^{1,2}(Ã^{22} − Ã^{11} − 2B̃^{12}) + f^{1,3}(Ã^{23} − 2B̃^{13}) + f^{2,3}Ã^{13} ) − 1 3 3∑ s=1 f^{s,2}G_s, (39)

f^{1,2}_2 = 1 3 ( f^{1,2}(−2Ã^{12} − B̃^{22} + B̃^{11}) − f^{1,3}B̃^{23} + f^{2,3}(2Ã^{23} − B̃^{13}) ) + 1 3 3∑ s=1 f^{s,1}G_s,

f^{1,3}_1 = 1 3 ( f^{1,2}(Ã^{23} − 2C̃^{12}) + f^{1,3}(Ã^{33} − Ã^{11} − 2C̃^{13}) − f^{2,3}Ã^{12} ) − 1 3 3∑ s=1 f^{s,3}G_s,

f^{1,3}_3 = 1 3 ( −f^{1,2}C̃^{23} + f^{1,3}(−2Ã^{13} − C̃^{33} + C̃^{11}) + f^{2,3}(−2Ã^{23} + C̃^{12}) ) + 1 3 3∑ s=1 f^{s,1}G_s,

f^{2,3}_2 = 1 3 ( f^{1,2}(2C̃^{12} − B̃^{13}) − f^{1,3}B̃^{12} + f^{2,3}(−B̃^{22} + B̃^{33} − 2C̃^{23}) ) − 1 3 3∑ s=1 f^{s,3}G_s,

f^{2,3}_3 = 1 3 ( f^{1,2}C̃^{13} + f^{1,3}(C̃^{12} − 2B̃^{13}) + f^{2,3}(−2B̃^{23} + C̃^{22} − C̃^{33}) ) + 1 3 3∑ s=1 f^{s,2}G_s, and f^{2,3}_1 + f^{1,3}_2 = 1 3 ( −f^{1,2}(C̃^{22} − C̃^{11}) (40)

+ f^{1,3}(2B̃^{33} − 2B̃^{11} − 3C̃^{23}) − f^{2,3}(2B̃^{12} + C̃^{13}) ) ,

−f^{2,3}_1 + f^{1,2}_3 = 1 3 ( −f^{1,2}(2Ã^{13} + B̃^{23})

− f^{1,3}(B̃^{33} − B̃^{11}) + f^{2,3}(B̃^{12} + 2C̃^{13}) ) ,

Now, we substitute expressions (39) and (40) into the condition (36) for 2a^{123}_3 +a^{133}_2 +a^{233}_1 = · · · and solve for the derivative f^{1,2}_3 as a linear combination of the undifferentiated terms f^{ℓ,j}. The result takes the form

(C̃^{22} − C̃^{11} + Ã^{13} − B̃^{23})f^{1,2}_3 = · · ·

where, by assumption, the coefficient of f^{1,2}_3 is nonzero. Thus we have 9 equations for the 9 derivatives f^{i,j}_k and the system closes. A solution is determined uniquely by 3 parameters f^{i,j}(x_0) at a regular point. and these parameters are constrained by at least 8 linearly independent conditions. Thus the solution space must be of dimension ≤ 3. We have still to apply the remaining conditions that the a^{ijk} are third order Killing tensors.

Theorem 6 For a true 3-parameter system the a^{ijk}, b^ℓ are uniquely determined by the three numbers f^{1,2}, f^{1,3}, f^{2,3}, at any regular point (x_0, y_0, z_0) of V . Let S_1 = ∑ a^{kj}_{(1)}p_kp_j + W_{(1)}, S_2 = ∑ a^{kj}_{(2)}p_kp_j + W_{(2)}

be second order constants of the the motion for a superintegrable system with 3-parameter potential and let A_{(i)}(x, y, z) = {a^{kj}_{(i)}(x, y, z)}, i = 1, 2 be the corresponding 3 × 3 matrix functions. Then the Poisson bracket of these symmetries is given by

{S_1, S_2} = 3∑ k,j,i=1

a^{kji}(x, y, z)p_kp_j p_i + b^ℓ(x, y, z)p_ℓ

where f^{k,ℓ} = 2λ ∑ j (a^{kj}_{(2)}a^{jℓ}_{(1)} − a^{kj}_{(1)}a^{jℓ}_{(2)}). (41)

Clearly, {S_1, S_2} is uniquely determined by the skew-symmetric matrix [A_{(2)}, A_{(1)}] ≡ A_{(2)}A_{(1)} − A_{(1)}A_{(2)}, hence by the constant matrix [A_{(2)}(x_)), A_{(1)}(x_)] evaluated at the regular point. Thus S_1, S_2 are in involution if and only if matrices A_{(1)}(x_0), A_{(2)}(x_0) commute. It is a straightforward computation to show that the space spanned by all commutators [A^{(ℓ,m)}, A^{(ℓ′,m′)}] of the second order basis symmetries is 3-dimensional. Thus every constant skew-symmetric matrix can be expressed as a linear combination of commutators of second order basis symmetries.

Corollary 3 Let V be a superintegrable true 3-parameter potential for an FLI superintegrable system on a conformally flat space. Then the space of third order constants of the motion is 3-dimensional and is spanned by Poisson brackets of the second order constants of the motion. The Poisson bracket of two second order constants of the motion is uniquely determined by the matrix commutator of the second order constants at a regular point.

Theorem 7 Let V be a superintegrable true 3-parameter potential in a 3D conformally flat space. Then V defines a multiseparable system.

PROOF: At a regular point the obstruction is determined by the condition trace (AJ) = 0 where J is the traceless symmetric matrix (32). According to Theorem 3 of [24], if we can find two commuting matrices A_0, B_0 at the regular point such that they each satisfy the obstruction condition and A_0 has 3 distinct roots, then the space spanned by H_0, A_0, B_0 determines a separable coordinate system for the superintegrable system. (here H_0 is the evaluation of the Hamiltonian at the point, a multiple of the identity matrix.) In this case we can prove more: there exists a 1-parameter family of distinct subspaces satisfying the separability condition. This means that there is a 1-parameter family of distinct separable coordinates, a condition stronger than multiseparability. By performing a suitable complex rotation about the regular point, we can require that the obstruction matrix take exactly one of the canonical forms [25]

a 0 0 0 −a − c 0 0 0 c , −2a 0 0 0 a + i/2 1/2 0 1/2 a − i/2

, (42)

1 2 0 1 + i 0 1 + i 0 1 − i 0 1 − i 0 . For the first canonical form and most instances of the second we have X_1 + X_2 ≠ 0 in (32) so we can use the basis (33) to represent the matrices. We look for commuting matrices of the form

A_0 = A^{(11)} + a_{13}A^{(13)} + a_{23}A^{(23)}, B_0 = b_{12}A^{(12)} + b_{13}A^{(13)} + b_{23}A^{(23)}.

The requirement {A_0, B_0} = 0 leads to a system of three linear homogeneous equations for b_{12}, b_{13}, b_{23}, and that system has a nonzero solution if and only if the condition

(X^2_2 +X_1X_2)a^2_{13}−([X_1Y_1+X_2Y_1]a_{23}+X_2Y_2)a_{13}+([X^2_1 +X_1X_2]a^2_3+X_1Y_3a_{23}−X_1X_2) = 0.

This is a quadratic equation for a_{13}, in terms of the parameter μ = a_{23}, and (to be definite) we choose the solution a_{13}(μ) with the positive sign in front of the square root term. At this point we have shown the existence of a 1- parameter family of commuting symmetries with μ as the parameter. Each such pair will necessarily define a separable coordinate system if the eigenvalues of the matrix A_0 are pairwise distinct. The characteristic equation for the eigenvalues is −ξ^3 + M_1ξ^2 + M_2ξ + M_3 = 0 (43)

where M_3 = −μ^2 and

M_1 = a_{13}Y_2 + μY_3 + 2X_1 + X_2 X_1 + X_2

, M_2 = a^2_{13} + μ^2 − a_{13}Y_2 + μY_3 + X_1 X_1 + X_2 . This equation will have a repeated root if and only if (43) and the derivative equation −3ξ^2 + 2M_1ξ + M_2 = 0 (44)

have a common solution, which works out to be ξ_0 = −^1_2 (9M_3+M_1M_2)/(3M_3+ M^2_1 ). If we require that ξ = ξ_0 be a solution of (43) for all μ we find that there is no solution. Thus the eigenvalues of the matrix A_0(μ) are pairwise distinct for a continuum range of values of μ.

An analogous computation for the remaining cases of the canonical forms (42), where there are fewer parameters and we assume that Y_3 ≠ 0 rather than X_1 +X_2 ≠ 0, leads to the same conclusion: the eigenvalues of the matrix A_0(μ) are pairwise distinct for a continuum range of values of μ. Q.E.D.

Using the result of the preceding theorem we can mimic the corresponding proof in [4] to obtain the following.

Theorem 8 Every FLI superintegrable system with true 3-parameter potential on a 3D conformally flat space is Stäckel equivalent to a superintegrable system on either 3D flat space or the 3-sphere.

Although the spaces of higher order symmetries for true 3-parameter systems have an interesting structure, the algebra generated by the second order symmetries and their commutators doesn’t close at level six.

Theorem 9 For an FLI superintegrable system with true 3-parameter potential on a 3D conformally flat space there exist two second order constants of the motion S_1, S_2 such that {S_1, S_2}^2 is not expressible as a cubic polynomial in the second order constants of the motion.

PROOF: According to Corollary 3 the space of third order constants of the motion is spanned by commutators of second order constants of the motion.

Thus it is sufficient to show that there exists a third order constant of the motion K = 3∑ k,j,i=1

a^{kji}p_kp_jp_i + b^ℓ(x, y, z)p_ℓ, b^ℓ = 3∑ j=1 f^{ℓ,j}V_j

such that, at a regular point x_0, K^2 is not expressible as a cubic polynomial in the basis symmetries

S^{(ℓ,m)} = ∑ ij A^{(ℓ,m)}_{ij} p_ip_j + W^{(ℓ,m)}.

Recall that W^{(ℓ,m)}(x_0) ≡ 0. We will also choose the orientation of the Cartesian-like coordinates around x_0 such that the elements of J are all nonvanishing. Thus a basis for the matrices A is given by (33). Since the space of third order symmetries is 3-dimensional we can find a symmetry K for any choice of the skew-symmetric elements f^{ℓ,j} at x_0. The sixth order symmetry K^2 contains terms of order 6, 4 and 2 in the p_j . The terms of order 2 are k = ∑ ℓ,m,i,j f

ℓ,jf^{m,i}V_jV_ip_ℓp_m. Now suppose that we could expand K^2 as a polynomial of order 3 in the basis symmetries. The contribution of a third order monomial S^{(ℓ1,m1)}S^{(ℓ2,m2)}S^{(ℓ3,m2)} and a second order monomial S^{(ℓ1 ,m1)}S^{(ℓ2 ,m2)} to the quadratic terms p_ip_j will vanish at the regular point because each contribution will contain at least one factor W^{(ℓ,m)} that vanishes at the point. The only way that we can match a nonvanishing quadratic expression in the momenta is via a parameter-dependent linear combination of second order symmetries S^{(ℓ,m)}, and we must be able to do so for all choices of the V_j. Now choose V_1 = 1, V_2 = V_3 = 0, f^{1,3} = 1, f^{1,2} = f^{2,3} = 0. Then k reduces to the quadratic form with matrix

0 0 0 0 0 0 0 0 1 .

However, it is not possible to expand this matrix as a linear combination of the standard basis elements (33). Q.E.D.

6 Outlook

The basic structure and classification problems for 2D second order superintegrable systems systems have been solved, and the methods of this paper provide tools to complete the more difficult fine structure analysis for 3D systems. The theory for nondegenerate (4-parameter) potentials is nearly complete and this paper makes major progress for 3-parameter potentials.

More details about the dimensions and structure of the spaces of higher order symmetries, and classification of the possible systems still remain to do.

The 3D fine structure analysis can be extended to analyze 2-parameter and 1-parameter potentials with 5 functionally linearly independent second order symmetries. Here first order PDEs for the potential appear, as well as second order, and Killing vectors may occur. A separate class of 3D superintegrable systems is that for which the 5 functionally independent symmetries are functionally linearly dependent. This class contains the Calogero potential [19, 20, 21] and necessarily leads to first order PDEs for the potential, as well as second order [5]. However, the integrability condition methods discussed here should be able to handle this class with no special difficulties.

Whereas 2D superintegrable systems are very special, the 3D systems seem to be good guides to the structure of general nD systems, and we intend to proceed with this analysis. Finally, our ultimate goal is to understand the structure of superintegrable systems in general. We have started with second order systems because of their historical connection to the Kepler- Coulomb problem and to separation of variables. However, since most of the methods that we have developed make use of integrability conditions alone, not separation of variables (a purely second order phenomenon) they show promise of being extendable to higher order superintegrable systems.

References

[1] Kalnins E.G., Kress J.M, and Miller W.Jr., Second order superintegrable systems in conformally flat spaces. I: 2D classical structure theory. J. Math. Phys., 2005, V.46, 053509.

[2] Kalnins E.G., Kress J.M, and Miller W.Jr., Second order superintegrable systems in conformally flat spaces. II: The classical 2D Stäckel transform. J. Math. Phys., 2005, V.46, 053510.

[3] Kalnins E.G., Kress J.M, and Miller W.Jr., Second order superintegrable systems in conformally flat spaces. III: 3D classical structure theory. J. Math. Phys., 2005, V.46, 103507.

[4] Kalnins E.G., Kress J.M, and Miller W.Jr., Second order superintegrable systems in conformally flat spaces. IV: The classical 3D Stäckel transform and 3D classification theory. J. Math. Phys., 2006, V.47, 043514.

[5] Kalnins E.G., Kress J.M, and Miller W.Jr., Second order superintegrable systems in conformally flat spaces. V: 2D and 3D quantum systems. J. Math. Phys., 2006, V.47, 093501.

[6] E. G. Kalnins, W. Miller, Jr. and G. S. Pogosyan. Completeness of multiseparable superintegrability in E_{2,C} . J. Phys. A: Math Gen. 33, 4105 (2000).

[7] E. G. Kalnins, W. Miller Jr. and G. S. Pogosyan. Completeness of multiseparable superintegrability on the complex 2-sphere. J. Phys. A: Math Gen. 33, 6791-6806 (2000).

[8] Kalnins E.G., Kress J.M., Miller W.Jr. and Pogosyan G.S., Completeness of superintegrability in two-dimensional constant curvature spaces. J. Phys. A: Math Gen., 2001, V.34, 4705–4720.

[9] C. Daskaloyannis and K Ypsilantis. Unified treatment and classification of superintegrable systems with integrals quadratic in momenta on a two dimensional manifold. (preprint) (2005)

[10] Wojciechowski S., Superintegrability of the Calogero-Moser System.

Phys. Lett., 1983, V. A 95, 279–281.

[11] Evans N.W., Superintegrability in Classical Mechanics; Phys. Rev. 1990, V. A 41, 5666–5676; Group Theory of the Smorodinsky-Winternitz System; J. Math. Phys. 1991, V. 32, 3369.

[12] Evans N.W., Super-Integrability of the Winternitz System; Phys. Lett.

1990, V.A 147, 483–486.

[13] Friš J., Mandrosov V., Smorodinsky Ya.A, Uhlír M. and Winternitz P., On Higher Symmetries in Quantum Mechanics; Phys. Lett. 1965, V.16, 354–356.

[14] Friš J., Smorodinskii Ya.A., Uhlír M. and Winternitz P., Symmetry Groups in Classical and Quantum Mechanics; Sov. J. Nucl. Phys. 1967, V.4, 444–450.

[15] Makarov A.A., Smorodinsky Ya.A., Valiev Kh. and Winternitz P., A Systematic Search for Nonrelativistic Systems with Dynamical Symmetries. Nuovo Cimento, 1967, V. 52, 1061–1084.

[16] Calogero F., Solution of a Three-Body Problem in One Dimension. J.

Math. Phys. 1969, V.10, 2191–2196.

[17] Cisneros A. and McIntosh H.V., Symmetry of the Two-Dimensional Hydrogen Atom. J. Math. Phys. 1969, V.10, 277–286.

[18] Eisenhart L.P., Riemannian Geometry. Princeton University Press, 2^{nd} printing, 1949.

[19] F. Calogero. Solution to the one-dimensional N-body problems with quadratic and/or inversely quadratic pair potentials. J. Math. Phys. 12, 419-436 (1971);

[20] S. Rauch-Wojciechowski and C. Waksjö. What an effective criterion of separability says about the Calogero type systems. J. Nonlinear Math. Phys. 12, Suppl. 1 535-547 (2005);

[21] J. T. Horwood, R. G. McLenaghan and R. G. Smirnov. Invariant classification of orthogonally separable Hamiltonian systems in Euclidean space. Comm. Math. Phys. 259, 679-709 (2005);

[22] Boyer C.P., Kalnins E.G., and Miller W., Stäckel - equivalent integrable Hamiltonian systems. SIAM J. Math. Anal., 1986, V.17, 778–797.

[23] Hietarinta J., Grammaticos B., Dorizzi B. and Ramani A., Couplingconstant metamorphosis and duality between integrable Hamiltonian systems. Phys. Rev. Lett., 1984, V.53, 1707–1710.

[24] Miller W.Jr., Mechanisms for variable separation in partial differential equations and their relationship to group theory. In Symmetries and Non-linear Phenomena pp. 188–221, World Scientific, 1988.

[25] Gantmacher F., Matrix Theory. Volume II Chelsea, New York, reprint of English translation, 1974.