ORTHOGONAL POLYNOMIALS ON N-SPHERES:

GEGENBAUER, JACOBI AND HEUN

E.G. KALNINS^∗ and WILLARD MILLER, JR.†^{∗∗}

Abstract. In this expository paper we describe the families of orthogonal and biorthogonal polynomials associated with the Laplace-Beltrami eigenvalue equation HΦ = λΦ on the n-sphere, with an added vector potential term motivated by the differential equations for the polynomial Lauricella functions F_A. The operator H is self-adjoint with respect to the natural inner product induced on the sphere and, in certain special coordinates, it admits a spectral decomposition with eigenspaces composed entirely of polynomials. The eigenvalues are degenerate but the degeneracy can be broken through use of the possible separable coordinate systems on the n-sphere. Then a basis for each eigenspace can be selected in terms of the simultaneous eigenfunctions of a family of commuting second order differential operators that also commute with H. The results provide a multiplicity of n-variable orthogonal and biorthogonal families of polynomials that generalize classical results for one and two variable families of Jacobi polynomials on intervals, disks, and paraboloids. We look carefully at the problem of expanding the (product of) Heun polynomials basis for the 2-sphere in terms of the (product of) Jacobi polynomials basis.

1. Introduction. Orthogonal and biorthogonal families of polynomials in several variables which satisfy second order partial differential or difference equations have proven their worth in applications but, in contrast to the case of one variable polynomials, there is as yet no general theory and more examples are needed. In this paper we will study such families which are related to the Laplace-Beltrami eigenvalue equation on the n-sphere. Our procedure provides a uniform setting within which to classify several known examples related to the n-sphere and to generate many new examples. Our approach falls within the theory of Dunkl’s differential-difference operators [2, 3]; our main contribution is to point out the power of separation of variable methods in this theory.

We also show how separation of variables methods can be used to expand one basis of orthogonal polynomials in terms of a second basis. The example we present makes a judicious choice of coordinates on the 2-sphere. The expansions that are first derived are for products of Heun polynomials as sums of products of Jacobi polynomials. The coefficients in the expansions obey three term recurrence relations. Corresponding single variable expansions of a Heun polynomial as a sum of Jacobi polynomials are then obtained by allowing one of the variables to take a fixed value.

More of the technical details related to the ideas presented here can be found in the papers [15] and [16].

†Supported in part by the National Science Foundation under grant DMS 88–23054

Typeset by AMS-TEX 1

2. The n-sphere. It was shown by Lam and Tratnik [20] that the Lauricella functions

(2.1) Φ = F_A [ M + G − 1; −m_1, · · · , −m_n γ_1, · · · , γ_n ; x^1, · · · , x^n ]

and (2.2) (1 − x)^M F_A [ −M − γ_{n+1} + 1; −m_1, · · · , −m_n γ_1, · · · , γ_n ; − x_1 1 − x , · · · , − x_n 1 − x ]

form a biorthogonal polynomial family where m_i = 0, 1, 2, · · · , M = ∑_n k=1 m_i, G = ∑_{n+1} ℓ=1 γ_ℓ, x = ∑_n k=1 x_i and the γ_ℓ are positive real numbers. The inner product is

(2.3) (Φ_1, Φ_2) = ∫ · · · ∫ x_i>0,x<1 Φ_1Φ_2 dω̃, dω̃ = x^{γ1−1}_1 . . . x^{γn−1}_n (1 − x)^{γn+1−1}dx_1 . . . dx_n. Here, the Lauricella function F_A is defined by the series F_A [ a; b_1, · · · , b_n c_1, · · · , c_n ; x^1, · · · , x^n ]

= ∞∑ m1,··· ,m_n=0 (a)_{m1+···+mn} (b_1)_{m1} · · · (b_n)_{mn} x^{m1}_1 · · · x^{mn}_n (c_1)_{m1} · · · (c_n)_{mn} m_1! · · · m_n! , (2.4)

where (a)_m = { 1 if m = 0 a(a + 1) . . . (a + m − 1) if m ≥ 1.

The standard partial differential equations for the F_A are, [1], x_j (1 − x_j )∂_{xj xj} F_A−x_j ∑ k≠j x_k∂_{xk xj} F_A + [c_j − (a + b_j + 1)x_j ] ∂_{xj} F_A − b_j ∑ k≠j x_k∂_{xk} F_A − ab_j F_A = 0

for j = 1, 2, · · · , n. Indeed for general a, b_1, · · · , b_n, c_1, · · · , c_n the function (2.4) is the only solution of these equations which is analytic in a neighborhood of (x_1, · · · , x_n) = (0, · · · , 0). Setting a = M + G − 1, b_k = −m_k, and c_k = γ_k, k = 1, · · · , n in these equations, and adding them together, we see that the polynomial functions Φ, (2.1), satisfy the eigenvalue equation

(2.5) HΦ = −M(M + G − 1)Φ

where

(2.6) H = n∑ i,j=1 (x_iδ_{ij} − x_ix_j )∂_{xixj} + n∑ i=1 (γ_i − Gx_i)∂_{xi} .

ORTHOGONAL POLYNOMIALS ON N-SPHERES: GEGENBAUER, JACOBI AND HEUN3

Here δ_{ij} is the Kronecker delta. Note that the operator H has the property that it maps polynomials of maximum order m_i in x_i to polynomials of the same type. It is easy to see that as the m_i range over all nonnegative integers the functions (2.1) form a basis for the space of all polynomials in variables x_1, · · · , x_n, and that the eigenvalues of H acting on this space are exactly {−M(M + G − 1) : M = 0, 1, 2, · · · }. (For n = 2 equation (2.5) appears in the classification by Krall and Sheffer [ 19] of all second order partial differential operators such that the Mth order orthogonal polynomials in two variables, with respect to some weight function, are eigenfunctions of the operator.)

Equation (2.5) is closely related to the Laplace-Beltrami eigenvalue equation on the n-sphere, [4]. To see this consider the contravariant metric determined by the second derivative terms in H: (2.7) g^{ij} = δ_{ij} x_i − x_ix_j , 1 ≤ i, j ≤ n. Then det(g^{ij} ) = g^{−1} = x_1x_2 · · · x_n(1 − x) and

(2.8) g_{ij} = 1 1 − x + δ_{ij} x_i , where_n ∑ j=1 g^{ij} g_{jk} = δ^i_k = { 1 if i = k 0 otherwise.

Thus

ds^2 = n∑ i,j=1 g_{ij} dx_idx_j determines a metric on a Riemannian space with associated Laplace-Beltrami operator

(2.9) Δ_n = 1 √ g n∑ i,j=1 ∂_{xi} (g^{ij} √ g ∂_{xj} ).

A straightforward computation yields

(2.10) H = Δ_n + Λ_n

where

(2.11) Λ_n = n∑ j=1 [γ_j − 1 2 + ( n + 1 2 − G)x_j ]∂_{xj} .

Thus if γ_1 = · · · = γ_{n+1} = 1/2 then H ≡ Δ_n, but in general H differs from Δ_n by the first order differential operator Λ_n.

To identify the Riemannian space we introduce Cartesian coordinates z_0, z_1, · · · , z_n in n+1 dimensional Euclidean space and restrict these coordinates by the conditions

z^2_0 = 1 − n∑ i=1 x_i = 1 − x

z^2_1 = x_1 z^2 = x_2

(2.12) . . z^2_n = x_n.

Note that z^2_0 + z^2_1 + · · · + z^2_n = 1. Defining a metric ds^2 by

ds^2 = n∑ m=0 (dz_m)^2

we find

(2.13) ds^2 = 1 4 n∑ i,j=1 ( 1 1 − x + δ_{ij} x_i )dx_idx_j ,

in agreement with (2.8) to within a constant factor. Thus the space corresponds to a portion of the n-sphere S^n. We can consider the coordinates {x_i} for 0 ≤ x_i and x ≤ 1 as covering the portion of the n-sphere given by 0 ≤ z_i, ∑_n k=1 z^2_k = 1.

The Schrödinger equation (2.5) with vector potential Λ_n can be transformed to a Schrödinger equation with a scalar potential V_n through the use of a multiplier transformation ρ. Setting Φ(x) = ρ(x)Ψ(x) for a nonzero scalar function ρ we find

(Δ_n + Λ_n)Φ = −M(M + G − 1)Φ ⇐⇒ (Δ_n + V_n(x))Ψ = −M(M + G − 1)Ψ,

provided

(2.14) ρ^{−1} = x^{γ1/2−1/4}_1 · · · x^{γn/2−1/4}_n (1 − x)^{γn+1/2−1/4}.

A straightforward computation gives for the scalar potential:

V_n = − 1 4 n∑ i=1 (γ_i −^1_2 )(γ_i −^3_2 ) x_i

− 1 4 (γ_{n+1} −^1_2 )(γ_{n+1} −^3_2 ) 1 − x + 1 4 [ (1 − G)^2 − 1 −

(n − 3)(n + 1) 4 ] . (2.15)

The equation H^′Ψ ≡ (Δ_n + V_n)Ψ = λΨ has a natural Riemannian metric

(2.16) dω = g^{1/2}dx_1 · · · dx_n = x^{−1/2}_1 · · · x^{−1/2}_n (1 − x)^{−1/2}dx_1 · · · dx_n,

ORTHOGONAL POLYNOMIALS ON N-SPHERES: GEGENBAUER, JACOBI AND HEUN5

[4]. Also, the operator H^′ = ρ^{−1}Hρ = Δ_n + V_n is formally self-adjoint with respect to the inner product

(2.17) < Ψ_1, Ψ_2 >= ∫ · · · ∫ x_i>0,x<1 Ψ_1(x)Ψ_2(x)dω

where Ψ_1, Ψ_2 are twice continuously differentiable functions of the x_j which take complex values:

< H^′Ψ_1, Ψ_2 >=< Ψ_1, H^′Ψ_2 > .

This induces an inner product on the space of polynomial functions Φ(x) = ρΨ, with respect to which H is self-adjoint:

(Φ_1, Φ_2) ≡< Ψ_1, Ψ_2 > = ∫ · · · ∫ x_i>0,x<1 Φ_1Φ_2 dω̃,

(2.18)

dω̃ = x^{γ1−1}_1 . . . x^{γn−1}_n (1 − x)^{γn+1−1}dx_1 . . . dx_n, (HΦ_1, Φ_2) = (Φ_1, HΦ_2).

(Indeed, H is formally self-adjoint and the boundary terms obviously vanish for the γ_i sufficiently large. The result can then be extended to all γ_i > 0 by analytic continuation.) Thus (·, ·) is the natural inner product associated with equation (2.5).

A first order symmetry operator for the equation HΦ = λΦ is a differential operator K = n∑ i=1 f_i(x)∂_{xi} + g(x)

such that [H, K] ≡ HK − KH = 0, [21]. The first order symmetry operators form a real Lie algebra under addition of operators, multiplication of an operator by a real scalar, and the commutator bracket [A, B] = AB − BA. If γ_1 = γ_2 = · · · = γ_{n+1} = 1/2 then H = Δ_n and it is well-known [4, 5] that the Lie algebra of real symmetry operators of Δ_n is so(n+1), with dimension n(n + 1)/2 and a basis of the form {L_{ℓk}} where 0 ≤ ℓ < k ≤ n, and L_{ℓk} = −L_{kℓ}. Explicitly,

(2.19) L_{ℓk} = z_ℓ∂_{zk} − z_k∂_{zℓ} and L_{ij} = 2 √ x_ix_j (∂_{xj} − ∂_{xi} ), 1 ≤ i, j ≤ n L_{0i} = 2 √ x_i(1 − x)∂_{xi} , 1 ≤ i ≤ n. (2.20)

Furthermore, all real second-order differential operators S that commute with Δ_n can be expressed as linear combinations over R of real constants, elements L_{ℓk} and elements L_{ℓk}L_ℓ0_k0 . For γ_1, . . . , γ_{n+1} arbitrary, however, we have

Lemma 1. If K is a first order operator such that [K, H] = 0 then K = c, multiplication by the real constant c. The second order operators

S_{ij} ≡ 4x_ix_j (∂_{xi} − ∂_{xj} )^2 + 4(γ_ix_j − γ_j x_i)(∂_{xi} − ∂_{xj} )

= L^2_{ij} + 4[(γ_i − 1 2 )x_j − (γ_j − 1 2 )x_i](∂_{xi} − ∂_{xj} ) = S_{ji}, 1 ≤ i < j ≤ n, (2.21)

S_{0i} ≡ 4x_i(1 − x)∂^2_{xi} + 4[γ_i(1 − x) − γ_{n+1}x_i]∂_{xi}

= L^2_{0i} + 4[(γ_i − 1 2 )(1 − x) − (γ_{n+1} − 1 2 )x_i]∂_{xi} = S_{i0}, 1 ≤ i ≤ n, (2.22)

do commute with H: [S_{ij} , H] = [S_{0i}, H] = 0. Also

(2.23) 8H ≡ n∑ i,j=1 S_{ij} + 2 n∑ i=1 S_{0i}.

If S is a second order symmetry operator for H then S^′ = ρ^{−1}Sρ is a second order symmetry for H^′ = Δ_n + V_n and, necessarily, S^′ = Υ + f where Υ is a second order symmetry for Δ_n and f is a real-valued function. Thus S^′ is a formally self-adjoint operator with respect to the inner product < ·, · > and S is formally self-adjoint with respect to (·, ·).

3. Orthogonal bases of separable solutions. In the paper [14] and in the book [12] all separable coordinates for the equation Δ_nΨ = λΨ are constructed, where Δ_n is the Laplace-Beltrami operator on S^n. It is shown that all separable coordinates are orthogonal and that for each separable coordinate system the corresponding separated solutions are characterized as simultaneous eigenfunctions of a set of n second order commuting symmetry operators for Δ_n. These operators are real linear combinations of the symmetries L^2_{ij} , 1 ≤ i < j ≤ n + 1, where L_{ij} is a rotational generator in so(n + 1). For n = 2 there are two separable systems (ellipsoidal and spherical coordinates), while for n = 3 there are 6 systems. The number of separable systems grows rapidly with n, but all systems can be constructed through a simple graphical procedure. (In general, the possible separable systems are the various polyspherical coordinates [25], the basic ellipsoidal coordinates, and combinations of polyspherical and ellipsoidal coordinates.) Moreover, the equation (Δ_n + V_n)Ψ = λΨ where the scalar potential takes the special form

(3.1) V_n = n∑ i=1 α_i z^2_i + α_0 z^2_0

, α_0, α_1, . . . , α_n const.,

is separable in all the coordinate systems in which the Laplace-Beltrami eigenvalue equation is separable. Indeed, the equation with potential (3.1) is separable in general ellipsoidal coordinates. Since all other coordinates are limiting cases of ellipsoidal coordinates, the conclusion follows.

ORTHOGONAL POLYNOMIALS ON N-SPHERES: GEGENBAUER, JACOBI AND HEUN7

The results of the authors, characterizing separable systems by symmetry operators, can easily be translated to the present case. In those references (for V_n = 0) the symmetry operators are given explicitly as linear combinations of the symmetries L^2_{ij} . The results for the potential (2.15) are similar: one replaces L^2_{ij} by S^′_{ij} = ρ^{−1}S_{ij} ρ and takes the same linear combinations. Moreover, since the defining symmetry operators for a separable system are real linear combinations of the L^2_{ij} plus scalar functions, they are formally self-adjoint with respect to the inner product < ·, · >.

These results can now easily be extended to results for solutions of

(3.2) (Δ_n + Λ_n)Φ = λΦ

through the mappings

Δ_n + Λ_n = ρ(Δ_n + V_n)ρ^{−1} S_{ij} = ρS^′_{ij} ρ^{−1} (3.3) Φ = ρΨ.

Thus all separable solutions Ψ map to R-separable solutions Φ of (3.2), [21]. The R-separable coordinates and solutions are determined by commuting symmetry operators S of Δ_n + Λ_n which are obtained from expressions in [12, 14] where each occurrence of L^2_{ij} is replaced by S_{ij} . The defining symmetry operators are all formally self-adjoint with respect to the inner product (·, ·). Finally, since each S_{ij} maps polynomials of maximum order m_k in x_k to polynomials of the same type, it follows that a basis of separated solutions can be expressed as polynomials in the x_i. Since the symmetry operators are self-adjoint, the basis of simultaneous eigenfunctions can be chosen to be orthogonal.

We conclude from this argument that every separable coordinate system for the Laplace-Beltrami eigenvalue equation on the n-sphere yields an orthogonal basis of polynomial solutions of equation (2.5), hence an orthogonal basis for all n-variable polynomials with inner product (2.18).

As an example we work out the separation equations for spherical coordinates {u_i} on S^n:

z^2_0 = 1 − x = 1 − u_n

z^2_1 = x_1 = u_1u_2 . . . u_n

z^2 = x_2 = (1 − u_1)u_2 . . . u_n . . (3.4)

z^2_{n−1} = x_{n−1} = (1 − u_{n−2})u_{n−1}u_n

z^2_n = x_n = (1 − u_{n−1})u_n.

(Note that in terms of angles {θ_i} one usually sets u_i = sin^2 θ_i.) It follows that

(3.5) u_j = { w_j /w_{j+1}, j = 1, · · · , n − 1 w_n, j = n where

w_ℓ = ℓ∑ i=1 x_i. In terms of the {u_i}, the operator (2.6) becomes

(3.6) H = n∑ i=1 1 u_{i+1} · · · u_n u_i(1 − u_i)∂^2_{ui} + i∑ j=1 γ_j − ( i+1∑ p=1 γ_p)u_i ∂_{ui} .

Equation (2.5) is separable in these coordinates with separation equations

u_1(1 − u_1)∂^2_{u1} Θ_1 + [γ_1 − (γ_1 + γ_2)u_1] ∂_{u1} Θ_1 = c_1Θ_1, [ c_{k−1} u_k + u_k(1 − u_k)∂^2_{uk} ] Θ_k + k∑ j=1 γ_j − ( k+1∑ p=1 γ_p)u_k ∂_{uk} Θ_k = c_kΘ_k,

(3.7)

k = 2, 3, · · · , n. Here Θ = ∏_n k=1 Θ_k(u_k) and the c_i are the separation constants, with c_n = −M(M + G − 1).

Noting that the hypergeometric equation u(1 − u) d^2g du^2 + [c − (a + b + 1)u] dg du − abg = 0 admits the solution

g =_2F_1 ( a, b c ; u ) = ∞∑ m=1 (a)_m(b)_m (c)_mm! u^m,

a polynomial for a = 0, −1, −2, · · · , and requiring that Θ be a polynomial in the {x_i} we obtain the solutions

Θ_1(u_1) =_2F_1 ( −ℓ_1, ℓ_1 + γ_1 + γ_2 − 1 γ_1 ; u^1 )

c_1 = −ℓ_1(ℓ_1 + γ_1 + γ_2 − 1),

Θ_k(u_k) = u^{ℓ1+ℓ2+···+ℓk}�^1 k 2F_1 ( −ℓ_k, 2(ℓ_1 + · · · + ℓ_{k−1}) + ℓ_k + γ_1 + · · · + γ_{k+1} − 1 2(ℓ_1 + · · · + ℓ_{k−1}) + γ_1 + · · · + γ_k ; u^k ) , (3.8)

c_k = −(ℓ_1 + · · · + ℓ_k)(ℓ_1 + · · · + ℓ_k + γ_1 + · · · + γ_{k+1} − 1), k = 2, 3, · · · , n, where ∑_n i=1 ℓ_i = M and ℓ_i = 0, 1, 2 · · · . This determines Θ to within a normalization factor.

ORTHOGONAL POLYNOMIALS ON N-SPHERES: GEGENBAUER, JACOBI AND HEUN9

In the special case n = 2 we have the result of Proriol [23] and of Karlin and McGregor [17]:

Θ_{ℓ1,ℓ2} (x_1, x_2) =_2F_1 ( −ℓ_1, ℓ_1 + γ_1 + γ_2 − 1 γ_1 ;

x_1 x_1 + x_2 ) (x_1 + x_2)^{ℓ1} ×

2F_1 ( −ℓ_2, 2ℓ_1 + ℓ_2 + γ_1 + γ_2 + γ_3 − 1 2ℓ_1 + γ_1 + γ_2

; x_1 + x_2 ) (3.9) ∼ P^{(γ3−1,γ1+γ2+2ℓ1−1)} ℓ2 (2x_1 + 2x_2 − 1) (x_1 + x_2)^{ℓ1} × P^{(γ2−1,γ1−1)} ℓ1 (

2x_1 x_1 + x_2 − 1).

where P^{(α,β)}_k (x) is a Jacobi polynomial [7]. (See [18] for a review of this and other 2-variable orthogonal polynomial bases.)

Returning to the general case, we have the eigenvalue equations

(3.10) S_ℓΘ_ℓ = c_ℓΘ_ℓ, ℓ = 1, · · · , n

where

S_1 = u_1(1 − u_1)∂^2_{u1} + [γ_1 − (γ_1 + γ_2)u_1] ∂_{u1} ,

S_k = 1 u_k S_{k−1} + u_k(1 − u_k)∂^2_{uk} + [γ_1 + · · · + γ_k − (γ_1 + · · · + γ_{k+1})u_k] ∂_{uk} ,

(3.11)

k = 2, 3, · · · , n, and S_n = H. Furthermore, [S_i, S_j ] = 0 and the S_i are self-adjoint with respect to the inner product (·, ·). It follows immediately that

(Θ_ℓ, Θm) = 0

unless ℓ_1 = m_1, ℓ_2 = m_2, . . . , ℓ_n = m_n. The measure dω̃ becomes, in these coordinates,

dω̃ = u^{γ1−1}_1 u^{γ1+γ2−1} 2 . . . u^{γ1+···+γn−1} n (1−u_1)^{γ2−1}(1−u_2)^{γ3−1} . . . (1−u_n)^{γn+1−1}du_1 . . . du_n,

where 0 < u_i < 1. In terms of the symmetries S_{ij} , S_{0i}, (2.21-22), we have:

S_k = 1 8 k+1∑ i,j=1 S_{ij} , k = 1, . . . , n − 1 (3.12)

S_n = H = 1 8 ( n∑ h,p=0 S_{hp}),

where we set S_{hh} = 0.

4. An extension. Next we consider a more general case with variables x_1, . . . , x_{n1} , y_1, . . . , y_{n2} , n_1 + n_2 = n, where

z^2_0 = 1 − n1∑ i=1 x_i − n2∑ a=1 y^2_a,

z^2_1 = x_1, . . (4.1) z^2_{n1} = x_{n1} , z^2_{n1+1} = y^2_1 , . . z^2_n = y^2_{n2} ,

and look for polynomial solutions in x_i, y_a of the equation

(4.2) HΦ(x, y) = −M(M + G − 1)Φ(x, y),

where γ_{n1+1} = γ_{n1+2} = · · · = γ_n = 1/2 and H = 1 4 ∑ a,b (δ_{ab} − y_ay_b)∂_{yayb} + ∑ i,j (δ_{ij} x_i − x_ix_j )∂_{xixj} − ∑ a,i y_ax_i∂_{yaxi} + ∑ i (γ_i − Gx_i)∂_{xi} + 1 2 ∑ a ( 1 2 − G)y_a∂_{ya} , (4.3) G = n_2 + 1 2 + ∑ i γ_i + s/2, 2M a nonnegative integer.

For reference,

Δ_n = 1 4 ∑ a,b (δ_{ab} − y_ay_b)∂_{yayb} + ∑ i,j (δ_{ij} x_i − x_ix_j )∂_{xixj} − ∑ a,i y_ax_i∂_{yaxi} + 1 2 ∑ i (1 − (n + 1)x_i) ∂_{xi} − n 4 ∑ a y_a∂_{ya} , (4.4)

Λ_n = ∑ i [ γ_i − 1 2 + ( n + 1 2 − G)x_i ] ∂_{xi} + 1 2 ∑ a ( n + 1 2 − G)y_a∂_{ya} . Note that H maps polynomials in x_i, y_a to polynomials of at most the same order. (Unless the conditions γ_{n1+1} = γ_{n1+2} = · · · = γ_n = 1/2 hold, the operator H will fail to map polynomials in x_i, y_a to polynomials.) The induced measure is

dω̃ = x^{γ1−1}_1 · · · x^{γn1 −1}_{n1} (1 − ∑ x_i − ∑ y^2_a)^{s/2−1/2}dx_1 · · · dx_{n1} dy_1 · · · dy_{n2} ,

0 < x_i, −1 < y_a < 1, ∑ i x_i + ∑ a y^2_a < 1,

(4.5)

ORTHOGONAL POLYNOMIALS ON N-SPHERES: GEGENBAUER, JACOBI AND HEUN11 and ρ^{−1} = x^{γ1/2−1/4} 1 · · · x^{γn1 /2−1/4} n1 (1 − ∑ i x_i − ∑ a y^2_a)^{s/4}.

Equation (4.2) admits the symmetry algebra so(n_2) with basis L_{ab} = −L_{ba} = y_a∂_{yb} − y_b∂_{ya} , 1 ≤ a < b ≤ n_2. The operators H and S_{mk} are formally self-adjoint on the space of polynomials in x_i, y_a with respect to the inner product

(Φ_1, Φ_2) = ∫ · · · ∫ 0<x_i,P_i x_i+P_a y2_a<1

Φ_1(x, y)Φ_2(x, y) dω̃.

It follows that all separable coordinate systems for the n-sphere yield bases of orthogonal polynomials in this case, (indeed multiple sets of such bases, depending on the ordering of the variables x_i, y_a). For example, if we choose spherical coordinates u_ℓ = sin^2 θ_ℓ in the form

u_ℓ = w_ℓ w_{ℓ+1} where

(4.6) w_ℓ = ∑_ℓ i=1 x_i, ℓ = 1, · · · , n_1 ∑_{n1} i=1 x_i + ∑_{ℓ−n1} a=1 y^2_a, ℓ = n_1 + 1, · · · , n_1 + n_2 1, ℓ = n_1 + n_2 + 1

we find the orthogonal basis of polynomials: Θ = n∏ k=1 Θ_k(u_k),

where

Θ_k(u_k) = u^{ℓ1+···+ℓk}�^1 k 2F_1 ( −ℓ_k, 2(ℓ_1 + · · · + ℓ_{k−1}) + ℓ_k + γ_1 + · · · + γ_{k+1} − 1 2(ℓ_1 + · · · + ℓ_{k−1}) + γ_1 + · · · + γ_k ; u_k ) ,

(4.7) c_k = −(ℓ_1 + · · · + ℓ_k)(ℓ_1 + · · · + ℓ_k + γ_1 + · · · + γ_{k+1} − 1), k = 1, · · · , n_1,

Θ_k(u_k) = [sin θ_k]^{2(ℓ1+···+ℓk}�^{1)}C^{2(ℓ1+···+ℓk}�^{1)+} P_{ki=1 γi−1/2} 2ℓ_k (cos θk),

c_k = −(ℓ_1 +· · ·+ℓ_k)(ℓ_1 +· · ·+ℓ_k +γ_1 +· · ·+γ_{k+1} −1), k = n_1 +1, · · · , n_1 +n_2 −1,

Θ_n(u_n) = u^{ℓ1+···+ℓn}�^1 n 2F_1 ( −ℓ_n, 2(ℓ_1 + · · · + ℓ_{n−1}) + ℓ_n + G − 1 2(ℓ_1 + · · · + ℓ_{n−1}) + G − s/2 − 1/2 ; u^n ) . Here ℓ_1, · · · , ℓ_{n1} , ℓ_n and 2ℓ_{n1+1}, · · · , 2ℓ_{n1+n2−1} are nonnegative integers. (Recall that γ_{n1+1} = γ_{n1+2} = · · · = γ_{n1+n2} = 1/2.) The C^α_k (cos θ) are Gegenbauer polynomials [7].

5. Biorthogonal families of polynomials on S^n. We begin this section with a simplified proof of the biorthogonality of the polynomials (2.1) and (2.2) with respect to the inner product (·, ·)_γ , see (2.18). Let S_γ be the space of all polynomials in x_1, · · · , x_n with respect to this inner product and let H_{γ,M} be the subspace of

Sγ consisting of solutions Φ to the eigenvalue equation

(5.1) HΦ = −M(M + G − 1)Φ, where H is given by (1.5). Since the functions

(5.2) D^γm(x) = F_A [ M + G − 1; −m_1, · · · , −m_n γ_1, · · · , γ_n ; x_1, · · · , x_n ]

clearly satisfy (5.1) for M = ∑_n i=1 m_i and since the highest order monomial in these solutions is x^{m1}_1 . . . x^{mn}_n it follows that the D^γm for m_1 + · · · + m_n ≡ m = M form a basis for H_{γ,M} and, as the m_i range over all nonnegative integers, a basis for S_γ . [Note: dim H_{γ,M} = (_{M+n−1} n−1 ) .] Since H is self-adjoint we have H_{γ,M} ⊥ H_{γ,M}0 for M^′ ≠ M . Thus (5.3) (D^γm0, D^γm)_γ = 0 for m^′ ≠ m.

It is simple to verify the recurrence relation

(5.4) ∂_{xi} D^γm(x) =

(M + G − 1)(−m_i) γ_i D^{γ̂}m̂(x),

where

γ̂_j = γ_j for j ≠ i, 1 ≤ j ≤ n γ_i + 1 for j = i γ_{n+1} + 1 for j = n + 1

(5.5) m̂_j = { m_j for j ≠ i, 1 ≤ j ≤ n m_i − 1 for j = i

M̂ = M − 1, Ĝ = G + 2.

We can consider P_i = ∂_{xi} as an operator P_i : S_γ → S^_γ .

Indeed we have Lemma 2. P_i, (1 ≤ i ≤ n), maps H_{γ,M} onto H^_{γ,M̂} .

The operator P_i induces an adjoint operator P^∗_i : S^_γ → S_γ , defined by (P^∗_i Φ, Φ^′)_γ = (Φ, P_iΦ^′)^_γ for all Φ ∈ S^_γ , Φ^′ ∈ S_γ . A straightforward computation yields (5.6) P^∗_i = −x_i(1 − x)∂_{xi} − γ_i(1 − x) + γ_{n+1}x_i.

ORTHOGONAL POLYNOMIALS ON N-SPHERES: GEGENBAUER, JACOBI AND HEUN13

Theorem 1. P^∗_i is a 1-1 map of H^_{γ,M̂} into H_{γ,M} .

Proof. Taking the adjoint of the relation (5.4) we obtain

P^∗_i Ĥ = GP^∗_i + HP^∗_i .

Furthermore, P^∗_i is 1-1 since P_i is onto. � Let C^γm(x) = (P^∗_1 )^{m1} · · · (P^∗_n )^{mn} 1 ∈ S_γ

be the result of applying m_n operators P^∗_n , · · · , m_1 operators P^∗_1 , one at a time, to the function 1 ∈ S_γ0 where γ^′_i = γ_i + m_i, 1 ≤ i ≤ n, γ^′_{n+1} = γ_{n+1} + m.

(Each time an operator P^∗_j is applied it lowers γ_j and γ_{n+1} by 1 and leaves the other γ_k’s unchanged. The order in which these operators are applied makes no difference in the result.) It follows from the recurrence relation

x_i n∑ j=1 x_j ∂_{xj} − x_i∂_{xi} + x_i(−M − γ_{n+1} + 1) − γ_i + 1 ×

F_A [ −M − γ_{n+1} + 1; −m_1, · · · , −m_n γ_1, · · · , γ_n ; x_1, · · · , x_n ]

(5.7)

= (1−γ_i)F_A [ −(M + 1) − (γ_{n+1} − 1) + 1; −m_1, · · · , −(m_i + 1), · · · , −m_n γ_1, · · · , γ_i − 1, · · · , γ_n ; x_1, · · · , x_n ]

and a simple induction argument that (5.8)

C^γm(x) = c_{γ,m}(1−x)^M F_A [ −M − γ_{n+1} + 1; −m_1, · · · , −m_n γ_1, · · · , γ_n ; − x_1 1 − x , · · · , − x_n 1 − x ]

where c_{γ,m} is a nonzero constant. By Theorem 1 the C^γm belong to H_{γ,M} for M = m_1 + · · · + m_n. Since there are (_{M+n−1} n−1 ) of these functions for fixed M and since they are clearly linearly independent, they form a basis for H_{γ,M} .

Now consider the inner product

(C^γm, D^γm0)_γ .

If m = M ≠ m^′ = M^′ the inner product vanishes, since H_{γ,M} ⊥ H_{γ,M}0. If m = m^′ but m ≢ m^′ then m_i > m^′_i for some i. Thus

(C^γm, D^γm0)_γ = κ (1, P^{m1}_1 · · · P^{mn}_n D^γm0)_γ0 = 0 since P^{mi}_i D^γm0 = 0. (Here, κ is a nonzero constant.) We conclude that the set {C^γm, D^γm0} is biorthogonal. (This family is a generalization of biorthogonal polynomals in two variables studied by Appell and Kampé de Fériet [1] and extended by Fackerell and Littler [9].)

Note that the norm of the weight function is ∫_1 0 dx_1 ∫_{1−x1} 0 dx_2 · · · ∫_{1−x1−···−xn}�_1 0 dx_n [ n∏ k=1 x^{γk −1}_k ](1 − x)^{γn+1−1}

= (1, 1)_γ = [∏_{n+1} k=1 Γ(γ_k) ] Γ(G) . (5.9)

The relation (P^∗_i C^{γ̂}m̂, D^γm0)_γ = (C^{γ̂}m̂, P_iD^γm0)_{γ̂} yields (for m = m^′) the recurrence relation

(C^γm, D^γm)_γ = − m_i(M + G − 1) γ_i (C^{γ̂}m̂, D^{γ̂}m̂)_{γ̂} .

The normalization of the biorthogonal basis can be obtained from this result and (5.9).

6. Derivation of the Heun expansion formula. Now we restrict our attention to the case n = 2, i.e., to the 2-sphere. Then equations (2.5), (2.6) become

(6.1) HΦ = −j(j + G − 1)Φ,

where

(6.2) H = 2∑ i,k=1 (x_iδ_{ik} − x_ix_k) ∂^2 ∂x_i∂x_k + 2∑ i=1 (γ_i − Gx_i) ∂ ∂x_i . Here G = γ_1 + γ_2 + γ_3. Recall that H maps polynomials of maximum degree m_i in x_i to polynomials of the same type. The polynomial eigenfunctions of H form a basis for the space of all polynomials f(x_1, x_2) and the spectrum of H acting on this space is exactly {−j(j + G − 1) : j = 0, 1, . . . }. Furthermore H = Δ_2 + Λ_2 where Δ_2 is the Laplace Beltrami operator on S^2 and

(6.3) Λ_2 = 2∑ i=1 [γ_i − 1 2 + ( 3 2 − G)x_i] ∂ ∂x_i . Moreover, H is self-adjoint with respect to the inner product

(6.4) (f_1, f_2) = ∫ ∫ x1,x2>0,1−x1−x2>0 f_1(x)f_2(x)dω

where

dw = x^{γ1−1}_1 x^{γ2−1}_2 (1 − x_1 − x_2)^{γ3−1}dx_1dx_2,

(6.5) (Hf_1, f_2) = (f_1, Hf_2),

ORTHOGONAL POLYNOMIALS ON N-SPHERES: GEGENBAUER, JACOBI AND HEUN15

and γ_1, γ_2, γ_3 are positive real numbers. Here f_1, f_2 are polynomials in x = (x_1, x_2). There are exactly two separable coordinate systems for equation (6.1): spherical coordinates and ellipsoidal coordinates [12, 14] .

We have already worked out the basis corresponding to spherical coordinates. For fixed j the polynomials

ψ_{jm}(x_1, x_2) = (x_1 + x_2)^mP^{γ1+γ2+2m−1,γ3−1} j−m (2x_1 + 2x_2 − 1)

(6.6) × P^{γ2−1, γ1−1} m ( 2x_1 x_1 + x_2 − 1 ) , m = 0, 1, . . . , j form an orthogonal basis for the eigenspace corresponding to eigenvalue −j(j +G− 1). In terms of spherical coordinates

(6.7) z_1 = sin θ cos ϕ, z_2 = sin θ sin ϕ, z_3 = cos θ,

and with ψ_{jm}(x_1, x_2) ≡ ψ_{jm}[θ, ϕ], this basis reads

(6.8) ψ_{jm}[θ, ϕ] = (sin θ)^{2m}P^{γ1+γ2+2m−1,γ3−1} j−m (cos 2θ)P^{γ2−1, γ1−1} m (cos 2ϕ).

For the case of ellipsoidal coordinates {x, y} we have

(6.9) z^2_i = (x − e_i)(y − e_i) (e_j − e_i)(e_k − e_i)

, i = 1, 2, 3, i, j, k pairwise distinct.

The metric on the 2-sphere is, in terms of these coordinates,

(6.10) ds^2 = − (x − y) 4 [ dx^2 (x − e_1)(x − e_2)(x − e_3) − dy^2 (y − e_1)(y − e_2)(y − e_3) ] . The corresponding separation equations are

[−(λ − e_1)(λ − e_2)(λ − e_3) [ d^2 dλ^2 + ( γ_1 λ − e_1 + γ_2 λ − e_2 (6.11) + γ_3 λ − e_3 ) d dλ ] + j(j + G − 1)λ + q]Φ^ϵ_{jq} (λ) = 0

where λ = x, y according as ϵ = 1, 2, respectively.

Recall that any Fuchsian equation of second order with four singularities can be reduced to the form

(6.12) d^2w dx^2 + [ γ x − e_1 + δ x − e_2 + ϵ x − e_3 ] dw dx + αβx − q (x − e_1)(x − e_2)(x − e_3) w = 0

where α+β −γ −δ −ϵ+1 = 0. The singularities are located at x = e_1, e_2, e_3 and ∞ and have indices depending upon α, . . . ϵ. The constant q is known as the accessory parameter. This is Heun’s equation [6, 10, 11] and solutions may be characterised by the P symbol [8]

(6.13) P e_1 e_2 e_3 ∞ 0 0 0 α x 1 − γ 1 − δ 1 − ϵ β .

Thus each separation equation (6.11) is Heun’s equation of the form (6.12) with γ = γ_1, δ = γ_2, ϵ = γ_3, α = −j, β = j + G − 1. The solutions for the functions Φ^ϵ_{jq} (λ) are Heun polynomials which for fixed j will form a complete set of basis functions once the eigenvalues q have been calculated. To calculate the eigenvalues it is convenient to observe that in the coordinate system x_1, x_2 the operator M whose eigenvalues χ are

(6.14) χ = −4q − (e_1 + e_2 + e_3)j(j + G − 1)

is given by [12, 14]

(6.15) M = (e_1 + e_2)S_{12} + (e_2 + e_3)S_{23} + (e_1 + e_3)S_{13}

where the S_{ik} are the symmetry operators (2.21). That is, M is the second order symmetry operator for the Laplacian ([M, Δ] = 0) which corresponds to the separable coordinates x, y, and the Heun basis ψ = Φ^1_{jq} (x)Φ^2_{jq} (y) for solutions of (6.1) is characterized as the set of eigenfunctions Mψ = χψ. Expression (6.14) gives the relationship between the eigenvalues χ and q.

In the following our expansion formulas are valid for all real γ_i > 0. In the special case γ_1 = γ_2 = γ_3 =^1_2 we have H = Δ_2, the Laplace-Beltrami operator on S^2. In this case the eigenvalue equation Δ_2Φ = −j(j +^1_2 )Φ admits the Lie algebra so(3) as a symmetry algebra. A basis for so(3) is {u_1∂_{u2} − u_2∂_{u1} , u_3∂_{u1} , u_3∂_{u2} } where u_3 = ±(1 − u^2_1 − u^2)^{12} . This extra symmetry is associated with the fact that there are additional polynomial solutions of the eigenvalue equation (see §3 of reference [15]). In particular the equation admits polynomial solutions of the form f(u_1, u_2) and the spectrum of Δ_2 acting on the space of all such polynomials is −j(j +^1_2 ) where now 2j = 0, 1, 2 . . . . Furthermore there exist solutions of the form u_3g(u_1, u_2) with g a polynomial and with the same eigenvalues. The dimension of each eigenspace is 2j + 1 rather than j + 1 for the general case. In this special case the eigenfunctions corresponding to spherical coordinates are just the spherical harmonics whereas those corresponding to ellipsoidal coordinates are products of Lamé polynomials. For the solution of the problem of expanding the Lamé basis in terms of a spherical harmonic basis see [13, 21, 22].

Now we consider the problem of expanding the Heun basis Φ^1_{jq} (x)Φ^2_{jq} (y) in terms of the Jacobi polynomial basis (6.6), (6.8):

(6.16) ψ = Φ^1_{jq} (x)Φ^2_{jq} (y) = j∑ m=0 ξ_mψ_{jm}[θ, ϕ].

Three term recurrence relations for the expansion coefficients ξ_m can be deduced by requiring that

(6.17) Mψ = χψ.

To carry out the computation we need the action of the various pieces S_{ik} of M on the Jacobi bases ψ_{jm}[θ, ϕ]. Since M commutes with H there must exist an expansion of the form Mψ_{jm} = ∑ r X_rψ_{j,m+r}. From the known recurrence relations of the

ORTHOGONAL POLYNOMIALS ON N-SPHERES: GEGENBAUER, JACOBI AND HEUN17

form xP^{α,β}_n = AP^{α,β}_{n−1} + BP^{α,β}_n + CP^{α,β}_{n+1} and (1 − x^2)^d_{dx} P^{α,β}_n = AP^{α,β}_{n−1} + BP^{α,β}_n + CP^{α,β}_{n+1} for Jacobi polynomials we can obtain the result

(6.18) Mψ_{jm}[θ, ϕ] = +1∑ r=−1 X_rψ_{j,m+r}[θ, ϕ] where X_1(m, j)

= 4(e_1 − e_2)(γ_1 + γ_2 + γ_3 + m + j − 1)(γ_3 − m + j − 1)(m + 1)(γ_1 + γ_2 + m − 1) (γ_1 + γ_2 + 2m − 1)(γ_1 + γ_2 + 2m) , (6.19)

X_{−1}(m, j) = 4(e_1 − e_2)(γ_1 + γ_2 + m + j − 1)(−m + j + 1)(γ_2 − 1)(γ_1 − 1) (γ_1 + γ_2 + 2m − 1)(γ_1 + γ_2 + 2m − 2) , X_0(m, j) − χ = 2(e_1 − e_2)[m^2 + m(γ_1 + γ_2 − 1) − j^2 − j(γ_1 + γ_2 + γ_3 − 1)](γ_1 + γ_2 − 2)(γ_1 − γ_2) (γ_1 + γ_2 + 2m − 2)(γ_1 + γ_2 + 2m) + 4 (e_1 − e_2)mγ_3(γ_1 − γ_2)(m + γ_2) (γ_1 + γ_2 + 2m − 2)(γ_1 + γ_2 + 2m) + 2(e_1 + e_2)[−m^2 − m(γ_1 + γ_2 − 1) + j^2 + j(γ_1 + γ_2 + γ_3 − 1)]

+ 4e_3[m^2 + m(γ_1 + γ_2 − 1)] + 4q.

See [16] for more of the details. Now substituting the expansion (6.16) into the eigenvalue equation Mψ = χψ and using (6.18) we find the three term recurrence relation

(6.20) X_1(m − 1, j)ξ_{m−1} + (X_0(m, j) − χ) ξ_m + X_{−1}(m + 1, j)ξ_{m+1} = 0

where m = 0, 1, . . . j. Consequently the j + 1 independent eigenvalues q are calculated from the determinant (6.21) | | | | | | | | | | |

X_0(j, j) − χ X_1(j − 1, j) X_{−1}(j, j) X_0(j − 1, j) − χ X_1(j − 2, j) .. . .. . .. .

X_{−1}(1, j) X_0(0, j) − χ

| | | | | | | | | | | = 0.

To obtain the expansions in terms of one variable from (6.16) we proceed as follows. For the two choices of z_i, i = 1, 2, 3 given by (6.9) and (6.7) take y = e_3, θ =^π_2 . Then the expansion has the form

(6.22) Φ^1_{jq} (x) = j∑ m=0 γ̂_mP^{γ2−1,γ1−1} m (cos 2ϕ) where cos 2ϕ = 2

(x − e_1) (e_2 − e_1) − 1, see [8, 24]. A different type of expansion can be obtained by taking ϕ = π/2 and y = e_1. The resulting expression has the form

(6.24) Φ^1_{jq} (x) = j∑ m=0 γ̃_m(sin θ)^{2m}P^{2m+γ1+γ2−1, γ3−1} j−m (cos 2θ)

where cos 2θ = −2

(x − e_2) (e_2 − e_3) − 1. This second type of one variable expansion of a Heun polynomial appears to be new. The convergence of series of this type will be discussed elsewhere.

References

1. P. Appell and J. Kampé de Fériet, Fonctions Hypergéométriques et Hypersphériques – Polynomes D’Hermite, Gauthier-Villars et Cie, Paris, 1926.

2. C.F. Dunkl, Reflection groups and orthogonal polynomials on the sphere, Math. Z. 197 (1988), 33–60.

3. C.F. Dunkl, Harmonic polynomials and peak sets of refection groups, (to appear) (1987 preprint).

4. L.P. Eisenhart, Riemannian Geometry, Princeton University Press, 2^{nd} printing, 1949. 5. L.P. Eisenhart, Continuous Groups of Transformations, Dover Reprint, Dover, Delaware, 1961.

6. A. Erdelyi, Certain expansions of solutions of the Heun equation, Quarterly J. Math. Oxford Series 15 (1944), 62–69.

7. A. Erdélyi W. Magnus, F. Oberhëttinger, F.G. Tricomi, Higher Transcendental Functions, Vol. II, McGraw-Hill, New York, 1953.

8. A. Erdelyi, W. Magnus, F. Oberhëttinger, F.G. Tricomi, Higher Transcendental Functions Vol. III, McGraw Hill, 1955.

9. E.D. Fackerell and R.A. Littler, Polynomials biorthogonal to Appell’s polynomials, Bull. Austr.

Math. Soc. 11 (1974), 181–195.

10. K. Heun, Zur theorie der Riemannischen functionen zweiter ordung mit vier Verzweignungspunkten, Math. Ann. 33 (1989), 161–179.

11. E.L. Ince, Ordinary Differential Equations, (reprint) Dover, New York, 1956. 12. E.G. Kalnins, Separation of Variables for Riemannian Spaces of Constant Curvature, Pitman, Monographs and Surveys in Pure and Applied Mathematics 28, Longman, Essex, England, 1986.

13. E.G. Kalnins and W. Miller, Lie theory and separation of variables 4. The groups S0(2, 1) and S0(3), J. Math. Phys. 15 (1974), 1263–1274.

14. E.G. Kalnins and W. Miller, Separation of variables on n-dimensional Riemannian manifolds 1. The n-sphere Sn and Euclidean n-space Rn, J. Math. Phys 27 (1986), 1721–1736.

15. E.G. Kalnins, W. Miller and M.V. Tratnik, Families of orthogonal and biorthogonal polynomials on the n-sphere, SIAM J. Math. Anal. [to be published].

16. E.G. Kalnins and W. Miller, Hypergeometric expansions of Heun polynomials, SIAM J. Math.

Anal. [submitted].

17. S. Karlin and J. McGregor, Stochastic Models in Medicine and Biology (J. Gurland, ed.), University of Wisconsin Press, Madison, 1964.

18. T.H. Koornwinder, Theory and Application of Special Functions (R. Askey, ed.), Academic Press, New York, 1975.

19. H.L. Krall and I.M. Sheffer, Orthogonal polynomials in two variables, Ann. Mat. Pura Appl.

(4) 76 (1967), 325–376.

ORTHOGONAL POLYNOMIALS ON N-SPHERES: GEGENBAUER, JACOBI AND HEUN19

20. C.S. Lam and M.V. Tratnik, Conformally invariant operator-product expansions of any number of operators of arbitrary spin, Can. J. Phys. 63 (1985), 1427–1437.

21. W. Miller, Symmetry and Separation of Variables, Addison-Wesley, Reading, Massachusetts, 1977.

22. J. Patera and P. Winternitz, A new basis for the representations of the rotation group. Lame and Heun polynomials, J. Math. Phys 14 (1973), 1130–1139.

23. J. Proriol, Sur une famille de polynomes à deux variables orthogonaux dans un triangle, C.

R. Acad. Sci. Paris 245 (1957), 2459–2461.

24. N. Svartholm, Die Lösing der Fuchischen Differential gleichung zweiter ordnung durch hypergeometrische polynome, Math. Ann. 116 (1939), 413–421.

25. N. Vilenkin, Special Functions and the Theory of Group Representations, Amer. Math. Soc.

Transl., Amer. Math. Soc., Providence, Rhode Island, 1968.