MODELS OF q-ALGEBRA REPRESENTATIONS: q-INTEGRAL TRANSFORMS AND “ADDITION THEOREMS”

E.G. KALNINS† AND WILLARD MILLER, Jr.‡

Abstract. In his classic book on group representations and special functions Vilenkin studied the matrix elements of irreducible representations of the Euclidean and oscillator Lie algebras with respect to countable bases of eigenfunctions of the Cartan subalgebras, and he computed the summation identities for Bessel functions and Laguerre polynomials associated with the addition theorems for these matrix elements. He also studied matrix elements of the pseudo-Euclidean and pseudooscillator algebras with respect to the continuum bases of generalized eigenfunctions of the Cartan subalgebras of these Lie algebras and this resulted in realizations of the addition theorems for the matrix elements as integral transform identities for Bessel functions and for confluent hypergeometric functions. Here we work out q-analogs of these results in which the usual exponential function mapping from the Lie algebra to the Lie group is replaced by the q-exponential mappings Eq and eq. This study of representations of the Euclidean quantum algebra and the q-oscillator algebra (not a quantum algebra) leads to summation, integral transform and q-integral transform identities for q-analogs of the Bessel and confluent hypergeometric functions, extending the results of Vilenkin for the q = 1 case.

PACS: 02.20.+b, 03.65.Fd

1. Introduction. This paper is part of a series on the study of function space models of irreducible representations of q-algebras [1-4]. These algebras and models are motivated by recurrence relations satisfied by q-hypergeometric functions [5- 11] and our treatment is an alternative to the theory of quantum groups [12-23]. In our earlier papers we considered irreducible representations of q-analogs of the three-dimensional Euclidean Lie algebra and the four-dimensional oscillator algebra (not a quantum algebra). We replaced the usual exponential function mapping from the Lie algebra to the Lie group by the q-exponential mappings E_q and e_q . In place of the usual matrix elements on the group (arising from an irreducible representation) we found several different types of matrix elements expressible in terms of q-hypergeometric series. These q-matrix elements do not satisfy group homomorphism properties, so they do not lead to addition theorems in the usual sense, but to various q-analogs of addition theorems. All of the matrix elements

1991 Mathematics Subject Classification. 33D55, 33D45, 17B37, 81R50. Key words and phrases. basic hypergeometric functions, q-algebras, quantum groups, integral transforms.

†Department of Mathematics and Statistics, University of Waikato, Hamilton, New Zealand ‡School of Mathematics and Institute for Mathematics and its Applications, University of Minnesota, Minneapolis, Minnesota 55455. Work supported in part by the National Science Foundation under grant DMS 91–100324

Typeset by AMS-TEX 1

are determined with respect to countable bases of eigenfunctions of the “Cartan subalgebra” of the q-algebra.

In his classic book [24] Vilenkin studied the matrix elements of irreducible representations of the Euclidean and oscillator Lie algebras with respect to these same countable bases, and he computed the identities for Bessel functions and Laguerre polynomials associated with the addition theorems for these matrix elements. However, he also studied matrix elements of the pseudo-Euclidean and pseudo-oscillator algebras with respect to the continuum bases of generalized eigenfunctions of the Cartan subalgebras of these Lie algebras. (See also [25, 26] in these regards.) These studies resulted in realizations of the addition theorems for the matrix elements as integral transform identities for Bessel functions and for confluent hypergeometric functions. Here we work out q-analogs of these results.

In §2 we introduce a family of four-parameter q-matrix elements for the unitary irreducible representations of the Euclidean Lie algebra with respect to the standard countable eigenbasis and work out an associated “addition theorem” for these matrix elements”. (These functions were introduced earlier in [27] as generating functions for q-Bessel functions but their role as matrix elements obeying an “addition theorem” was not pursued. Simultaneously with the issuance of a first preprint of our results Koelink [28] issued a preprint in which he proved this same addition theorem and reinterpreted it to yield a q-analogue of an integral of Weber and Sonine and of the Fourier-Bessel transform.) Then, in analogy with Vilenkin’s work for true group representations, we introduce a q-analog of matrix elements of the pseudo-Euclidean group with respect to a continuum basis of generalized eigenfunctions. This study involves use of the Mellin transform and leads to integral transform identities for q-Bessel functions, interpreted as “addition theorems” that in the limit as q → 1 go to identities derived by Vilenkin. In §3 we introduce a different q-analog of the pseudo-Euclidean group and apply the same procedures. This time it is the complex Fourier series that is relevant and the “addition theorems” lead to q-integral transform identities for q-Bessel functions.

In §3 and §4 we apply the same ideas to q-analogs of the oscillator and pseudooscillator algebras (these are not quantum groups) and obtain discrete, integral transform and q-integral transform identities for q-analogs of the confluent hypergeometric functions, extending the results of Vilenkin for the q = 1 case.

The notation used for q-series and q-integrals in this paper follows that of Gasper and Rahman [29].

2. Matrix elements of m(2) representations. The three dimensional Lie algebra m(2) is determined by its generators H, E_+, E_− which obey the commutation relations

[H, E_+] = E_+, [H, E_−] = −E_−, [E_+, E_−] = 0.

(2.1)

We consider irreducible representations (ω of m(2), characterized by the positive number ω. The spectrum of H corresponding to (ω) is the set Z = {m : man integer} and the complex representation space has basis vectors f_m, m ∈ Z, such that

(2.2) E_±f_m = ωf_{m±1}, Hf_m = mf_m, E_+E_−f_m = ω^2f_m, where C ≡ E_+E_− is an invariant operator. A simple realization of (ω) is given by the operators

(2.3) H = m_0 + z d dz , E_+ = ωz, E_− = ω z acting on the space of all linear combinations of the functions z^n, z a complex variable, n ∈ Z, with basis vectors f_m(z) = z^m.

We can introduce an inner product such that < f_n, f_n0 >= δ_{nn}0, n, n^′ ∈ Z. On the dense subspace K of all finite linear combinations of the basis vectors we have (2.4) < E_+f, f^′ > = < f, E_−f^′ >, < Hf, f^′ > = < f, Hf^′ >, for all f, f^′ ∈ K, so H = H^∗ and E^∗_+ = E_−. In terms of the operators (2.3) we can obtain a realization of (ω) and its Hilbert space structure by setting z = e^{iθ}: H = −i d dθ , E_+ = ωe^{iθ}, E_− = ωe^{−iθ}, (2.5) f_n(z) = e^{inθ}, < f, f^′ >= 1 2π ∫_{2π} 0 f(e^{iθ})f^′(e^{iθ}) dθ. Matrix elements T_m0_m of the complex motion group in the representation (ω) are typically defined by the expansions

(2.6) e^{βE+} e^{αE}�e^{τ H} f_m = ∞∑ m0_{=−∞} T_m0_m(α, β, τ)f_m0 , [2, 10, 30]. The group multiplication property of the operators on the left-hand side of (2.6) leads to addition theorems for the matrix elements. For convenience in the computations to follow we shall limit ourselves to the case where τ = 0.

With the q-analogs of the exponential function

e_q(x) = ∞∑ k=0 x^k (q; q)_k = 1 (x; q)_∞ , |x| < 1,

E_q(x) = ∞∑ k=0 q^{k(k−1)/2}x^k (q; q)_k = (−x; q)_∞, (2.7)

we employ the model (2.3) to define the following q-analogs of matrix elements of (ω), [2]:

a) e_q (βE_+)e_q(αE_−)f_n = ∞∑ n0_{=−∞} T^{(e,e)}_n0_n (α, β)f_n0 , |ωα|, |ωβ| < 1

b) e_q(βE_+)E_q (αE_−)f_n = ∞∑ n0_{=−∞} T^{(e,E)} n0_n (α, β)fn0 , |ωβ| < 1 c) E_q (βE_+)e_q(αE_−)f_n = ∞∑ n0_{=−∞} T^{(E,e)} n0_n (α, β)fn0 , |ωα| < 1 d) E_q (βE_+)E_q (αE_−)f_n = ∞∑ n0_{=−∞} T^{(E,E)} n0_n (α, β)fn0, (2.8)

e) e_q(αE_+)E_q (βE_+)e_q(γE_−)E_q (δE_−)f_n = ∞∑ n0_{=−∞} T_n0_n(α, β, γ, δ)f_n0, |ωγ| < |z| < 1/|ωα|.

Here, 0 < q < 1 and α, β, γ, δ ∈ /C. (All of these matrix elements, except (2.8e), were studied in [2].) Since E^∗_+ = E_− we have

T^{(e,e)}_n0_n (α, β) = < e_q (βE_+)e_q(αE_−)f_n, f_n0 >=< f_n, e_q(αE_+)e_q (βE_−)f_n0 > =T^{(e,e)}_{nn}0 (β, α) = T^{(e,e)}_{nn}0 (β, α), (2.9) T^{(e,E)} n0_n (α, β) = T^{(E,e)}_{nn}0 (β, α), T^{(E,E)}_n0_n (α, β) = T^{(E,E)}_{nn}0 (β, α), (2.10) T_n0_n(α, β, γ, δ) = T_{nn}0(γ, δ, α, β). Furthermore, since e_q(x)E_q (−x) = 1, we have the identities

(2.11) ∞∑ ℓ=−∞ T^{(e,e)}_n0_ℓ (α, β)T^{(E,E)}_{ℓn} (−α, −β) = δ_n0_n, |ωα|, |ωβ| < 1

(2.12) ∞∑ ℓ=−∞ T^{(e,E)} n0_ℓ (α, β)T^{(E,e)}_{ℓn} (−α, −β) = δn0n, |ωα|, |ωβ| < 1, and, of primary interest here: T_n0_n(α, β, γ, δ) = ∞∑ ℓ=−∞ T^{(e,e)}_n0_ℓ (γ, α)T^{(E,E)}_{ℓn} (δ, β), |γω|, |αω| < 1,

= ∞∑ ℓ=−∞ T^{(e,E)} n0_ℓ (δ, α)T^{(E,e)}_{ℓn} (γ, β), |γω|, |αω| < 1, (2.13)

∞∑ ℓ=−∞ T_n0_ℓ(α, β, γ, δ)T_{ℓn}(α^′, −α, γ^′, −γ) = T_n0_n(α^′, β, γ^′, δ), |αγω^2|, |α^′γ^′ω^2|, |α^′γω^2|, |αγ^′ω^2| < 1. (2.14)

(Note that our operator derivations of these formulas and of many formulas to follow lead automatically to formal power series identities in the ‘group parameters’. These identities must then be examined case by case to determine when the series are convergent as analytic functions of the group parameters.) Using the model (2.3) to treat (2.8) as generating functions for the matrix elements and computing the coefficients of z^n 0 in the resulting expressions we obtain the explicit results:

(2.15) T^{(e,e)}_n0_n (α, β) = (q^{n−n} 0_{+1} ; q)_∞(αω)^{n−n} 0 (q; q)_∞^2 ϕ_1 ( 0, 0 q^{n−n} 0_{+1} ; q, αβω^2 )

= (q^{n−n} 0_{+1} ; q)_∞(αω)^{n−n} 0 (q; q)_∞(αβω^2; q)_∞^0 ϕ_1 ( − q^{n−n} 0_{+1} ; q, αβω^2q^{n−n} 0_{+1} ) ,

(2.16) T^{(e,E)} n0_n (α, β) = (q^{n−n} 0_{+1} ; q)_∞(αω)^{n−n} 0 (q; q)_∞ q^{(n−n} 0_{)(n−n}0_{−1)/21} ϕ_1 ( 0 q^{n−n} 0_{+1} ; q, −αβω^2q^{n−n} 0 )

= (q^n 0_{−n+1}

; q)_∞(βω)^n 0_{−n} (q; q)_∞^1 ϕ_1 ( 0 q^n 0_{−n+1} ; q, −αβω^2 ) ,

(2.17) T^{(E,e)}_n0_n (α, β) = T^{(e,E)}_{nn}0 (β, α),

(2.18) T^{(E,E)} n0_n (α, β) = (q^{n−n} 0_{+1} ; q)_∞(αω)^{n−n} 0 (q; q)_∞ q^{(n−n} 0_{)(n−n}0_{−1)/20} ϕ_1 ( − q^{n−n} 0_{+1} ; q, αβω^2q^{n−n} 0 ) . If αβ ≠ 0 we can express these results in terms of the Jackson q-Bessel functions [28, page 25]

J^{(1)}_ν (z; q) =

(q^{ν+1}; q)_∞ (q; q)_∞ ( z 2 )^ν_2ϕ_1 ( 0, 0 q^{ν+1} ; q, − z^2 4 ) ,

(2.19) J^{(2)}_ν (z; q) =

(q^{ν+1}; q)_∞ (q; q)_∞ ( z 2 )^ν_0ϕ_1 ( − q^{ν+1} ; q, − z^2q^{ν+1} 4 ) , J^{(2)}_ν (z; q) = (−z^2/4; q)_∞J^{(1)}_ν (z; q),

and the Hahn-Exton q-Bessel function [27]

(2.20) J_ν (z; q) =

(q^{ν+1}; q)_∞ (q; q)_∞ z^ν_1ϕ_1 ( 0 q^{ν+1} ; q, qz^2 ) . Indeed, setting α = ire^{iψ} , β = ire^{−iψ} , we see that in terms of the new complex coordinates [r, e^{iψ} ] we have

T^{(e,e)}_n0_n (α, β) ≡ T^{(e,e)}_n0_n [r, e^{iψ}] = e^{i( π2 +ψ)(n−n} 0_)

(−r^2ω^2; q)_∞

J^{(2)}_{n−n}0(2rω; q) T^{(e,E)} n0_n [r, e^{iψ}] = e^{i( π2 −ψ)(n} 0_{−n)} q^{(n} 0_{−n)/2} J_n0_{−n}(rωq^{− 12} ; q)

(2.21) T^{(E,e)} n0_n [r, e^{iψ}] = e^{i( π2 +ψ)(n−n} 0_) q^{(n−n} 0_{)/2} J_{n−n}0(rωq^{− 12} ; q) T^{(E,E)} n0_n [r, e^{iψ}] = e^{i( π2 +ψ)(n−n} 0_) q^{(n−n} 0_)2_{/2}

J^{(2)}_{n−n}0(2rωq^{− 12} ; q).

(Note that J_{−n}(z; q) = (−1)^nq^{n/2}J_n(zq^{n/2}; q), J^{(2)}_{−n}(z; q) = (−1)^nJ^{(2)}_n (z; q) for integer n.)

For the matrix elements (2.8e) we obtain (through the use of the q-binomial theorem on the factors involving E_+ and, separately, on the factors involving E_−)

(2.22) T_n0_n(α, β, γ, δ) = (γω)^{n−n} 0 (−δ/γ, q)_{n−n}0 (q; q)_{n−n}0^2 ϕ_1 ( −β/α, −δq^{n−n} 0 /γ q^{n−n} 0_{+1} ; q, αγω^2 )

= (αω)^n 0_{−n} (−β/α, q)_n0_{−n} (q; q)_n0_{−n}^2 ϕ_1 ( −βq^n 0_{−n} /α, −δ/γ q^n 0_{−n+1} ; q, αγω^2 ) , |αγω^2| < 1. Alternatively, we could obtain this result by writing the matrix element as a contour integral

(2.23) T_n0_n(α, β, γ, δ) = 1 2πi ∮ (−βωz; q)_∞(−δω/z; q)_∞ (αωz; q)_∞(γω/z; q)_∞ z^{n−n} 0_{−1} dz, where the contour is the unit circle centered at the origin of the complex z-plane, and evaluating the integral by residues. Setting α = (1 − q)α^′, · · · , δ = (1 − q)δ^′ we see that in the limit as q → 1,

(2.24) T_n0_n(α, β, γ, δ) → [ω(γ^′ + δ^′)]^{n−n} 0 Γ(n − n^′ + 1)^0

F_1 ( − n − n^′ + 1

; (α + β)(γ + δ)ω^2 ) , expressible in terms of ordinary Bessel functions, [24].

The second of equations (2.13) was already derived by Koornwinder and Swarttouw [27, Proposition 4.1] where it was interpreted as a q-analog of Graf’s addition formula for Bessel functions: ( y − x/s y − xs )_{n/2} J_n (√ (y − x/s)(y − xs) ) = ∞∑ k=−∞ s^kJ_{n+k}(y)J_k(x).

The first equation (2.13) and (2.14) have similar interpretations.

The “addition theorem” (2.14) reads, [28],

(γ^′ω)^{n−n} 0 (−δ/γ^′; q)_{n−n}0 (q; q)_{n−n}0^2 ϕ_1 ( −β/α^′, −δq^{n−n} 0 /γ^′ q^{n−n} 0_{+1} ; q, α^′γ^′ω^2 ) = (2.25)

∞∑ ℓ=−∞ (γω)^{ℓ−n} 0 (−δ/γ; q)_{ℓ−n}0 (q; q)_{ℓ−n}0^2 ϕ_1 ( −β/α, −δq^{ℓ−n} 0 /γ q^{ℓ−n} 0_{+1} ; q, αγω^2 ) × (α^′ω)^{ℓ−n}(α/α^′; q)_{ℓ−n} (q; q)_{ℓ−n}^2 ϕ_1 ( αq^{ℓ−n}/α^′, γ/γ^′ q^{ℓ−n+1} ; q, α^′γ^′ω^2 ) , |αγω^2|, |α^′γ^′ω^2|, |α^′γω^2|, |αγ^′ω^2| < 1. Next we introduce a model of a q-analog of the pseudo-Euclidean group. The model consists of a Hilbert space of complex valued functions f(x) ≡ f̂(θ) where x = e^θ and θ is a real variable, such that ||f||^2 < ∞ and the inner product is

(2.26) < f, g >= ∫_∞ 0 f(x)g(x) dx x = ∫_∞ −∞ f̂(θ)ĝ(θ) dθ,

and ||f||^2 =< f, f >. The formal action of the q-algebra is

E_+ = ωx = ωe^θ E_− = ω x = ωe^{−θ}, H = x d dx = d dθ .

The action of the “pseudo-Euclidean group” is given by the formal operator T(α, β, γ, δ) where

T(α, β, γ, δ)f̂(θ) = e_q(−αE_+)E_q (βE_+)e_q (−γE_−)E_q (δE_−)f̂(θ) (2.27)

= (−βωe^θ, −δωe^{−θ}; q)_∞ (−αωe^θ, −γωe^{−θ}; q)_∞ f̂(θ).

We require that neither α or γ is negative, so that the denominator in (2.27) never vanishes. Then for various values of the parameters α, β, γ, δ the operator T corresponds to multiplication by a bounded function of θ. In particular, the multiplier is bounded under the following circumstances: 1) |β/α| < 1, |δ/γ| < 1 2) |β/α| < 1, δ = γ = 0 3) |δ/γ| < 1, β = α = 0 4) α = β = γ = δ = 0.

For these estimates we make use of the identities (2.28)

(Aq^{−n}; q)_∞ = (−A)^nq^{− n(n+1)2} ( q A ; q)_n(A; q)_∞, (Aq^{−n}; q)_∞ (Bq^{−n}; q)_∞ = ( A B ) (^q_A ; q)_n(A; q)_∞ (^q_B ; q)_n(B; q)_∞ .

Following [24, Chapter 5], we will compute the matrix elements of the operator T with respect to a continuum basis in which H is diagonalized. We first restrict our attention to the subspace G of the Hilbert space where G consists of those functions f̂ that are C∞ with compact support. Then as shown in [24, 26], the complex Fourier or Mellin transform

(2.29) F (λ) = ∫_∞ −∞ f̂(θ)e^{λθ} dθ = ∫_∞ 0 f(x)x^{λ−1} dx has the properties that 1) F (λ) is an entire (analytic) function of λ, 2) |F (λ)| < Ce^{k|Re λ|} for some positive constants C, k and 3) F decreases rapidly on every straight line parallel to the imaginary axis in the complex λ-plane, i.e., lim_{t→∞} |t|^n|F (c+ it)| = 0 for n = 0, 1, 2, · · · .. (We denote the space of transforms of functions in G by Ĝ.) Furthermore we have the inversion formula

(2.30) f̂(θ) = 1 2πi ∫_{a+i∞} a−i∞ F (μ)e^{−μθ} dμ, for any real number a.

Now, the induced action of the operator q^{ϕH} on the transformed functions F becomes diagonal: q^{ϕH} F (λ) ≡ ∫_∞ −∞ [ q^{ϕH}f̂(θ) ] e^{λθ} dθ = ∫_∞ −∞ f(θ + ϕ)e^{λθ} dθ = e^{−λϕ}F (λ).

Furthermore, the induced action of the operator T on Ĝ is given by T(α, β, γ, δ)F (λ) = ∫_∞ −∞ (−βωe^θ, −δωe^{−θ}; q)_∞ (−αωe^θ, −γωe^{−θ}; q)_∞ f̂(θ)e^{λθ} dθ, or T(α, β, γ, δ)F (λ) = 1 2πi ∫_∞ −∞ (−βωe^θ, −δωe^{−θ}; q)_∞ (−αωe^θ, −γωe^{−θ}; q)_∞ dθ ∫_{a+i∞} a−i∞ F (μ)e^{(λ−μ)θ} dμ. If |βq^{a−λ}/α| < 1, |δq^{λ−a}/γ| < 1, then the iterated integral is absolutely convergent and we can interchange the order of integration to obtain (2.31) T(α, β, γ, δ)F (λ) = ∫_{a+i∞} a−i∞ K(λ, μ; α, β, γ, δ)F (μ) dμ, where K(λ, μ; α, β, γ, δ) = 1 2πi ∫_∞ −∞ (−βωe^θ, −δωe^{−θ}; q)_∞ (−αωe^θ, −γωe^{−θ}; q)_∞ e^{(λ−μ)θ} dθ = 1 2πi ∫_∞ 0 (−βωx, −δω/x; q)_∞ (−αωx, −γω/x; q)_∞ x^{λ−μ−1}dx. To compute the kernel function K we evaluate the contour integral

(2.32) I_{N,M} = 1 2πi ∮ C_{N,M} (−βωz, −δω/z; q)_∞ (−αωz, −γω/z; q)_∞ z^{λ−μ−1}dz along the closed contour C_{N,M} on the Riemann surface of the integrand, where N, M are positive integers and the contour is made up of the curves

C_{N,M} 1) z = t, γωq^{M+1/2} ≤ t ≤^1_{αω} q^{−N−1/2} 2) z =^1_{αω} q^{−N−1/2}e^{it}, 0 ≤ t ≤ 2π 3) z = e^{2πi}t,^1_{αω} q^{−N−1/2} ≥ t ≥ γωq^{M+1/2} 4) z = γωq^{M+1/2}e^{it}, 2π ≥ t ≥ 0. In the limit as N → ∞, M → ∞ the integrals on the large and on the small circle go to zero if |βq^{−λ+μ}/α| < 1, |δq^{λ−μ}/γ| < 1. Then, evaluating (2.32) by residues and (temporarily) assuming that |αγω^2| < 1 to make use of Heine’s transformation [29, page 9], we obtain K(λ, μ; α, β, γ, δ) = 1 2πi ∫_∞ 0 (−βωx, −δω/x; q)_∞ (−αωx, −γω/x; q)_∞ x^{λ−μ−1}dx =

1 2i sin π(μ − λ) [ (^β_α , q^{μ−λ+1}; q)_∞ (q,^β_α q^{μ−λ}; q)_∞ ( 1 αω )^{λ−μ}_2ϕ_1 (_δ γ ,^β_α q^{μ−λ} q^{μ−λ+1} ; q, αγω^2 ) (2.33)

+ (^δ_γ , q^{λ−μ+1}; q)_∞ (q,^δ_γ q^{λ−μ}; q)_∞ (γω)^{λ−μ}_2ϕ_1 (_β α ,^δ_γ q^{λ−μ} q^{λ−μ+1} ; q, αγω^2 )] .

(The apparent singularities at αγω^2 = q^{−n}, n = 0, 1, · · · , are removable.) The following special cases of (2.33) are of interest: K(λ, μ; α, α, γ, δ) = 1 2i sin π(μ − λ) (^δ_γ , q^{λ−μ+1}; q)_∞ (q,^δ_γ q^{λ−μ}; q)_∞ (γω)^{λ−μ}, |q^{−λ+μ}| < 1, |δq^{λ−μ}/γ| < 1,

K(λ, μ; α, β, γ, γ) = 1 2i sin π(μ − λ) (^β_α , q^{μ−λ+1}; q)_∞ (q,^β_α q^{μ−λ}; q)_∞ ( 1 αω )^{λ−μ}, |βq^{−λ+μ}/α| < 1, |q^{λ−μ}| < 1, (2.34)

K(λ, μ; α, 0, γ, 0) = 1 2i sin π(μ − λ)(αγω^2; q)_∞ [ (^1_{αω} )^{λ−μ} (q, ; q)_∞^1 ϕ_1 ( αγω^2 0 ; q, q^{μ−λ+1} )

+ (γω)^{λ−μ} (q; q)_∞^1 ϕ_1 ( αγω^2 0 ; q, q μ−λ+1 )] . Setting α = (1 − q)α^′, · · · , δ = (1 − q)δ^′ in (2.33) we see that in the limit as q → 1−, K(λ, μ; α, β, γ, δ) → 1 2i sin π(μ − λ) [ [ω(α^′ − β^′)]^{μ−λ} Γ(μ − λ + 1)^0

F_1 ( − μ − λ + 1 ; (α

′ − β^′)(γ^′ − δ^′)ω^2 )

+ [ω(γ^′ − δ^′)]^{λ−μ} Γ(λ − μ + 1)^0

F_1 ( − λ − μ + 1 ; (α^′ − β^′)(γ^′ − δ^′)ω^2 )] . (2.35)

From the expression (2.27) we have the “addition formula” T(α, β, γ, δ)T(α^′, α, γ^′, γ) = T(α^′, β, γ^′, δ) which, for the kernel functions, takes the form ∫_{b+i∞} b−i∞ K(λ, μ; α^′, β, γ^′, δ)F (μ) dμ = (2.36)

∫_{b+i∞} b−i∞ K(λ, ν; α, β, γ, δ) dν ∫_{a+i∞} a−i∞ K(ν, μ; α^′, α, γ^′, γ)F (μ) dμ, see [24, page 268]. Then, if the integrals in (2.36) are absolutely convergent we have the functional relations (2.37) K(λ, μ; α^′, β, γ^′, δ) = ∫_{a+i∞} a−i∞ K(λ, ν; α, β, γ, δ)K(ν, μ; α^′, α, γ^′, γ) dν, |αq^μ/α^′|, |δq^λ/γ| < |q^a| < |αq^λ/β|, |γ^′q^μ/γ|. Two special cases of (2.37) are of particular interest. If α = β, γ^′ = γ we have K(λ, μ; α^′, β, γ, δ) = 1 4 ∫_{a+i∞} a−i∞ (γω)^{λ−ν} (^1_α0_ω )^{ν−μ} sin π(ν − λ) sin π(ν − μ)

(^δ_γ , q^{λ−ν+1},^β_α0 , q^{μ−ν+1}; q)_∞ (q,^δ_γ q^{λ−ν} , q,^β_α0 q^{μ−ν} ; q)_∞ dν, |δq^λ/γ|, |βq^μ/α^′| < q^a < |q^λ|, |q^μ|, and if just γ = γ^′ we have K(λ, μ; α^′, β, γ, δ) = ∫_{a+i∞} a−i∞ K(λ, ν; α, β, γ, δ) (^1_α0_ω )^{ν−μ} 2i sin π(μ − ν) (^α_α0 , q^{μ−ν+1}; q)_∞ (q,^α_α0 q^{μ−ν} ; q)_∞ dν.

3. A discrete model of m(2) representations. In this section we study a model of an alternate q-analog of the pseudo-Euclidean group. Here the generators of our algebra are q^H , E_+, E_− which obey the relations

(3.1) q^H E_+ = qE_+q^H , qq^H E_− = E_−q^H , [E_+, E_−] = 0.

We consider the following class of irreducible representations (ω) for this algebra, characterized by the positive number ω. The Hilbert space consists of complex functions f(x) with domain x = q^n, n = 0, ±1, ±2, · · · and such that (f, f) < ∞, where the inner product is

(3.2) (f, g) = ∞∑ n=−∞ f(q^n)g(q^n).

The action of the algebra on this Hilbert space is given by the operators

(3.3) E_+ = ωx, E_− = ω x , q^H f(x) = f(qx). To define these operators rigorously we can restrict their action to, say, the dense subspace L of all functions in the Hilbert space that are nonzero at only a finite number of points. Then it is easy to show that E^∗_+ = E_+, E^∗_− = E_−, (q^H )^∗ = (q^H )^{−1}. We define the (inverse) Fourier transform F of f ∈ L by

(3.4) F(λ) ≡ F [z] = (f, x^λ) = ∞∑ n=−∞ f(q^n)q^{nλ}, λ ∈ C ,

where z = q^λ. Then the induced action of the algebra on the transform space L̂ is q^H F [z] = z^{−1}F [z], E_±F [z] = ωF [q^{±1}z], so the operator q^H is diagonalized in the transform space. Clearly, every F ∈ L̂ is analytic for all z ≠ 0. We can recover f from its transform F via the formula

(3.5) f(q^m) = 1 2πi ∮ F [z]z^{−m−1} dz where the integration path is a simple closed curve around the origin in the z-plane.

Now the action of the “pseudo-Euclidean group” is given by the operator T(α, β, γ, δ) where T(α, β, γ, δ)f(x) = e_q(−αE_+)E_q (βE_+)e_q (−γE_−)E_q (δE_−)f(x) (3.6) = (−βωx, −δω/x; q)_∞ (−αωx, −γω/x; q)_∞ f(x), f ∈ L. The induced action of T on L̂ is given by (3.7) T(α, β, γ, δ)F [z] = ∮ K(z/w; α, β, γ, δ)F [w] dw w , where K(z/w; α, β, γ, δ) = 1 2πi ∞∑ n=−∞ (−βωq^n, −δωq^{−n}; q)_∞ (−αωq^n, −γωq^{−n}; q)_∞ ( z w )_n

= 1 2πi(1 − q) ∫_∞ 0 (−βωx, −δω/x; q)_∞ (−αωx, −γω/x; q)_∞ x^{λ−μ−1} d_qx, z = q^λ, w = q^μ = 1 2πi (−βω, −δω; q)_∞ (−αω, −γω; q)_∞^2 ψ_2 ( −αω, −q/δω −βω, −q/γω ; q, δz γw ) , (3.8)

and we require |^δ_γ | < |^w_z | < |^α_β |. Here

2ψ_2 ( a_1, a_2 b_1, b_2 ; q, z ) = ∞∑ n=−∞ (a_1, a_2; q)_n (b_1, b_2; q)_n z^n, | b_1b_2 a_1a_2 | < |z| < 1. Using Ramanujan’s_1ψ_1 sum, [29, page 239] we have the following special cases of (3.8): K(z/w; α, α, γ, δ) = 1 2πi (q, δ/γ, −qz/γωw, −ωw/z; q)_∞ (−γω, −q/γω, δz/γw, w/z; q)_∞ , | δ γ | < | w z | < 1 K(z/w; α, β, γ, γ) = 1 2πi (q, β/α, −αωz/w, qw/αωz; q)_∞ (−αω, −q/αω, z/w, βw/αz; q)_∞ , | β α | < | z w | < 1. Now the formula T(α, β, γ, δ)T(α^′, α, γ^′, γ) = T(α^′, β, γ^′, δ) leads to the functional relation (3.9) K(z/w; α^′, β, γ^′, δ) = ∮ K(z/y; α, β, γ, δ)K(y/w; α^′, α, γ^′, γ) dy y , where, choosing the integration path as the unit circle |y| = 1, we have the require- ments |β/α| < |z| < |γ/δ|, |γ/γ^′| < |w| < |α^′/α|. Two special cases are of particular interest. If α = β, γ^′ = γ we have (−βω, − δω; q)_{∞ 2}ψ_2 ( −α^′ω, −q/δω −βω, −q/γω ; q, δz γw )

= 1 2πi ∮ (q, δ/γ, −qz/γωy, −ωy/z, q, β/α^′, −α^′ωy/w, qw/α^′ωy; q)_∞ (−q/γω, δz/γy, y/z, ω, −q/α^′ω, y/w, βw/α^′y; q)_∞ dy y 1 < |w| < |α^′/α|, 1 < |z| < |γ/δ|, and if just γ = γ^′ we have

2ψ_2 ( −α^′ω, −q/δω −βω, −q/γω ; q, δz γw )

= ∮ 2ψ_2 ( −αω, −q/δω −βω, −q/γω ; q, δz γy ) (q, α/α^′, −α^′ωy/w, qw/α^′ωy; q)_∞ (−αω, −q/α^′ω, y/w, αw/α^′y; q)_∞ dy y , 1 < |w| < |α^′/α|, |β/α| < |z| < |γ/δ|.

4. Matrix elements of oscillator algebra representations. In [1] a q-analog of the oscillator algebra was introduced. This is the associative algebra generated by the four elements H, E_+, E_−, E that obey the commutation relations [H, E_+] = E_+, [H, E_−] = −E_−, [E_+, E_−] = −q^{−H} E, [E, E_±] = [E, H] = 0.

(4.1) It admits a class of algebraically irreducible representations ↑_{ℓ,λ} where ℓ, λ are real numbers and ℓ > 0. These are defined on a Hilbert space H with orthogonal basis {f_n : n = 0, 1, · · · } where E_+f_n = ℓq^{−(n+1)/2}f_{n+1} E_−f_n = ℓq^{−n/2} 1 − q^n 1 − q f_{n−1} (4.2) Hf_n = (λ + n)f_n Ef_n = ℓ^2q^{λ−1}f_n.

Furthermore, the formal adjoints satisfy (E_+)^∗ = E_−, H^∗ = H, E^∗ = E. The elements C = qq^{−H} E + (q − 1)E_+E_− and E lie in the center of this algebra, and corresponding to the irreducible representation ↑_{ℓ,λ} we have C = ℓ^2I, E = ℓ^2q^{λ−1}I where I is the identity operator on H.

A convenient model of ↑_{ℓ,λ}, [1], is determined by the orthonormal basis functions

(4.3) e_n = q^{n(n+1)/4} √ (1 − q)^n (q; q)_n z^n, n = 0, 1, · · · , (so that f_n(z) = q^{n(n+1)/4}z^n) and the operators E_+ = ℓzI, E_− = − ℓ (1 − q)z (1 − T^{−1}_z ) H = λ + z d dz , E = ℓ^2q^{λ−1}I. (4.4) The inner product is (f, g) = ∫ ∫_∞ −∞ f(z)g(z)ρ(z, z) dxdy where z = x + iy and ρ(z, z) = 1 − q (−(1 − q)zz; q)_∞π ln q^{−1} . The model Hilbert space H(z) consists of all functions

f^′(z) = ∞∑ n=0 c_nz^n such that ∞∑ n=0 |c_n|^2q^{−n(n+1)/2} (1 − q)^n < ∞. This is a space of entire functions; it has the kernel function

(4.5) S(z^′, z) = ∞∑ n=0 e^′_n(z^′)e^′_n(z) = (−(1 − q)qz^′z; q)_∞.

Although the parameter λ is essential in the computation of tensor products of pairs of irreducible representations ↑_{ℓ,λ}, [1,4], it disappears from the final expressions for the matrix elements studied in this paper. Thus we henceforth set λ = 0. Using the relations (2.3) we have the following q-analogs of the matrix elements of ↑_{ℓ,0}: (e+, e−) : e_q(βE_+)e_q (αE_−)f_n = ∑ n0 T^{(e+,e−)} n0_n (α, β)fn0, (e+, E−) : e_q(βE_+)E_q (αE_−)f_n = ∑ n0 T^{(e+,E−)} n0_n (α, β)fn0 ,

(4.6) (e−, E+) : e_q(βE_−)E_q (αE_+)f_n = ∑ n0 T^{(e−,E+)} n0_n (α, β)fn0 , (E+, e−) : E_q (βE_+)e_q(αE_−)f_n = ∑ n0 T^{(E+,e−)} n0_n (α, β)fn0 , (E−, e+) : E_q (βE_−)e_q(αE_+)f_n = ∑ n0 T^{(E−,e+)} n0_n (α, β)fn0 , (E+, E−) : E_q (βE_+)E_q (αE_−)f_n = ∑ n0 T^{(E+,E−)} n0_n (α, β)fn0 , (E−, E+) : E_q (βE_−)E_q (αE_+)f_n = ∑ n0 T^{(E−,E+)} n0_n (α, β)fn0 . (e+, E−, e−, E+) : e_q (δE_+)E_q (γE_−)e_q(βE_−)E_q (αE_+)f_n = ∑ n0 T_n0_n(α, β, γ, δ)f_n0. (The series for the matrix elements T^{(e−,e+)}_n0_n (α, β) does not converge.) All of these sets of matrix elements were studied in [4], with the exception of (e+,E-,e-,E+) which will be the focus of attention here.

Since E^∗_+ = E_− the following relationships hold: T^{(e+,e−)} n0_n (α, β)An0n = T^{(e+,e−)}_{nn}0 (β, α), (4.7) T^{(e+,E−)} n0_n (α, β)An0n = T^{(E+,e−)}_{nn}0 (β, α), T^{(e−,E+)}_n0_n (α, β)An0n = T^{(E−,e+)}_{nn}0 (β, α), T^{(E+,E−)} n0_n (α, β)An0n = T^{(E+,E−)}_{nn}0 (β, α), T^{(E−,E+)}_n0_n (α, β)An0n = T^{(E−,E+)}_{nn}0 (β, α). Here A_n0_n =

(q; q)_n0 (q; q)_n (1 − q)^{n−n} 0 . Since e_q (z)E_q (−z) = 1, we have the identities a) ∑ h T^{(e+,e−)} n0_h (α, β)T^{(E−,E+)} hn (−β, −α) = δ_n0_n b) ∑ h T^{(E−,e+)} n0_h (α, β)T^{(E+,e−)} hn (−β, −α) = δ_n0_n.

Using the model (4.4) to compute the matrix elements (which are model independent) we obtain the explicit results

T^{(e+,e−)} n0_n (α, β) = (q^n 0_{−n+1}

; q)_∞(βℓ)^n 0_{−n} (q; q)_∞ q^{(n−n} 0_{)(n+n}0_{+1)/42} ϕ_1 ( q^{−n}, 0 q^n 0_{−n+1} ; q, −αβℓ^2 1 − q )

= (q^{n−n} 0_{+1}

; q)_∞(q^n

0_{+1} ; q)_∞(αℓ)^{n−n} 0 (q; q)_∞(q^{n+1}; q)_∞(1 − q)^{n−n}0 q^{(n} 0_{−n)(n}0_{+n+1)/42} ϕ_1 ( q^{−n} 0 , 0 q^{n−n} 0_{+1} ; q, −αβℓ^2 1 − q )

T^{(E+,e−)} n0_n (α, β) = (q^n 0_{+1} ; q)_∞(q^{n−n} 0_{+1} ; q)_∞(αℓ)^{n−n} 0 (q; q)_∞(q^{n+1}; q)_∞(1 − q)^{n−n}0 q^{(n} 0_{−n)(n}0_{+n+1)/41} ϕ_1 ( q^{−n} 0 q^{n−n} 0_{+1} ; q, αβℓ^2 1 − q )

= (q^n 0_{−n+1}

; q)_∞(βℓ)^n 0_{−n} (q; q)_∞ q^{(n} 0_{−n)(n}0_{−3n−3)/41} ϕ_1 ( q^{−n} q^n 0_{−n+1} ; q, αβℓ^2q^n 0_{−n} 1 − q )

T^{(E+,E−)} n0_n (α, β) = (q^n 0_{−n+1}

; q)_∞(βℓ)^n 0_{−n} (q; q)_∞ q^{(n} 0_{−n)(n}0_{−3n−3)/41} ϕ_2 ( q^{−n} q^n 0_{−n+1} , 0 ; q, −αβℓ^2q^n 0_{−n} 1 − q )

= (q^{n−n} 0_{+1}

; q)_∞(q^n

0_{+1} ; q)_∞(αℓ)^{n−n} 0 (q; q)_∞(q^{n+1}; q)_∞(1 − q)^{n−n}0 q^{(n−n} 0_{)(n−3n}0_{−3)/41} ϕ_2 ( q^{−n} 0 q^{n−n} 0_{+1} , 0 ; q, −αβℓ^2q^{n−n} 0 1 − q )

T^{(E−,E+)} n0_n (α, β) = (^{−αβℓ2} (1−q)q ; q)∞(q n0_{−n+1} ; q)_∞(αℓ)^n 0_{−n} (q; q)_∞ q^{(n} 0_{−n)(n}0_{−3n−3)/42} ϕ_1 ( q^{−n}, 0 q^n 0_{−n+1} ; q, −αβℓ^2 (1 − q)q )

= (^{−αβℓ2} (1−q)q ; q)∞(q n−n0_{+1} ; q)_∞(q^n

0_{+1} ; q)_∞(βℓ)^{n−n} 0 (q; q)_∞(q^{n+1}; q)_∞(1 − q)^{n−n}0 q^{(n−n} 0_{)(n−3n}0_{−3)/4}

2ϕ_1 ( q^{−n} 0 , 0 q^{n−n} 0_{+1} ; q, −αβℓ^2 (1 − q)q ) . The matrix elements T^{(e+,e−)}, T^{(E+,e−)}, T^{(E+,E−)} are polynomials in α and β and the matrix elements T^{(E−,E+)} are entire analytic functions of these variables.

In [4] it is shown that all of the remaining matrix elements (4.6), except the last, can be expressed in terms of these four. Indeed, we have the operator identities

(4.8) e_q ( αβℓ^2q^{−H−1} 1 − q ) e_q (βE_+)E_q (αE_−) = E_q (αE_−)e_q (βE_+),

(4.9) E_q (βE_+)e_q (αE_−)e_q ( αβℓ^2q^{−H−1} 1 − q ) = e_q(αE_−)E_q (βE_+) which imply

T^{(E−,e+)} n0_n (β, α) = eq ( αβℓ^2q^{−n} 0_{−1} 1 − q ) T^{(e+,E−)} n0_n (α, β), (4.10) T^{(e−,E+)} n0_n (β, α) = eq ( αβℓ^2q^{−n−1} 1 − q ) T^{(E+,e−)} n0_n (α, β).

Thus the matrix elements T^{(E−,e+)}_n0_n are well defined for |αβℓ^2q^{−n}

0_{−1} /(1 − q)| < 1 and the matrix elements T^{(e−,E+)}_n0_n are well defined for |αβℓ^2q^{−n−1}/(1 − q)| < 1.

From identities (4.8), (4.9) we can express the (e+, E−, e−, E+) operator in the alternate forms

T(α, β, γ, δ) = e_q(δE_+)E_q (γE_−)e_q (βE_−)E_q (αE_+)

= e_q(δE_+)E_q (αE_+)E_q ( αγℓ^2q^{−H−1} 1 − q )E_q (γE_−)e_q(βE_−)e_q ( αβℓ^2q^{−H−1} 1 − q ). (4.11)

An explicit computation of the matrix elements yields

T_n0_n(α, β, γ, δ) = (−^{αγℓ2}_{1−q} q^{−n−1}; q)_∞(−^α_δ ; q)_n0_{−n} (^{αβℓ2}_{1−q} q^{−n−1}; q)_∞(q; q)_n0_{−n} (ℓδ)^n 0_{−n} q^{(n+n} 0_{+1)(n−n}0_{)/4}

×_3ϕ_2 ( −^α_δ q^n 0_{−n} , −^γ_β , q^{−n} q^n 0_{−n+1} , −^{αγℓ2}_{1−q} q^{−n−1} ; q, − βδℓ^2 1 − q ) (4.12)

= (−^{αγℓ2}_{1−q} q^{−n} 0_{−1}

; q)_∞(−^γ_β ; q)_{n−n}0(q; q)_n (^{αβℓ2}_{1−q} q^{−n−1}; q)_∞(q; q)_{n−n}0(q; q)_n0 ( ℓβ 1 − q )_{n−n}0 q^{(n+n} 0_{+1)(n}0_{−n)/4}

×_3ϕ_2 ( −^α_δ , −^γ_β q^{n−n} 0 , q^{−n} 0 q^{n−n} 0_{+1} , −^{αγℓ2}_{1−q} q^{−n} 0_{−1} ; q, − βδℓ^2 1 − q ) , |αβℓ^2q^{−n−1}/(1 − q)| < 1. Indeed, from (4.11) and the fact that E^∗_+ = E_− we have the identity

T_n0_n(α, β, γ, δ) = (1 − q)^n 0_{−n} (q; q)n(^{γδℓ2}_{1−q} q^{−n} 0_{−1}

; q)_∞ (q; q)^′_n(^{αβℓ2}_{1−q} q^{−n−1}; q)_∞ T_{nn}0(γ, δ, α, β).

Using Sears’_3ϕ_2 transform [29, page 61] we have the alternate form

T_n0_n(α, β, γ, δ) = (−^{αγℓ2}_{1−q} q^{−1}; q)_∞(−^γ_β ; q)_{n−n}0(q; q)_n (^{αβℓ2}_{1−q} q^n0^{−n−1}; q)_∞(q; q)_{n−n}0(q; q)_n0 ( ℓβ 1 − q )_{n−n}0 q^{(n+n} 0_{+1)(n}0_{−n)/4} ×

3ϕ_2 ( −^δ_α q^{n−n} 0_{+1} , −^γ_β q^{n−n} 0 , q^{−n} 0 q^{n−n} 0_{+1} ,^{1−q}_{αβℓ2} q^{n−n} 0_{+2} ; q, q ) .

Setting α = (1 − q)α^′, · · · , δ = (1 − q)δ^′ in (4.12) we see that in the limit as q → 1−, T_n0_n(α, β, γ, δ) → [ℓ(α^′ + δ^′)]^n 0_{−n} (n^′ − n)! e^{ℓ2α} 0_{(β}0_{+γ}0_{)1}

F_1 ( −n, n^′ − n + 1

; −ℓ^2(α^′ + δ^′)(β^′ + γ^′) ) , if n^′ ≥ n, → [ℓ(β^′ + γ^′)]^{n−n} 0 ( n n^′ ) e^{ℓ2α} 0_{(β}0_{+γ}0_{)1} F_1 ( −n^′, n − n^′ + 1 ; −ℓ

2(α^′ + δ^′)(β^′ + γ^′) ) , if n ≥ n^′. In order to derive identities for the matrix elements of the operators T(α, β, γ, δ), (4.11) we cannot just multiply two general operators of this sort, as was done in the previous sections. Indeed, the resulting formal power series diverge. However, just as in (2.13) we can write T as a composition of two two-factor operators and obtain the identities T_n0_n(α, β, γ, δ) = ∞∑ k=0 T^{(e+,E−)} n0_k (γ, δ)T^{(e−,E+)} kn (α, β), (4.13)

T_n0_n(α, β, γ, δ) = ∞∑ k=0 T^{(e+,e−)} n0_k (β, δ)T^{(E−,E+)} kn (α, γ) |αβℓ^2/q^{n+1}(1 − q)| < 1. (Once the common factor e_q(αβℓ^2q^{−n−1}/(1 − q)) is removed from both sides of the first equation (4.13), this formula holds for all values of the parameters.) Note that relations (2.10) are special cases of (4.13). These identities are q-analogs of an addition formula for the confluent hypergeometric functions [30, Chapter 4]:

(n + n^′)! n! e^{−αγ} [−γ(α + δ)]^n_1F_1 ( −n^′ n + 1

; (β + γ)(α + δ) ) = ∞∑ j=0 (−αγ)^{j−n} 0 j! Γ(j − n^′ + 1)Γ(j − n − n^′ + 1)^1

F_1 ( −n^′ j − n^′ + 1 ; αβ ) 1F_1 ( −n − n^′ j − n − n^′ + 1 ; γδ ) . 5. Continuum bases for oscillator representations. Next we introduce a model of a q-analog of the pseudo-oscillator group. The model consists of a Hilbert space of complex valued functions f(x) where x is a positive real variable, such that ||f||^2 < ∞ and the inner product is (5.1) < f, g >= ∫_∞ 0 f(x)g(x) dx x and ||f||^2 =< f, f >. The formal action of the q-algebra is E_+ = ℓxI, E_− = − ℓ (1 − q)x (1 − T^{−1}_x ) H = x d dx , E = ℓ^2q^{−1}I. (5.2)

The action of the “pseudo-oscillator group” is given by the formal operator T(α, β, γ, δ) where

T(α, β, γ, δ)f(x) = e_q (δE_+)E_q (γE_−)e_q(βE_−)E_q (αE_+)f(x) (5.3)

= ( −αℓx,^{γℓ}_{(1−q)x} ; q ) ∞ ( δℓx, −^{βℓ}_{(1−q)x} ; q ) ∞ ∞∑ n=0 ( αβℓ^2 q(1 − q) )_n ( −^q_{αℓx} , −^γ_β ; q ) n ( q,^{γℓ}_{(1−q)x} ; q ) n T^{−n}_x f(x).

(To derive this expression we have made use of the q-Gauss formula [29, page 10].) We require that neither δ or −β is positive, so that (5.3) is well defined when acting on the subspace G of the Hilbert space, where G consists of those functions f(x) that are C^∞ with compact support in (0, ∞). Indeed, for each such f the summation in (5.3) is finite. Using the identity (2.28) we can show that if f ∈ G has support in a proper subset of the interval (0, K] then the function T(α, β, γ, δ)f(x) vanishes for x ≥ K and if |γ/β| < 1 this function remains bounded as x → 0+.

Following [24, Chapter 8], we will compute the matrix elements of the operator T with respect to a continuum basis in which H is diagonalized. We recall that the Mellin transform of f ∈ G,

(5.4) F (λ) = ∫_∞ 0 f(x)x^{λ−1} dx

has the properties that 1) F (λ) is an entire (analytic) function of λ, 2) |F (λ)| < Ce^{k|Re λ|} for some positive constants C, k and 3) F decreases rapidly on every straight line parallel to the imaginary axis in the complex λ-plane. (We denote the space of transforms of functions in G by Ĝ.) Furthermore we have the inversion formula f(x) = 1 2πi ∫_{a+i∞} a−i∞ F (μ)x^{−μ} dμ, for any real number a.

Clearly, the induced action of the operator q^{ϕH} on the transformed functions F is diagonal: q^{ϕH} F (λ) = e^{−λϕ}F (λ). Furthermore, the induced action of the operator T on Ĝ is given by (assuming that neither δ or −β is positive and that |γ/β| < 1), T(α, β, γ, δ)F (λ) = ∫_∞ 0 ( −αℓx,^{γℓ}_{(1−q)x} ; q ) ∞ ( δℓx, −^{βℓ}_{(1−q)x} ; q ) ∞ ∞∑ n=0 ( αβℓ^2 q(1 − q) )_n ( −^q_{αℓx} , −^γ_β ; q ) n ( q,^{γℓ}_{(1−q)x} ; q ) n f(q^{−n}x)x^{λ−1} dx Re λ > 0, or T(α, β, γ, δ)F (λ) = 1 2πi ∫_∞ 0 ( −αℓx,^{γℓ}_{(1−q)x} ; q ) ∞ ( δℓx, −^{βℓ}_{(1−q)x} ; q ) ∞ dx

× ∞∑ n=0 ( αβℓ^2 q(1 − q) )_n ( −^q_{αℓx} , −^γ_β ; q ) n ( q,^{γℓ}_{(1−q)x} ; q ) n ∫_{a+i∞} a−i∞ F (μ)q^{nμ}x^{λ−μ−1} dμ

= 1 2πi ∫_∞ 0 ( −αℓx,^{γℓ}_{(1−q)x} ; q ) ∞ ( δℓx, −^{βℓ}_{(1−q)x} ; q ) ∞ dx × ∫_{a+i∞} a−i∞ 2ϕ_1 ( −^q_{αℓx} , −^γ_β γℓ (1−q)x ; q, αβℓ^2q^{μ−1} 1 − q ) F (μ)x^{λ−μ−1} dμ, if the contour is chosen so that |αβℓ^2q^{a−1}/(1−q)| < 1. Using Heine’s and Jackson’s transformations [29, page 241] we can write this result as

T(α, β, γ, δ)F (λ) = 1 2πi ∫_∞ 0 (−αℓx; q)_∞ ( δℓx, −^{βℓ}_{(1−q)x} ; q ) ∞ dx ∫_{a+i∞} a−i∞ ( −^{αγℓ2}_{1−q} q^{μ−1}, −^{βℓ}_{(1−q)x} q^μ; q ) ∞ (_{αβℓ2} 1−q q^{μ−1}; q ) ∞ ×_2ϕ_2 ( q^μ,^{αβℓ2}_{1−q} q^{μ−1} −^{αγℓ2}_{1−q} q^{μ−1}, −^{βℓ}_{(1−q)x} q^μ ; q, γℓ (1 − q)x ) F (μ)x^{λ−μ−1} dμ. If, in addition, |γ/β| < q^a < |δq^λ/α|, |q^λ| < 1, then the iterated integral is absolutely convergent and we can interchange the order of integration to obtain (5.5) T(α, β, γ, δ)F (λ) = ∫_{a+i∞} a−i∞ K(λ, μ; α, β, γ, δ)F (μ) dμ, where K(λ, μ; α, β, γ, δ) = 1 2πi ∫_∞ 0 ( −αℓx, −^{αγℓ2}_{1−q} q^{μ−1}, −^{βℓ}_{(1−q)x} q^μ; q ) ∞ ( δℓx, −^{βℓ}_{(1−q)x} ,^{αβℓ2}_{1−q} q^{μ−1}; q ) ∞ ×_2ϕ_2 ( q^μ,^{αβℓ2}_{1−q} q^{μ−1} −^{αγℓ2}_{1−q} q^{μ−1}, −^{βℓ}_{(1−q)x} q^μ ; q, γℓ (1 − q)x ) x^{λ−μ−1} dx, |γ/β| < |q^μ| < |δq^λ/α|, |q^λ| < 1, |q^μ| < |q(1 − q)/αβℓ^2|, δ, −β nonpositive. To compute the kernel function K we evaluate the contour integral

I_{N,M} = 1 2πi (−^{αγℓ2}_{1−q} q^{μ−1}; q)_∞ (^{αβℓ2}_{1−q} q^{μ−1}; q)_∞ ∮ C_{N,M} ( −αℓz, −^{βℓ}_{(1−q)z} q^μ; q ) ∞ ( δℓz, −^{βℓ}_{(1−q)z} ; q ) ∞

(5.6)

×_2ϕ_2 ( q^μ,^{αβℓ2}_{1−q} q^{μ−1} −^{αγℓ2}_{1−q} q^{μ−1}, −^{βℓ}_{(1−q)z} q^μ ; q, γℓ (1 − q)z ) z^{λ−μ−1} dz, along the closed contour C_{N,M} of (2.32). In the limit as N → ∞, M → ∞ the integrals on the large and on the small circle go to zero. Then, evaluating (5.6) by residues and using the formula ∞∑ k,n=0 (a; q)_k(b; q)_n(c; q)_{n+k} x^ky^n (d; q)_{n+k} (q; q)_k(q; q)n = (c, ax, by; q)_∞ (d, x, y; q)_∞^3 ϕ_2 (_d c , x, y ax, by ; q, c ) ,

see [31], we obtain K(λ, μ; α, β, γ, δ) = 1 2i sin π(λ − μ)(−^{βδℓ2}_{1−q} ; q)_∞ ×

(−δℓ)^{μ−λ} (−^α_δ , q^{μ−λ+1},^{γδℓ2}_{1−q} ; q)_∞ (q, −^α_δ q^{μ−λ}; q)_∞^3 ϕ_2 ( q^{−λ+1}, −^δ_α q, −^γ_β q^{μ−λ+1},^{γδℓ2}_{1−q} ; q, αβℓ^2 1 − q q^{μ−1} ) (5.7)

− ( βℓ 1 − q )_{λ−μ} (− γ_β , q_μ, q_{λ−μ+1}, γδℓ^2_{1−q} q_{λ−μ}; q)_∞ (q, q^λ, −^γ_β q^{λ−μ}; q)_∞ ×

3ϕ_2 ( q^{−μ+1}, −^δ_α q^{λ−μ+1}, −^γ_β q^{λ−μ} q^{λ−μ+1},^{γδℓ2}_{1−q} q^{λ−μ} ; q, αβℓ^2 1 − q q^{μ−1} )] .

(The apparent singularities at the zeros of (−^{βδℓ2}_{1−q} ; q)_∞ are removable.) The following special cases of (5.7) are of interest: K(λ, μ; 0, β, 0, δ) = 1 2i sin π(λ − μ)(−^{βδℓ2}_{1−q} ; q)_∞ × [ (−δℓ)^{μ−λ} (q^{μ−λ+1}; q)_∞ (q; q)_∞^1 ϕ_1 ( q^{−λ+1} q^{μ−λ+1} ; q, − βδℓ^2 1 − q q^μ ) (5.8)

− ( βℓ 1 − q )_{λ−μ} (q^μ, q^{λ−μ+1}; q)_∞ (q; q)_∞^1 ϕ_1 ( q^{−μ+1} q^{λ−μ+1} ; q, − βδℓ^2 1 − q q^λ )] ,

|q^λ| < 1,

(5.9) K(λ, μ; 0, β, γ, 0) = −1 2i sin π(λ − μ) ( βℓ 1 − q )_{λ−μ} (− γ_β , q_μ, q_{λ−μ+1}; q)_∞ (q, q^λ, −^γ_β q^{λ−μ}; q)_∞ |γ/β| < |q^μ| < |q^λ| < 1,

(5.10) K(λ, μ; α, 0, 0, δ) = 1 2i sin π(λ − μ) (−δℓ)^{μ−λ} (−^α_δ , q^{μ−λ+1}; q)_∞ (q, −^α_δ q^{μ−λ}; q)_∞ ,

|q^λ| < |q^μ| < |δq^λ/α|.

Setting α = (1 − q)α^′, · · · , δ = (1 − q)δ^′ in (5.7) we see that in the limit as q → 1−, K(λ, μ; α, β, γ, δ) → 1 2i sin π(λ − μ) [ [−ℓ(α^′ + δ^′)]^{μ−λ} Γ(μ − λ + 1)^1

F_1 ( −λ + 1 μ − λ + 1 ; ℓ^2(α^′ + δ^′)(β^′ + γ^′) )

− [ℓ(β^′ + γ^′)]^{λ−μ}Γ(λ) Γ(μ)Γ(λ − μ + 1)^1

F_1 ( −μ + 1 λ − μ + 1 ; ℓ^2(α^′ + δ^′)(β^′ + γ )] , (5.11)

in agreement with [24, Chapter 8; 25].

From the expression (5.3) we see that the “addition formula” (5.12) T(α, β, γ, δ)T(α^′ , β^′, −β, −α) = T(α^′, β^′, γ, δ) holds rigorously when both sides are applied to f ∈ G, provided δ is not positive and α, β, β^′ are not negative. Furthermore, one can show that for |γ/β| < 1, the function h(x) = T(α, β, γ, δ)f(x) has the properties that x^2h(x), x^2h^′(x), x^2h^{′′}(x) → 0 as x → 0+. Thus, the Mellin transform H(λ) of h, (5.4), has the properties that 1) H(λ) is an analytic function of λ for |q^λ| < 1, 2) |F (λ)| < Ce^{k|Re λ|} for some positive constants C, k with|q^{λ−1}| < 1, and 3) lim_{t→∞} |t|^2|F (c + it)| = 0 for |q^{λ−2}| < 1.

For the kernel functions, (5.12) takes the form ∫_{b+i∞} b−i∞ K(λ, μ; α^′, β^′, γ, δ)F (μ) dμ = (5.13)

∫_{b+i∞} b−i∞ K(λ, ν; α, β, γ, δ) dν ∫_{a+i∞} a−i∞ K(ν, μ; α^′, β^′, −β, −α)F (μ) dμ. Then, if the integrals in (5.13) are absolutely convergent we have the functional relations (5.14) K(λ, μ; α^′, β^′, γ, δ) = ∫_{a+i∞} a−i∞ K(λ, ν; α, β, γ, δ)K(ν, μ; α^′, β^′, −β, −α) dν, |αq^μ/α^′|, |δq^λ/γ| < |q^a| < |αq^λ/β|, |γ^′q^μ/γ|. An interesting special case is K(λ, μ; α, β, γ, δ) = 1 (^{αβℓ2qμ} �1 1−q ; q)_∞ ∫_{a+i∞} a−i∞ K(λ, ν; α, 0, 0, δ)K(ν, μ; 0, β, γ, 0) dν, or K(λ, μ; α, β, γ, δ) = (−^α_δ , −^γ_β , q^μ; q)_∞ 4(q, q,^{αβℓ2qμ} �1 1−q ; q)_∞ × ∫_{a+i∞} a−i∞ (−δℓ)^{ν−λ}(^{βℓ}_{1−q} )^{μ−ν} (q^{ν−λ+1}, q^{ν−μ+1}, q^μ, −^{αγℓ2}_{1−q} q^{ν−1}; q)_∞ sin π(λ − ν) sin π(ν − μ)(q^ν , −^α_δ q^{ν−λ}, −^γ_β q^{ν−μ}; q)_∞ dν,

|γ/β| < |q^μ| < |q^a| < 1, |q^λ| < |q^a| < |δq^λ/α|.

We conclude by studying a model of an alternate q-analog of the pseudo-oscillator algebra. Here the generators of our algebra are q^{−H} , E_+, E_−, E which obey the relations

(5.15) E_+q^{−H} = qq^{−H} E_+, qE_−q^{−H} = q^{−H} E_−, [E_+, E_−] = −q^{−H} E,

[E, E_±] = [E, q^{−H} ] = 0.

We consider the following class of irreducible representations ↑_{ℓ,0} for this algebra, characterized by the positive number ℓ. The Hilbert space consists of complex functions f(x) with domain x = q^n, n = 0, ±1, ±2, · · · and such that (f, f) < ∞, where the inner product is

(5.16) (f, g) = ∞∑ n=−∞ f(q^n)g(q^n).

The action of the algebra on this Hilbert space is given by the operators

(5.17) E_+ = ℓx, E_− = − ℓ (1 − q)x (1 − T^{−1}_x ), q^{−H} f(x) = f(q^{−1}x).

To define these operators rigorously we can restrict their action to, say, the dense subspace L of all functions in the Hilbert space that are nonzero at only a finite number of points. We define the (inverse) Fourier transform F of f ∈ L by

(5.18) F(λ) ≡ F [z] = (f, x^λ) = ∞∑ n=−∞ f(q^n)q^{nλ}, λ ∈ C ,

where z = q^λ. Then the induced action of the algebra on the transform space L̂ is q^{−H} F [z] = zF [z], E_+F [z] = ℓF [qz], E_−F [z] = − ℓ 1 − q (1 − z q )F [q^{−1}z],

so the operator q^{−H} is diagonalized in the transform space. Clearly, every F ∈ L̂ is analytic for all z ≠ 0. We can recover f from its transform F via the formula

(5.19) f(q^m) = 1 2πi ∮ F [z]z^{−m−1} dz where the integration path is a simple closed curve around the origin in the z-plane.

The action of the “pseudo-oscillator group” is given by the operator T(α, β, γ, δ), (5.3) for f ∈ L. The induced action of T on L̂ is given by (5.20) T(α, β, γ, δ)F [z] = ∮ K(z, w; α, β, γ, δ)F [w] dw w , where

K(z, w; α, β, γ, δ) = 1 2πi(1 − q) ∫_∞ 0 ( −αℓx, −^{αγℓ2w}_{q(1−q)} , ; q ) ∞ ( δℓx,^{αβℓ2w} q(1−q) ; q ) ∞ ×_2ϕ_1 ( w, −^γ_β −^{αγℓ2w} q(1−q) ; q, − βℓ (1 − q)x ) x^{λ−μ−1} d_q x, |γ/β| < |w| < |δz/α|, |z| < 1, |w| < |q(1 − q)/αβℓ^2|, δ, −β nonpositive, w = q^μ, z = q^λ. To evaluate the q-integral expression for the kernel function K we use the identity

2ϕ_1 ( A, B C ; q, z ) = (^{ABz}_C ; q)_∞ (^{Bz}_C ; q)_∞^3 ϕ_2 ( A,^C_B , 0 Cq Bz , C ; q, q )

+ (^C_B , A, Bz; q)_∞ (C, z,^C_{Bz} ; q)_∞^3 ϕ_2 ( z,^{ABz}_C , 0 Bzq C , Bz ; q, q ) ,

[29, page 245, III.34] and obtain

K(z, w; α, β, γ, δ) = (−αℓ, δℓz; q)_∞ 2πi(δℓ; q)_infty (−^{αγℓ2w} q(1−q) , − q αℓ , q,^q_{δℓz} , −^{αw}_δ ; q)_∞ (^{αβℓ2w} q(1−q) , q δℓ , −αℓw, −^q_{αℓw} , z, −^{αw}_{δz} ; q)_∞ ×_3ϕ_2 ( w,^{αβℓ2w}_{q(1−q)} , −^{αw}_{δz} −^{αγℓ2w} q(1−q) , − αw δ ; q, q )

+ (w,^{γℓ}_{1−q} ; q)_∞ (z, −^{αℓw}_q , −^{βℓ}_{1−q} ; q)_∞^3 ψ_3 ( −^{βℓ}_{1−q} , −^q_{αℓ} ,^q_{δℓz} −^{q2}_{αℓw} ,^{γℓ}_{1−q} ,^q_{δℓ} ; q, q )] . (5.21)

Here

3ψ_3 ( a_1, a_2, a_3 b_1, b_2, b_3 ; q, z ) = ∞∑ n=−∞ (a_1, a_2, a_3; q)_n (b_1, b_2, b_3; q)_n z^n, | b_1b_2b_3 a_1a_2a_3 | < |z| < 1.

Now the formula T(α, β, γ, δ)T(α^′ , β^′, −β, −α) = T(α^′, β^′, γ, δ) leads to the functional relation (5.22) K(z, w; α^′, β, γ^′, δ) = ∮ K(z, y; α, β, γ, δ)K(y, w; α^′, α, γ^′, γ) dy y , where, choosing the integration path as the unit circle |y| = 1, we have the requirements |αw/α^′|, |δz/γ| < 1 < |αz/β|, |γ^′w/γ|.

References

1. E.G. Kalnins, H.L. Manocha and W. Miller (1992), Models of q-algebra representations: Tensor products of special unitary and oscillator algebras, J. Math. Phys. 33, 2365–2383.

2. E.G. Kalnins, S. Mukherjee and W. Miller (1992), Models of q-algebra representations: The group of plane motions, SIAM J. Math. Anal. (to appear).

3. E.G. Kalnins, S. Mukherjee and W. Miller (1993), Models of q-algebra representations: Matrix elements of Uq(su2), in Lie algebras, cohomology and new applications to quantum mechanics, a volume in the Contemporary Mathematics Series, American Mathematical Society (to appear)..

4. E.G. Kalnins, S. Mukherjee and W. Miller (1993), Models of q-algebra representations: Matrix elements of the q-oscillator algebra, J. Math. Phys. 34, 5333–5356.

5. W. Miller (1970), Lie theory and q-difference equations, SIAM J. Math. Anal. 1, 171–188. 6. A.K. Agarwal, E.G. Kalnins, and W. Miller (1987), Canonical equations and symmetry techniques for q-series, SIAM J. Math. Anal. 18, 1519-1538.

7. W. Miller, Jr. (1989), in q-Series and Partitions, D. Stanton, ed., IMA Volumes in Mathematics and its Applications, Vol. 18, Springer-Verlag, New York, pp. 191–212.

8. R. Floreanini and L. Vinet (1990), q-Orthogonal polynomials and the oscillator quantum group, INFN preprint, Trieste AE-90/23.

9. R. Floreanini and L. Vinet (1991), Quantum algebras and q-special functions, Université de Montréal preprint UdeM-LPN-TH54.

10. R. Floreanini and L. Vinet (1991), Addition formulas for q-Bessel functions, Université de Montréal preprint, Montréal UdeM-LPN-TH60.

11. L. Floreanini and L. Vinet (1990), q-Analogues of the parabose and parafermi oscillators and representations of quantum algebras, J. Phys. A23, L1019–L1023.

12. M. Jimbo (1985), A q-difference analogue of U(g) and the Yang-Baxter equation, Letters in Mathematical Physics 10, 63–69.

13. S. L. Woronowicz (1987), Twisted SU(2) group. An example of a noncommutative differential calculus, Publ. RIMS, Kyoto Univ. 23, 117–181.

14. L.L. Vaksman and L.I. Korogodskiĭ (1989), An algebra of bounded functions on the quantum group of the motions of the plane, and q-analogues of Bessel functions, Soviet Math. Dokl. 39, 173–177.

15. T.H. Koornwinder (1989), Representations of the twisted SU(2) quantum group and some q-hypergeometric orthogonal polynomials, Nederl. Akad. Wetensch. Proc. Ser A92, 97–117.

16. T. Masuda, K. Mimachi, Y. Nakagami, M. Noumi, Y. Saburi and K. Ueno (1990), Unitary representations of the quantum groups SUq(1, 1): Structure of the dual space of Uq(sl(2)), Lett. Math. Phys. 19, 187–194.

17. T. Masuda, K. Mimachi, Y. Nakagami, M. Noumi, Y. Saburi and K. Ueno (1990), Unitary representations of the quantum groups SUq(1, 1): II. Matrix elements of unitary representations and the basic hypergeometric functions, Lett. Math. Phys. 19, 194–204.

18. T.H. Koornwinder (1991), The addition formula for little q-Legendre polynomials and the SU(2) quantum group, SIAM J. Math. Anal. 22, 295–301.

19. H.T. Koelink (1991), On quantum groups and q-special functions, thesis University of Leiden.

20. H.T. Koelink (1991), Hansen-Lommel orthogonality relations for Jackson’s q-Bessel functions, Report W-91-11 University of Leiden.

21. A.J. Macfarlane (1989), On q-analogues of the quantum harmonic oscillator and the quantum group SU(2)q , J. Phys. A22, 4581–4588.

22. P.P. Kulish (1993), Quantum groups, q-oscillators and covariant algebras, Teoret. Mat. Fiz.

94, 193–199.

23. N. Ja. Vilenkin and A. U. Klimyk (1992), Representations of Lie Groups and Special Functions, Volume 3 (Chapter 14) (russian translation), Kluwer, Dordrecht, The Netherlands.

24. N. Ja. Vilenkin (1968), Special Functions and the Theory of Group Representations, American Mathematical Society, Providence, Rhode Island.

25. W. Miller (1966), Confluent hypergeometric functions and representations of a four-parameter Lie group, Comm. Pure Appl. Math. 19, 251–259.

26. N. Ja. Vilenkin and A. U. Klimyk (1991), Representations of Lie Groups and Special Functions, Volume 1: Simplest Lie Groups, Special Functions and Integral Transforms, Kluwer Academic Publishers, Boston.

27. T.H. Koornwinder and R.F. Swarttouw (1991), On q-analogues of the Fourier and Hankel transforms group, (to appear in Trans. American Math. Soc.).

28. H.T. Koelink (1993), A basic analogue of Graf’s addition formula and related formulas, preprint Katholieke Universiteit Leuven.

29. G. Gasper and M. Rahman (1990), Basic Hypergeometric Series, Cambridge University Press, Cambridge.

30. W. Miller (1968), Lie Theory and Special Functions, Academic Press, New York. 31. G. E. Andrews (1972), Summations and transformations for basic Appell series, J. London Math. Soc. (2) 4, 618–622.