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Abstract

This paper is one of a series that lays the groundwork for a struc-
ture and classification theory of second order superintegrable systems,
both classical and quantum, in conformally flat spaces. In the first
part of the paper we study the Stéckel transform (or coupling con-
stant metamorphosis) as an invertible mapping between classical su-
perintegrable systems on different 3D spaces. We show first that all
superintegrable systems with nondegenerate potentials are multisepa-
rable and then that each such system on any conformally flat space is
Stéckel equivalent to a system on a constant curvature space. In the
second part of the paper we classify all the superintegrable systems
that admit separation in generic coordinates. We find that there are
8 families of these systems.



1 Introduction

This is a continuation of the series [1, 2, 3] whose purpose is to lay the ground-
work for a structure and classification theory of second order superintegrable
systems, both classical and quantum, in complex conformally flat spaces.
Real spaces are considered as restrictions of these to the various real forms.
In [1, 3] we have given examples in two and three dimensions, described
the background as well as the interest and importance of these systems in
mathematical physics and given many relevant to such systems on confor-
mally flat spaces. Observed features of the systems are multiseparability,
closure of the quadratic algebra of second order symmetries at order 6, use of
representation theory of the quadratic algebra to derive spectral properties
of the quantum Schrodinger operator, and a close relationship with exactly
solvable and quasi-exactly solvable problems. Our approach is, rather than
focus on particular spaces and systems, to use a general theoretical method
based on integrability conditions to derive structure common to all systems.
In distinction to the two-dimensional case, there are relatively few papers
considering superintegrabiltiy on spaces of dimension > 3. A few exceptions
are [4,5,6,7,8,9, 10, 11, 12, 13]. Except for our own work, no one appears to
have studied the detailed structure and classification theory for these higher
dimensional systems.

In the first part of this paper we study the Stéckel transform, or coupling
constant metamorphosis, [14, 15], for 3D classical superintegrable systems.
Recall that for a classical 3D system on a conformally flat space we can always
choose local coordinates z, y, z, not unique, such that the Hamiltonian takes
the form H = (p? + p3 + p3)/Mx,y,2) + V(x,y,2). This system is second
order superintegrable with nondegenerate potential V- =V (x,y, z, o, 3,7, 9) if
it admits 5 functionally independent quadratic constants of the motion (i.e.,
generalized symmetries) Sy = >, aa)pipj + Wiy (z,y, a0, 3,7). As described
in [3], the potential V' is nondegenerate if it satisfies a system of coupled
PDEs of the form

Vay = Vi1 + APVi + BV, + C%Vs, Vig = Viy + A%V) + BPV, 4+ CPVs,

Vig = A2V + BV, + C'2V3, Vig = ABV, + BV, + %15,

whose integrability conditions are satisfied identically. The analytic func-
tions AY, B (C% are determined uniquely from the Bertrand-Darboux equa-
tions for the 5 constants of the motion and are analytic except for a fi-
nite number of poles. At any regular point xo = (¢, o, 20), i.e., a point



where theA”, BY C% are defined and analytic and the constants of the mo-
tion are functionally independent, we can prescribe the values of V(xq),
Vi(x0),Va(x0),V5(x0),V11(x0) arbitrarily and obtain a unique solution of (1).
Here, Vi = 0V /0z, Vo = OV /0y, etc. The 4 parameters for a nondegenerate
potential (in addition to the usual additive constant) are the maximum num-
ber of parameters that can appear in a superintegrable system. If the number
of parameters is fewer than 4, we say that the superintegrable potential is
degenerate.

The 3D Stackel transform is a conformal transformation of a superinte-
grable system on one conformally flat 3D space to a superintegrable system
on another such space. We discuss some of the properties of this transform
for a classical system and then prove two fundamental results: 1) We show
that every superintegrable system with nondegenerate potential is multisep-
arable. This result uses the structure theory for such systems that we worked
out in [3]. 2) We prove that all nondegenerate 3D superintegrable systems are
Stéckel transforms of constant curvature systems. Thus, to obtain all nonde-
generate conformally flat superintegrable systems, it is sufficient to classify
those of constant curvature. The proofs of these fundamental results rest on
results obtained in [3], and the careful reader of this paper will need to keep
[3] at hand.

In the second part of the paper we use the results of the first part and our
explicit knowledge of all separable coordinate systems on 3D constant cur-
vature spaces to make a major advance in the classification of all separable
systems with nondegenerate potential on a conformally flat space. Among
the separable systems for 3D complex Euclidean space there are 7 that are
“generic”. We give a precise definition later, but, essentially this means that
the coordinates belong to a multiparameter family. The ultimate generic
coordinates are the Jacobi elliptic coordinates from which all others can be
obtained by limiting processes [16, 17]. We show that each of the generic
separable systems uniquely determines a nondegenerate superintegrable sys-
tem that contains it. We obtain a similar result for the 5 generic separable
systems on the complex 3-sphere. However, 4 of these turn out to be Stackel
transforms of Euclidean generic systems. Thus we find 8 Stéackel inequivalent
generic systems on constant curvature spaces and all generic systems on 3D
conformally flat spaces must be Stéckel equivalent to one of these. (In ad-
dition there are 2 nondegenerate superintegrable systems in Euclidean space
that are only weakly functionally independent and these give rise to similar
systems on a variety of conformally flat spaces.) Thus we exhibit 10 families
of superintegrable systems in conformally flat spaces. This doesn’t solve the
classification problem completely, but it is a major advance. Any remaining
nondegenerate superintegrable systems must be multiseparable but separate



only in degenerate separable coordinates. This remaining problem is still
complicated, but much less so than the original problem. This is a techni-
cally detailed proof, but the results are quite explicit and easy to grasp. We
derive and give a simple characterization of 8 families of separable systems
whose Stackel transforms yield nondegenerate superintegrable systems on a
variety of conformally flat spaces.

The next paper in this series will extend all of our classical 2D and 3D
results to the quantum case. This is very easy in the 2D case but requires
some machinery in 3D.

1.1 Second order conformal Killing tensors

There is a close relationship between the second-order Killing tensors of a
conformally flat space in 3D and the second order conformal Killing tensors
of flat space. A second order conformal Killing tensor for a space M3 with
metric ds® = \(x1, T2, ¥3)(dz? + do3 + dx3) and free Hamiltonian H = (p? +
p3 + p3)/A is a quadratic form S = Y a” (1, xq, 23)p;p; such that {H,S} =
f(x1, 29, x3)H, for some function f. Since f is arbitrary, it is easy to see that
S is a conformal Killing tensor for Mj if and only if it is a conformal Killing
tensor for flat space dz? + dx3 + dx3. The conformal Killing tensors for flat
space are very well known, e.g., [18]. The space of conformal Killing tensors
is infinite dimensional. It is spanned by products of the conformal Killing
vectors

D1, P2, D3, T3P2 — T2P3, T1P3 — T3P1, T2P1 — T1P2, T1P1 + Top2 + T3ps,

(z] — 25 — x%)pl + 221 23p3 + 211 T9py, (73 — 27 — x%)pg + 2w9x3p3 + 222211,

(x§ - xf - x%)pg + 2x311p1 + 223222,

and terms ¢(z1, T, 23)(p] + p3 + p3) where g is an arbitrary function. Since
every Killing tensor is also a conformal Killing tensor, we see that every
second-order Killing tensor for Mj3 can be expressed as a linear combination
of these second-order generating elements though, of course, the space of
Killing tensors is only finite dimensional. This shows in particular that every
a” and every a" — a’7 with ¢ # j is a polynomial of order at most 4 in
T1, To, T3, no matter what is the choice of \.

A straightforward, though tedious, computation from the above results
yields the expressions

12 12 2 2
aj] = —agy = a3(T7—15)+(014+72)T1Te— 0 T1 T3 — Qo aT3+ 371 +E3T0+H i3T5+ 13,
(2)
13 __ 13 __ 2 2
aj; = —Qg3 = a2($1—$3)—a1$1I2 +’)/25U1$3—C¥3952$3+¢2[E1+52372 + o3+ Vo,
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23 __ 23 __ 2 2
Q33 = —QAg9y = &1(%2—.1’3)—0621’1.732+043131l’3+51$2$3+¢1$1 +€1$2+,U/1$3+V1,

where a,d;,7;, 5, &5, f1j, v; are constants. Furthermore. (a" — a/); = 2a}
for i # j, and ai* + a3’ + a3 = 0.
It is useful to pass to new variables a'', a®*, a34, a'?, a'3?, @3 for the

Killing tensor, where a?* = a?? — a'', a3* = a3 — a!'. Then we see that
a2t g3 gl 13 23
) )

a’*, a'?, a*°, a* are polynomials of order < 4. The remaining conditions
can be expressed in the form

(all)\)l = —)\2(112 — )\3(1,13, (CLH)\>2 = —)\1a12 - (CL24/\)2 - /\3@23, (3)

(CL11>\)3 = —)\16L13 - )\2@23 - (CL34)\)3.

Theorem 1 Necessary and sufficient conditions that the quadratic form S =
>ij ap;p; + W be a second order constant of the motion for the space with
metric ds®> = \(dx? + dz3 + dz2) and potential V are

1 ¥ ap;p; is a conformal Killing tensor on the flat space with metric
dri + dx3 + dx3.

2. The integrability conditions for (3) hold:

(AQaIQ + )\3a13)2 = ()\1@12 + (a®* Mg + A3a23)1 : (4)

()\2@12 + )\3@13) ()\1@13 + )\2@23 + (G34)\)3)1 )

3 pr—
(Alam + (a** )y + )\3a23>3 = (Alal?’ + Apa® + (a34)\)3)2 )
3. The Bertrand-Darbouzx conditions for the potential hold:

3 Ve = Vaha¥ + V. (Aa™); — (Aa¥))| = 0. (5)

s=1

These are just the conditions 0,,W; = 0, W, for j # (.

2 The Stackel transform for 3D systems

The Stéckel transform [14] or coupling constant metamorphosis [15] plays a
fundamental role in relating superintegrable systems on different manifolds.
Suppose we have a superintegrable system

g Pt

oy V) ()
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in local orthogonal coordinates, with nondegenerate potential V(z,y, 2):
Vis = Vi + A%Vi + BV + CFV3, Vo = Vi + A%Vi + B2V, + C7V3,

Vag = AWy + B¥Vy + C%V3, Vig = APVi + BPVa + CPV3,
‘/12 :A12V'1 +B12‘/2+012‘/E; (7)

and suppose U(z,y,2) is a particular solution of equations (7), nonzero in
an open set. Then the transformed system H = (pi + p3 + p3)/\ + V with
nondegenerate potential V(z,y, z):

Vis = Vi + A%V, + B¥V, + C%Vy, Vo = Vi + A2V) + B2V, + C2V,
Vas = A%V, + B®V, + C%s, Vig = AV, + BV, + O,
Vig = APV + BV, + OV, (8)

is also superintegrable, where

. N U U
A=)\ — — AB — 43 271 33 _ (33 _ 9 3
U, V=r +2, C¥=C o
. U, - U, - Uy = U
A22 _ A22 271 B22 _ B22 9 2 B23 _ B23 U3 23 _ 23 _ 2
+ U’ U’ U, C C U’
- Us = U Uy, = U
A3 A1 _ Y3 013 _ 013 Y1 A2 — A2 _ 2 B2 _ p12 _ 1
U’ U’ U’ U’

and A2 — A23, B33 — 3337 B3 — 3137 22 — 02247 C12 — 012 Let
S =3 a“ppj + W = Sy + W be a second order symmetry of H and Sy =
S app; + Wy = Sp + Wy be the special case that is in involution with
(P? +p3 +p3)/A+U. Then S = S — W H is the corresponding symmetry
of H. Since one can always add a constant to a nondegenerate potential, it
follows that 1/U defines an inverse Stiickel transform of H to H. See [14] for
many examples of this transform.

3 Multiseparability and Stackel equivalence

From the general theory of variable separation for Hamilton-Jacobi equations,
e.g., [20, 21] we know that second order symmetries Ly, Ly define a separable
system for the equation

_ PPyt

H
ANz, y, 2)

+V(z,y,2)=F



if and only if 1) The symmetries H, Ly, Ly form a linearly independent set as
quadratic forms, 2) {L1, Lo} = 0, and 3) The three quadratic forms have a
common eigenbasis of differential forms. This last requirement means that,
expressed in coordinates x,v, z, at least one of the matrices A(j)(x) (of the
quadratic form associated with L,) can be diagonalized by conjugacy trans-
forms in a neighborhood of a regular point and that [A«)(x), Ax1)(x)] = 0.
However, for nondegenerate superintegrable potentials in a conformally flat
space we see that {L;, Lo} = 0 < [Ap)(X0), A)(%0)] = 0, F(x0) =0 at a
single regular point xg, see [3], §5, so that the intrinsic conditions for the
existence of a separable coordinate system are simplified.

Let A=3,.;a7 A%, B=73,.;b7 A7, be the matrices of two symmetries
at the point xo. Here, AY = (£ + £7%) where £7 is the 3 X 3 matrix with
matrix element 1 in row ¢, column j, and 0 everywhere else. From the table
in §5 of [3] we see that the corresponding symmetries are in involution if and
only if the matrices A, B commute and the additional condition

(a12bll _ b12a11)(033 _ B2 _ A13) + (a2 - a12b22)(033 _ 2323)+

(a13b11 o &11b13)(333 + 2A12 o B22) + (&33b13 o a13b33)(2333 + 2A12 o B22)+
(a23b22 . a22b23)<_2312 o ASS) + (a33b23 o 633a23)(—2312 + A22 o 2A33)+
2(a11b22 o a22b11 4+ a33b11 o a11b33 + a22b33 . a33b22)A23+
(a23b11 o a11b23)(A22 o A33) + (a33b12 . a12b33)(B23 . A13)+

(a13b22 o a22b13)B33 =0 (9)

holds. Note that the metric G does not appear in these conditions.

Theorem 2 Let V' be a superintegrable nondegenerate potential in a 3D con-
formally flat space. Then V defines a multiseparable system.

Proof: From (9) we see that the second order symmetries with matrices A3
and al A 43,412 will be in involution if and only if 20 A%+ 3(B?*— A3) = (
at the regular point xo. If A?*(x¢) = 0 we can set a = 1, 8 = 0 and the
symmetries A®3), A" will define a separable system. If A?(xq) # 0 we
can set a« = —(B* — A'3)/2A? 3 = 1. Then the symmetries with nonzero
matrices AG¥) and a A 4+ 402 will be in involution. The second case
must occur for some regular point xq unless A%3(x) = 0 for all x. In this last
eventuality we can perform a suitable Euclidean rotation (with arbitrarily
small complex rotation angle) so that A* doesn’t vanish identically in the



rotated coordinate system. It is a straightforward exercise to show that this
transformation is not possible if and only if

BS3 _ 022 — 0’ A13 — 323, A12 _ 023’ A22 _ A33. (10)

In this eventuality, we can set « = 0, = 1 and find a solution. Thus we can
always find a linear combination of these matrices, corresponding to § = 1
and with 3 distinct eigenvalues, so they will determine separable coordinates.
We could have carried through this same construction for the second order
symmetries with matrices A®? and 7.AM + 643 and for the second order
symmetries with matrices A and A% 4+ €A% and shown that we could
always find solutions with § = £ = 1. Thus the system is multiseparable (in
at least 3 coordinate systems). Q.E.D.

Corollary 1 Let V' be a superintegrable nondegenerate potential in a 3D
conformally flat space. Then there is a continuous I-parameter (or multi-
parameter) family of separable systems for V', spanning at least a 5-dimensional
subspace of symmetries.

Proof: We follow the method of proof of the theorem.

Case I: Suppose A%(xg) # 0. From (9) we can verify that the symmetries
with matrices

0, O, 0 q, 1/2, f/2
A=10, f3 —-f 1|, B=|1/2, 0, 0 : (11)
07 _f7 1 f/27 07 0

are in involution provided
_4f2B23 +2f2033 +3fBg3 +4fA12 o 2fB22 +fBQ3 _4f29A23 _ 4ng22
+4fgAP 4 4gA® 4 2B — 241 —2f3B% = .

Since A*(xg) # 0 this equation can be solved for g as a function of f for f
in some open set. The resulting symmetries A, B are in involution and have
cigenvalues (0,0, f2 + 1) and (0,3[g + V> + 62 + 1], 3lg — V2 + 9> + 1)),
respectively. Thus they determine a 1-parameter family of separable coor-
dinates. Moreover, as f varies in an open set, the space spanned by the
symmetries (including the Hamiltonian) has dimension 6.

Case II: If A%(xy) = 0, we can assume that equations (10) hold. Then the
problem breaks up into a series of special cases. Suppose first that C33 —
2A1 = ¢ 0. Then we can verify that the symmetries with matrices

0, 2gk/K, 0 fog/2, 1)2
A= 29k/K, 1, -g/K |, B=1]g/2, 0, 0 ;o (12)
07 _g/Kv 92/K 1/2a 07 k



are in involution provided K =1 —4fk # 0 and g satisfies
—g(2A"% — B*) + 2k(A*?* + 2B"?) = /.

If 2A2 — B?2 £ () then there is a nonzero solution expression g as a function
of k. Since f,k are essentially arbitrary, they determine a 5-dimensional
space spanned by the symmetries and a 2-parameter family of separable
coordinates. If 2412 — B?2 = (), A% 4+ 2B'2 = ( then k is a nonzero constant
and f, g are essentially arbitrary, so they again determine a 5-dimensional
space spanned by the symmetries and a 2-parameter family of separable
coordinates. If 2412 — B*2 = (0, A% + 2B'%2 = (, then the symmetries with
matrices

0, H/K, 0 foog/2, 1)2
A=| H/K, 1, 0 . B=|g/2, 0, h/2 ]|, (13)
0, 0, L/K 1/2, h/2, k

where K =1 —4fk — h? — 2hgf # 0, and
H = —h+2gk+hg’, G=—g+2fh+gh® L=g°—h>+2hg(k— [),

are in involution provided f = (g/2h — h/2g). (This implies G = 0 and
L = Hh.) They determine a 6-dimensional space spanned by the symmetries
and a 3-parameter family of separable coordinates. This covers all cases
where ¢ # 0.

Now suppose £ = 0, i.e., C33 = 2A'3. Then the symmetries with matrices
(13) are in involution provided

(24" — B*?)(h? — ¢* + 2hgf — 2hkg) + (A* + 2B"?)(=h + 2kg + hg*) = 0.

If 2A12 — B?2 £ () then we can solve this equation to express f as a nonzero
function of g, h, k. This yields at least a 5-dimensional space spanned by
the symmetries and a 3-parameter family of separable coordinates. Finally,
suppose in addition that 2A4' — B?? = (0. Then we can verify that the
symmetries with matrices

0, 0, 0 9. 1/2, [/2
A={o, 2 —f |, B=|1/2 0 0 |, (14)
0 _f7 1 f/27 07 0

are in involution with no conditions on f,g. Again, as f, g vary in an open
set, the space spanned by the symmetries (including the Hamiltonian) has
dimension 6. Q.E.D.

In [17] the following result was obtained.
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Theorem 3 Let uy,us, us be an orthogonal separable coordinate system for
a 3D conformally flat space with metric ds*. Then there is a function f
such that fds* = ds® where ds® is a constant curvature space metric and ds?
s orthogonally separable in exactly these same coordinates uy,us,us. The
function f is called a Stdckel multiplier with respect to this coordinate system.

Thus the possible separable coordinate systems for a conformally flat space
are all obtained, modulo a Stackel multiplier, from separable systems on 3D
flat space or on the 3-sphere.

Theorem 4 Fuvery superintegrable system with nondegenerate potential on
a 3D conformally flat space is Stackel equivalent to a superintegrable system
on either 3D flat space or the 3-sphere.

PROOF: Suppose we have a superintegrable system with nondegenerate po-
tential on a conformally flat space. Then by Corollary 1 this system separates
in a 1- or multi-parameter parameter family of coordinate systems spanning
a 5-dimensional subspace of symmetries. By Theorem 3 each of these three
systems is conformal to a separable system in flat space or on the 3-sphere.
Thus from [19], page 85, the metric for the space in standard Cartesian-like
coordinates x,y, z is simultaneously conformal to three systems correspond-
ing to the following possible choices for the metric function A(z,y, z), namely

1, 1/(x +iy)? 1/r*, (flatspace); 1/z%, 1/(1+1r%*/4)%, (3 — sphere); (15)

in the same coordinates, and each of the conformal factors is a Stackel mul-
tiplier with respect to the corresponding separable coordinates. From the
Corollary we see that we can find two separable systems such that the factor
(15) is the same, i.e., the metric must take the form d3* = fds* where ds?
is the metric on a single constant curvature space, either 3D flat space or
the 3-sphere, and the constant curvature space separates in these same two
coordinate systems. Further the space of symmetries spanned by the two
sets is at least 5-dimensional.

Then we have (H +V)/f = H +V where H 4 V is the original superin-
tegrable system, H is the Hamiltonian on a constant curvature space, and V'
is the induced multiparameter potential. Under the transform f each of the
commuting second order symmetries S of the original system that defines
a coordinate separation transforms to a symmetry of the form S + gsH for
gs a function. There are at least 5 such functionally linearly independent
symmetries arising from separation in 2 coordinate systems, so the constant
curvature space system admits 5 functionally linearly independent symme-
tries. Thus the potential V must satisfy the -Darboux equations for these
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symmetries. It follows that V' is nondegenerate and by Theorem 2 of [3]
that the system H + V' is itself superintegrable with nondegenerate poten-
tial. The function f is simultaneously a Stackel multiplier with respect to
the two coordinate systems whose symmetries completely characterize the
superintegrable system H + V. That is, f satisfies the Bertrand-Darboux
equations for 5 functionally linearly independent symmetries. Hence f itself
satisfies the equations that determine the nondegenerate potential V. This
means That the system H+ V is Stéckel equivalent to the constant curvature
space superintegrable system. Q.E.D.

4 Classification of nondegenerate systems

4.1 Separable systems in complex Euclidean space

It is a difficult task to list all 3D conformally flat superintegrable systems
with nondegenerate potential and to show that the classification is complete.
However, we now have tools to simplify the problem. First, since every such
system is Stéckel equivalent to a system on Euclidean space or the complex
sphere, we can restrict ourselves to those two spaces. Second, since every such
system is multiseparable, we can bring to bear our knowledge of all orthogonal
separable coordinates on these spaces. These results can be gleaned from the
books [20, 16] and many papers of the authors, e.g., [17]. Thus in principle,
we have enough information to accomplish our task, though the details are
formidably complicated.

We begin by summarizing the full list of orthogonal separable systems in
complex Euclidean space and the associated symmetry operators. Here, a
“natural” basis for first order symmetries is given by p1 = ps, p2 = py.p3 = p-,
J1 = yp, — z2py,Jo = zp, — wp., J3 = wp, — Yyp, in the classical case and
b1 = aam P2 = aya ps = 827 Jl = yaz - Zaya J2 = zaﬂc - xaz; J3 = xay - ya’p
in the quantum case. (In the operator characterizations for the quantum
case, the classical product of two constants of the motion is replaced by
the symmetrized product of the corresponding operator symmetries.) The
Hamiltonian is H = p? + p3 + p3. In each case below we list the coordinates
followed by the constants of the motion that characterize them.

Note: The bracket notation used to describe generic coordinates in three
dimensional Euclidean space is due to Bocher and is an adaptation of the
notation used to describe the elementary divisors of two quadratic forms
one of which is the quadratic form associated with Euclidean space and the
second with the quadratic form of the coordinate curves describing the co-
ordinate system. In order to do this in three dimensions and also deal with
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separable solutions of Laplace’s equation we use the symbol [pg, p1, -+, p;]
where Y7 p; = 5 and py > 2.(See [16] for further details). This determines

a coordinate system whose infinitesimal distance is of the form

1
(u—v)(u—w)

1
(w—v)(w —u)

1
P(u)pi+ P(v)p2+

ds” = (v —u)(v—w)

where P(A\) = (A —e1)P* -+ - (A — ¢,)P7. The index p, is associated with oo .

P(w)p:

o111 2= el el —c) 5 au-e)v-e)(w )

Y

(61 - 62)(61 - 63) (62 - 61)(62 - 63)

52— 2 (u—es)(v —es)(w —e3)
(es —e1)(e3 — ea)
Ly = JP+ J3 + J; 4+ A((e1 + e2)p3 + (e1 + e3)p3 + (e3 + e2)p}),
Ly = e1J} 4 exJi + e3Ji + P (ereaps + eresps + eseap?).

221] a2y = - [l a)lw o)

(e1 —e2)?
e C—Q es [(u—e)(v—re1)+(u—e)(w—e)+(v—e)(w—e),
(:I: — z'y)Z — 2 (U - 61)(21—_6612)(11) — 61)’ 22— 2 (u — 62)((67; : (Z;Ew - 62)

Ly = J}+ J5 + J; 4+ A((er — e2)(p1 + ip2)? + 2e0p3 + (e1 + e2) (0} + 13)),
Ly =ex(JP + J3) + (ea — e1) (1 +ia)? + er 5+
((exex(pt + p3) + er(er — e2)(p1 + ipa2)* + €3p3).
1 w2 +02+w?  1u?0? + w?w? 4 v2w?

23] w—iy=— -
23] @ -y 26( uvW 2 wdvdw3 )

1 w ww vw .
z2=-c(—+—+—), z+iy=cuwow.
2w v U

L1 = J12 —+ J22 -+ J-g? + 2C2(p1 + ipz)pg, LQ = —2J3(J1 + ZJ2> + CQ(pl + ?:pz)Q.

_C, g 9 9 1 1 1 3
BU] z= (@ +0ttwt+ S+ S+ )+ o0
c(u’—1)(v* - (w* — 1) o (u+1)(0? 4 1)(w? + 1)
=—= z=1- )
y 4 UVW ’ 4 UVW
1
L, = c(J3p2 - J2p3) + 02(10% - p%), Ly = —1J12 — cJops — CQP%-

12

w



1
[32] =+ iy = wow, x—iy:—(%—l—%—l—%), z=—(u® + v+ w?).
w v U 2

Ly = —c(Jy+iJy)(p1 + ipa) — c(J2 — iJ1)(p1 — ip2) — 02(]91 + Z'192)2
L2 == Jg - 26<J2 - lJl)(pl + Zpg)

1
[41] z+iy = u2v2+u2w2+v2w2—§(u4+v4—|—w4), z—iy = (u*+0v*+w?), z = 2icuvw.

The symmetries that describe this system are

L= —ZJg(pl—zp2)+(J2+zJ1)p3+zc4(p1+zp2)2, Ly = —(J1—iJy)*—2ic* (Jy+iJy)ps.

b =41y =clut+v+w), x—iy:E(u—v—w)(u—kv—w)(u—i—w—v),

z= —g(u2 + 0%+ w? = 2(uwv + uw + vw)).

Ly =iJs(p1 +ip2) + (Jo — iJ1)ps + cps(pr — ipa),
2

1 ) S . . . . ¢ :
Ly = Z(J2—2J1)2—0(2(J2+ZJ11(191+1P2)‘H(pl—lp2)(<]1+z=]2))+z(p1_Zp2)2'

We summarize the remaining degenerate separable coordinates:

Euclidean coordinates. All of these have one symmetry in common:
Ly = p2. The 7 systems are, polar, Cartesian, light cone, elliptic, parabolic,
hyperbolic and semihyperbolic.

Complex sphere coordinates. These all have the symmetry L; =
J2+J2+J3 in common. The 5 systems are spherical, horospherical, elliptical,
hyperbolic, and semi-circular parabolic.

Rotational types of coordinates. There are 3 of these systems, each
of which is characterized by the fact that one defining symmetry is a perfect
square.

Nonorthogonal heat type coordinates. Each of these nonorthogonal
systems corresponds to one first order symmetry. Hence it cannot arise for
systems with nondegenerate potentials.

Note that the first 7 separable systems are “generic,” i.e., they occur in
one, two or three - parameter families, whereas the remaining systems are
special limiting cases of the generic ones. We shall show that each of the
generic separable systems uniquely determines a nondegenerate superinte-
grable system.
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4.2  “Generic”’ 3D Euclidean superintegrable systems

Each of the 7 “generic” Euclidean separable systems depends on a scaling
parameter ¢ and up to three parameters ey, eo, 3. For each such set of coordi-
nates we shall show that there is exactly one nondegenerate superintegrable
system that admits separation in these coordinates simultaneously for all
values of the parameters c, e;.

Consider the system [23], for example. If a nondegenerate superintegrable
system separates in these coordinates for all values of the parameter ¢, then
the space of second order symmetries must contain the 5 symmetries

H=pi+p,+p.+V, Si=J+B+J+f, Sa=J(i+ik)+ fo,

83 = (pm+ipy)2+f3a 84 :pz<px+ipy)+f4-

It is straightforward to check that the 12 x 5 matrix of coefficients of the
second derivative terms in the 12 Bertrand-Darboux equations associated
with symmetries Sy, - - -, Sy has rank 5 in general. Thus, there is at most one
nondegenerate superintegrable system admitting these symmetries. Solving
the Bertrand-Darboux equations for the potential we find the unique solution

6} vz §(z? + y* — 32%)

V(x) = al2” +y" +27) + @rw)?  (@tiy? (z +iy)*

Finally, we can use the symmetry conditions for this potential to obtain
the full 6-dimensional space of second order symmetries. This is the su-
perintegrable system III on the following table. The other six cases yield
corresponding results.

Theorem 5 Fach of the 7 “generic” Fuclidean separable systems determines
a unique nondegenerate superintegrable system that permits separation simul-
taneously for all values of the scaling parameter ¢ and any other defining
parameters e;. For each of these systems there is a basis of 5 (strongly) func-
tionally independent and 6 linearly independent second order symmetries.
The corresponding nondegenerate potentials and basis of symmetries are (the
fj are functions of x1, 9, x3):

(0% (6] 3

1
I[2111] V:ﬁ+?+;+5(2+y2+z2), (16)
2 2, Q 2, 2% 2T
P’i = 8@ + 51‘1 + ?7 \7ij = (l‘lp% - I]pxz) + Q; 2 + j?a (2 J
7 ? J
T — 1y ¥ )

IT [221] V=a@®+y"+2*)+8

(x4 iy)3 N (x+1iy)? 2%

14



SlzJ'J—i-fl, Szzpz—i-fg, 83:J§+f3,
Si=(pe+ipy)° + f1, Ls=(Jo—iJ1)* + fs.
3 N o7 §(x? +y? — 32%)
(z+iy)? (v +iy)? (z +iy)*
(18)
Si=J-J+fi, So=(J—i)>+ fo, Sz=Js(Jo—iJy)+ fs,
Sy = (ps +ipy)* + fa, S5 =p.(ps +ipy) + f5.

5
IV [311] V:a(4x2+y2+22)+ﬁx+;2+227 (19)

11T [23] V=a(z*+y*+ 2%+

Si=pi+f. Se=pi+fo Ss=p.lotfs
Si=pyls+ f1, Ss=Ji+ s
gl d(y — iz)
(y+iz)?  (y+iz)3’
Si=pi+fi, Sa=Ji+fo, S3=(p.—ipy)(Jo+iJs)+ fs,
Si=p:da—pyds+ [, S5 =(p.—ip)* + f.
VI 41V =« (22 —2(z —iy)® + 4(z* + y2))+5 (Z(x +iy) — 3(x — iy)2> +7(x—iy)+252,

(21)
S1=(pe—ip,)* + fi, So=p>+fo, Sz=p.(f+iky)+ fs

V[32] V=oa(®+y>+22)+ Bz + (20)

]

Sy = J3(pe —ipy) — ~(pe +ipy)° + f1, S5 = (Jo +iJ1)? + dip.Jy + fs.

4
VII [5] V= a(:ﬁ+iy)+ﬁ(i($~|—iy)2+iz)+7((x+iy)3+116(96—iy)+2(93+iy)z)
(22)
5 VI R N N2
—1—5(%(;5 +iy)* + E(as +y +27) + g(a: +1y)*2),

1

S = (Ji +iJa)* + 20y (pe + ipy) — Jo(po + ipy) + 1@5 —p2) —iJsp. + 1,

- %pypz + fo Sz = (ps+ipy)’ + f1,
i
4

Note that in the complete list of orthogonal separable coordinate systems
for complex 3D Euclidean space there are some other systems besides the
first 7 that have parameter dependence, e.g., cylindrical elliptic coordinates
Ly = p3, Ly = J? + ¢*p?. However, for all of these other coordinates the
corresponding Bertrand-Darboux equations have only rank 4, hence they do
not uniquely determine a possible superintegrable system.

82 = Jsz - J3py + Z(Jfﬂpm - lez)

Si = Jsp, +iipy +idopy + 2Jips + 02 + f3, S5 = p(ps +ipy) + [5.

15



4.3 Interbasis expansions for Euclidean systems

To proceed with the classification of nondegenerate Euclidean superintegrable
systems we need to look more closely at the relationship between a standard
basis of symmetries for such a system and the “natural” basis written in
terms of the linear and angular momentum generators py, Ji, k=1,---,3.

Let us denote our preferred Cartesian coordinate system by x = (u, v, w)
and let xg = (7,9, 2), be a fixed regular point. We define the translated
Cartesian coordinates (X,Y,Z) by u = 2+ Xwv = y+ Y, w = 2z + Z.
Then, near the regular point (z,y, z) we have a basis of “natural symmetries”
P1=Dx, P2 =DPv.p3 =Pz, 1 = Ypz—Zpy,Jo = Zpx—Xpz,Js = Xpy —Ypx.
Now suppose we have a Euclidean superintegrable system with nondegenerate
potential. Then there will exist 15 rational functions AY(z,y, z), BY(x,y, 2),
C¥(x,y, z), that completely characterize the superintegrable system. In par-
ticular, only 10 of these are linearly independent, see relations (52),

AQZ, A33, BQQ, ng, 033’ A127 Bl2’ A137 A23, BQS, (23)

and they are subject to the five quadratic conditions (53) with G = 0. These
functions are related to the symmetries S = 3~ a”p;p; + W via the conditions
(51). Recall that the second order basis symmetries at the regular point
Sim(x) =Y Ay (X)PiDj + frem) take the form S (x0) = pip; + fiom)(%0)
when evaluated at the point. Thus we can expand each standard basis sym-
metry in terms of the natural basis at the point via

S = ppm + o™ J7 + al™ T+ g™ T

+ al™py + o pody + ol ™ pyJy + ol ™y s + a5V p

+ agflm)p2J3 + Oé%m)pgjl + O[:(lgm)ngQ + Oégim) J1J2 + Ckggm) J1J3
+ i s+ WO (x), (24)

where the a,(fm) are constants in X, Y, Z but rational functions of the param-

eters z,y, z of the regular point. (This notation for the expansion coefficients
as is not completely logical, but since all of our software programs use the
same notation we continue to use it to avoid (our) confusion.)

We conclude that all of the expansion constants a,(fm) can be expressed in
terms of the 10 numbers (23). However, we shall not embark on this straight-

forward task but instead restrict ourselves to expanding the two symmetries

SU = pips+ s Ji + audi + azJ;

agprJ1 + arpaJe + agprJa + agprJ3 + aiopeJi (25)
a11peJ3 + iap3Ji + auspsJo + agJiJo + ais i3

g da s + WD (x),

- -+
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S13)

X0

pips + ayJi + oy 3 + o J3

+  agprJi + agpady 4 agpr s + agprJs + ogpa i (26)
+ aypads + aps i + Aapsda + oy i Je + a5 13

+ dgods + W (x).

12)

(Here, o, = al1?, o/, = a!?).) Indeed it is easy to verify that the 6 Bertrand-
Darboux equations for these two symmetries have rank 5 (an illustration
of Lemma 1 of [3].) Thus these two symmetries completely determine the
AY_ BY_(C% hence the superintegrable system.

If a7 (x) is the quadratic form associated with S1?)(x) it is straightforward
to verify that

a%l(xo) = 0, a%l(xg) = —qy, aél(xg) = g, (27)
ai’(x0) = an, a3’ (%) =0, a§2(xo) = —Qqo0,
CL??)(XO) = —013, a§3(xO) = 02, a§3(x0) =0,
1 1 1

G%Q(Xo) = 50497 @52(X0) = —50411, aéz(xo) = 5(047 — ag),

13 _ 1 13,y _ 1 13 _ L
ay (Xo) = 2048, Qg (Xo) = 2046, a3 (Xo) = 20413,

23 _ _1 23 _ 1 23 _ _}
ay (Xo) 20677 Qg (Xo) = 2a10, a3 (Xo) = 20612a

where al (x¢) = Opa® (%), There are identical relations for the other sym-
metries S¢™(x). Using the table (27) and the identities (52), (51) we can

express the expansion coefficients ag, - - -, a3 in terms of the 10 numbers (23)
at xq:
_ Lo s pos _ Lo opos _ Lo
ag = —(24 B¥), ar=-(A 2B*), ag=—-A",
3 3 3
1 1 1
_ oA _ 1% _ 1p22
Qg 3 , Qqp 3 , 011 3 )
1 1
19 — g(.B12 - A22 + A33>, 13 = —5(333 + Alz). (28)
The corresponding results for the expansion coefficients o, - - -, o5 of S1%)
are
/ L o2 33 / L 23 / L33
056 = —§<2A +B ), (17:—5(14 +2B ), 068——514 s
1 1 1
ag = §A23, g = —gBlza ayy = 5323,
1 1



The expansion coefficients of the terms of the form J,.J,,, i.e., as, ay, as,
14, Q15,0 can be expressed in terms of second derivatives of the asso-
ciated quadratic form, evaluated at the regular point x,. For example,
14 = 2a33(x) = —ai3(xg) = —ads3(xg). For a superintegrable system the in-
tegrability conditions for the symmetry relations (51) are satisfied identically,
so these equations can be differentiated to compute the second derivatives
ai,(xo) as a quadratic expression in the 10 basic constants (subject to the 5
quadratic identities (53)). Though straightforward, these computations are
tedious. The only relations that we will use here are those for the expansion

coefficients a14 . We have

1
0&1) _ =t (4A23(B33 — B2) — ABB(A® — A2) —24ABB12 4 2A12A23)

9
aﬁz) _ ; (4A12A23 +2B12B2 4L 9AZ B33 _ 9 A13R12 _ 9p23 433
+ 2323A22 _ 4312323 ) (30)
1
a(l?f) _ 5 (2323(/122 A3 B12) _4ABB2 4 2A23(A12 _9B2 4 333))

0&2) ; (( 9B _ A13)<333 . B22) . 2(333 4 A2 322)323
— A®B2 4 (2B23 + A13)A12 L 9B A _ 423 433 )

aﬁS) _ 118 (7(333)2 F(AB3)2 _9A2BI2 (A2 4 4A12 33
— ABCO _3(A12)2 _ 5(B2)2 _ 4ABB2 _ 7pR B3 _ 7pBCs
+ 2ABB2 L 7(BB): - ARAB)

aﬁS) _ ; (Azs(_323 +C’33) + (A23 _ A2 + BlZ)<A12 + B2 _ 333)>

Note that since the Hamiltonian is SM) + S®?) 4+ SG3) and the coefficient of
J1Jo in the Hamiltonian is 0, we must have aﬁl) + ozﬁQ) + ag?f) = 0, which
can be verified directly from the above expressions.

As a result of the previous discussion we have the result

Theorem 6 For a nondegenerate superintegrable system the expansion coef-

ficients al(fm) expressing the standard basis S in terms of the natural basis

DPnPk, Pk, Jndi are explicit linear and quadratic expressions in the 10 terms

(23).

4.4 The significance of “generic” Euclidean systems

Suppose we have a nondegenerate Euclidean superintegrable system with
potential V' that is separable with respect to some orthogonal coordinates.
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(Since every superintegrable system is multiseparable, we know that such
coordinates exist.) By performing an Euclidean transformation, if neces-
sary, we can assume that the separable coordinates are in a standard form
determined by two constants of the motion in involution,

=> apip;+ fi, Lo =Y b9pip; + fo.

Clearly, L, and Ly lie in the 6-dimensional space of second order symmetries
for the superintegrable system. Thus, the quadratic form a%, for example,
satisfies the three Bertrand-Darboux equations for potential V. Since V
is nondegenerate we can express the second derivatives V;; — Vi, and Vj
with j # k in the Bertrand-Darboux equations as linear combinations of
the first derivatives V},. Equating coefficients of Vi, V5, V3 separately in each
of the three equations, we end up with nine linear conditions for the 10
constants A?2,..., B* at each regular point. A typical example of one of
these conditions is

AB(3a™ = 3a%) + B®(0) + A%(=3a'?) + A(0) + B*(0) +
B(0) + A*(=3a"%) + B*(0) + A(=3a*) + C*(0) = —a}®+ail.

Here, B*(0) = 0, etc. For the second symmetry there will be nine more linear
conditions with @ replaced by b”. Thus we will have 18 linear equations (not
linearly independent) for the 10 quantities A%2, ---, B*. Another source of
conditions is obtained by writing the symmetry L; in terms of the standard

basis: 3 -
a(x) = 3 a"™(%0) Af (%),

<m

where Aé?m) is the quadratic form associated with the standard basis sym-
metry S at xo. Expanding both sides of this equation in terms of the
natural basis we obtain linear and quadratic conditions on the 10 basic quan-
tities. For example if we equate coefficients of the natural basis element J;.J,
we find the quadratic conditions for L; and Ls:

2a33(Xo) Z a™™(xo) a14 m) 2by3 (%) Z b (%) a14 ™, (31)

<m <m

Though there are many other quadratic conditions for L, Ly to belong to
the symmetry algebra, we shall use only these 2 and the 5 fundamental
quadratic identities (53) that hold independent of any choice of L1, Ly. Note
that by equating coefficients of natural basis elements of the form p;J, we
could obtain linear identities. However, these are equivalent to the linear
conditions for a¥, b¥ already discussed above.
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We give an example to show how this works. Suppose we have a non-
degenerate superintegrable system that admits separation for some special
choice of ellipsoidal coordinates [2111]. (Here we do not assume that the
system separates for all values of the parameters c, e, s, €3, but only for one
value.) By performing an Euclidean transformation and a change of scale
we can assume that the coordinates are in the standard form [2111] in our
table and that ¢ = 1,e; = 0,e; = 1 and e3 = a where a is any fixed complex
number such that a(a — 1) # 0. It follows that

a'=y*+22+a+1, a®=2"+2+a, @ =2"+y"+1,

a? = —zy, a®=—-xz, a®=—yz, M =ay*+22+aq,

V? =ax®, ¥ =27 bV =—axy, bP=-2z, b =0,

at any regular point with coordinates (x,y, z). Substituting these expressions
into the 18 linear conditions discussed above, with the help of Maple, we find
that there are exactly 7 independent linear conditions. Thus the 10 quanti-
ties A?2 ... B% can be expressed linearly in terms of 3 of these quantities.
Substituting this result into the 5 fundamental quadratic identities (53) we
find that these identities yield a single linear relation for the remaining 3
unknowns. Finally we substitute our expressions in terms of the 3 unknowns
and (30) into (50) and obtain (with the help of Maple) 2 more independent
linear conditions. Thus we end up with 10 independent linear conditions for
our 10 unknowns, and we obtain the unique solution

3

e 033: 3
z

A12 — BlZ — A23 _ B23 — A13 _ B33 — 0’ ASS — A22 — -=, BQ2 —
z

which corresponds to the nondegenerate potential [I],

o 5 Y 2 2 2
Note that it was obvious that our conditions would have solutions, since
we already knew that system [I] separated simultaneously for all choices of
the parameters c, ey, ez, e3. What was far from obvious is the fact that no
other mnondegenerate superintegrable system separates for any special case

of ellipsoidal coordinates.

Theorem 7 A 3D Fuclidean nondegenerate superintegrable system admits
separation in a special case of the generic coordinates [2111], [221], [23],
[311], [32], [41] or [5], respectively, if and only if it is equivalent via a Eu-
clidean transformation to system [I], [II], [II1], [IV], [V], [VI] or [VII], re-
spectively.
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The proof (complicated but straightforward) proceeds exactly as the case
[2111] described above. For each case [221]-[5] we use the symmetries a*, %
from the table. The 18 linear conditions discussed above reduce to exactly
7 independent linear conditions. Thus always the 10 quantities A?2, ... B%*
can be expressed linearly in terms of 3 of these quantities. Substituting
into the 5 fundamental quadratic identities (53) we find that these identities
yield a single linear relation for the remaining 3 unknowns. Substituting our
expressions in terms of the 3 unknowns and (30) into (50) we obtain 2 more
independent linear conditions. Thus we end up with 10 independent linear
conditions for our 10 unknowns, and a unique solution, the corresponding
generic superintegrable system.

This does not settle the problem of classifying all 3D nondegenerate su-
perintegrable systems in complex Euclidean space, for we have not excluded
the possibility of such systems that separate only in degenerate separable
coordinates. In fact we have already studied two such systems in [3]:

O] V(z,9,2) = ax + By + vz +6(2* +y* + 2%).

1 1)
[00] V(z,y,2) = %(1’2 + 1y + Zzz) + Bx +yy + = (32)

However, both of these nondegenerate syperintegrable systems are only weakly
functionally independent, in contrast to systems [I]-[VII]. Thus we consider
[O] and [OO] as associate members of the superintegrable family, not regular
members. An investigation of other possible Euclidean systems is in progress.

4.5 “Generic” superintegrable systems on the 3-sphere

An important task remaining is to classify the possible systems on the 3-
sphere (particularly those 3-sphere systems not Stéckel equivalent to a flat
space system). We choose a standardized Cartesian-like coordinate system
{z,y, z} on the 3-sphere such that the metric and Hamiltonian are

2

da? - du? + d=2 — 1 N2/ 2 2 2
7(1+%>2(x tdy” +d27), H= (14 )z +p, +p2) + Ve (33)

ds® =

where 7% = 22 + y? + 2z2. These coordinates can be related to the standard
realization of the sphere via complex coordinates s = (s1, s2, S3, $4) such that
Z?Zl s3 =1 and ds* = 33, ds7 via

4x 4y 4z 4 — 72

Tt T ap BTy MT g (34)

S1
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with inverse © = 2s1 /(14 s4),y = 282/(1+84), 2 = 2s3/(1 + s4). Here, z,y, 2
are local coordinates in a neighborhood of the pole P = (0,0,0,1) on the
3-sphere. A basis of Killing vectors for the zero potential system is J,, Kj,
h =1,2,3 where

Ji=yp. — z2py, Jo=2pe —ap., J3=2Tpy — Ybu, (35)

2 —y? — 22 Ty @z y? — 2% — 22 Ty Yz
Kzl—xi 7ZaK:1— o YT P
1= (1+ : JPat =Pyt P, Ko = (14 : )Pyt et P

22— a? — 2 xrz Yz
Ks=(14——")p.+ —ps+ =py.
3= (1+ 1 )Pz + e+ Py
The commutation relations are
{J1, o} = J3, {K1, Ky} =Js, {Ki, o} =K; (36)
and their cyclic permutations. The relation between this basis and the stan-
dard basis of rotation generators on the sphere Iy,, = siPm — SmPr = — e
is
Ji=lo3, Jo =131, J3 = l1o, K1 =141, Ko = Iy, K3 = Iy3. (37)

We shall use the x,y, z coordinates as standard but we also need to see
how these coordinates relate to analogous Cartesian-like coordinates centered
at any point T on the sphere. We can always find a complex orthogonal
matrix O, not unique, such that T = OP. If XY, Z, (34), define local
Cartesian-like coordinates near P then via t = Os(X,Y, Z) they also define
local coordinates in a neighborhood of T = (T}, T3,T3,T,). Moreover, since
O is orthogonal we have
ds* =dt -dt =d Os-d Os =ds-ds = ————(dX* + dY?* + dZ?),
(1+

so we can consider X, Y, Z as Cartesian-like coordinates in a neighborhood of
T. We can also require that the coordinate axes line up so that differentiation
of s by X, Y, Z, respectively, at P corresponds to (normalized) differentiation
of t by z,y, z, respectively, at T, i.e., so that px corresponds to (1+172/4)p,,
etc. Thus,

2
——0,t) =0
1+ t=T

( at)| =0

1414 =T

o O O -
—~
O O = O
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2
— 0.t =0
1414 ) =T

( ., T=0

_ o O
—_ o O O

o

This determines O uniquely, since the column vectors on the left hand sides
of these expressions are mutually orthogonal unit vectors. We find

_TETl T _ o
W+l Tat1’ Tit17 1
_ N _ T22_T4_1 _ I35 T
Or = Ty+17 Ty+1 Ty+17 2 (38)
Y AVE _ TbT3s _ T3-Ty—1 T
Ta+1° Tat1° Tatl > 3
_Tla _T27 _T37 T4

In the P-based coordinate system the coordinates of t are u, v, w where u =
2t1/(1 + tq),0 = 2t /(1 + t4), w = 2t5/(1 + t4). From the equation t = Ors
we can solve for u, v, w to obtain
Yy = 4r*X = 22(xX +yY +22) + 4(x + X) — xR?] (39)
16 — 8(z X +yY + 22) +r2R?
4r?Y = 2y(aX +yY + 22) + 4y + Y) — yR?|
16 —8(z X +yY + 2Z) + r2R?
Ar?Z —22(xX +yY +2Z) +4(2 + Z) — zR?
16 — 8(x X +yY + 22) + r?R?

To recapitulate: t is a point on the complex unit sphere, (x,y,z) are
the coordinates of T in the P-based system, (u,v,w) are the coordinates
of t in the P-based system, and (X,Y,Z) are the coordinates of t in the
T-based system. Thus, for fixed T, equations (39) define the coordinate
transformation between (u, v, w) and (X,Y, Z). We can write equations (39)
in a simpler form by introducing the supplementary variables

v=""1 y=""Y w2 Qopiviiw?
1+ 1+ 1+
Then )
1—3s2X
U: 1 = r2R2 ) (40)
1—5@X +yY +22) +
1 1
V: 1—§yY _ W: 1—§ZZ __
1—3(@X +yY +22)+ 52 1—2(aX +yY +22)+ 55
with inverse U0
X = 1@ (41)

1+ L(aU +yV + 2W) + =&
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V+4Q? P W+ 3Q°
202 - 202
+ 3(@U +yV + 2W) + =2 1+ L(aU +yV + 2W) + =%

In reference [22] we have determined all orthogonal separable coordinate
systems on the complex unit 3-sphere. Of the 21 systems listed those that are
“generic”, in the sense we used for Euclidean separable systems, are given as
follows with coordinates followed by defining constants of the motion. (Here
we take the Hamiltonian as Lo = I{, + I35 + I, + I3, + I3, + I3, and we
recall the identity Iogly + I31140 + [12143 = 0.)

[ 1111] (system (17) in [22]

)
§2 — (371 —€1)(T2 — 61) T3 — 61)
' (61—62 €1 — 63)
)

)(
)
§2 — ($1 - 63)(332 — €3
’ (e3 —e1)(e3 — e2)
L1 = (ertea)[1y+(er+es) 15+ (e1tea) I+ (eate3) 55+ (eates) I3+ (es+es) I3,

Ly = erealiy + ereslis + eregliy + esesly + exeala, + esesl3,.
[211] (system (18) in [22])

(21 —e1)(w2 —er)(w3 — €1)
(er —e3)(er — e4)

zy —e1)(ze —er)(x3 — 61))
(e1 —e3)(er — e4) ’

2 — _ (1 — e3) (22 — e3)(x3 — €3) 2= (1 — €q) (2 — e4)(x3 — €4)
’ (€3 —e1)?(es —e4) ! (ea—e1)*(es—es)

£1 = ([14 +'i[24)2 + (IIS +’l[23> =+ 261 (2[12 =+ ]14 =+ [ 24 =+ 113 =+ 1223)

Y

(iSl + 82)2 = -2

2o _o, <<

+2e3 <[34 + Iy + [23) +2e4 (1124 + 13+ I§4) ;
Ly =elli, +eres ([123 + 1223) + ereq ([124 + [224) + eseql?,

e . € .
53 (I13 + 2[23)2 + 54 (I14 + 2124)2 .

[22] (system (19) in [22])

(s1+1is2)° = _2(961 - 61)(<(i2_—621))2(x3 — 61)7 (s34 is4)® =
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(#1—es)(wa —es)(ws —€3) 5, o O ((z1—e)(wa—er)(w3 —e1)
—2 2 ) Sl+52 - T a9 2 )
(61 - 63) 861 (61 - 63)

Ly = =13+ I}y +ilislos + iladog + ilo3Ioq + il13114
+(€1 — 63) [1122 — I§4] + €9,
L= el + I3, + eves I+ I3y + Iy + I3
1 ‘ . . .
_'_Z [[123 + [224 - [124 - 1223 + 2Z113[23 + 22[13[14 - 22[14124 - 27,[23[24

(& . .
—4]13124 — 2]12]34] + 51 {]123 — 1224 - 1124 + 1223 + 22]13]14 + 21[23]24}

€3
2

[31] (system (20) in [22])

+ 2 [ I3+ Iy + I3y — I3y + 2il1Ts + 2iL1a 4] -

(x1 —e1)(w2 — 1) (w3 —€1) (1 — eq) (w2 — eq)(x3 — €4)

. 2 N 9 _
i) = =2 (e1 —eaq) e (eg —e1)3 ’
- 9 [ (1 —ex) (w2 —er)(w3 —e1)

V2 4igy) = —— < |
sl Oey (e1 — €4)
2 2 2 _1@72<x1_61)(l’2—€1)(1‘3—@1)
§1+ 83+ s3= 28@% (61 _64>

Ly = \/5(]14]34 — Liolog + ilogl3y + i112113)
el ([122 + 155+ [223) + e ([3?4 + I+ [224) :
- _1 2 1 2 2 2 2
£2 = 2113+ 2 23 2113]23+6164 (]34+]14+]24>

e
= ef ([122 + Iy + [223) -

V2

+V/2¢4 (L1134 + 1194134) .

(—2il1o113 + 2112153)

[4] (system (21) in [22])

(51 +1is9)% = =2(x; — e1)(wg — e3) (w3 — e3),

(814 152) (53 +is4) = (1 —e1)(z2 — €e1)(z3 —€1)) ,

ey
2(s1 +1i59) (53 —184) + (53 +184)% = _(’fe% ((xy —e1)(x2 —e1)(z3 —e€1)) .
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1
£1 = 5 (2[34]14 + 2[12[14 — 2[23[34 — 2[12[23 — [224 + [223 — [124

+I123 + 20013014 + 20193004 + 20119004 + 20113034 + 20154134 + 22'112113) ;
1 1 1

1 7 )
Ly = —1124 — Iy3l34 — 11224 + 11223 + 1[124 - 1[123 - 5113]23 - 5—723]24
1 7 ) ) 1 1
5114[24 + 5113[14 — tlyyl3q +id13134 — 5113]24 — 5114]23-

We now show that each generic separable system on the 3-sphere uniquely
determines a superintegrable system with nondegenerate potential. The
proof is, in most part, analogous to that for the Euclidean case. Consider
system (1111). If we have a superintegrable system that admits the symme-
tries L1, Lo for all values of the parameters eq, - - -, e4 then it must have the
basis of symmetries

VIII  So=14+fy, Si=I14+fi, So=1I}+fo, Ss=1%+ fs,

The system of Bertrand-Darboux equations associated with these symmetries
has rank 5 so the potential is uniquely determined. Solving the Bertrand-
Darboux equations we obtain the nondegenerate potential on the 3-sphere

=t (42)

32 33 34

i'm e
no
no

This potential is not Stéckel equivalent to a potential on Euclidean space.

Three of the four remaining systems can be obtained in the same way.
However there is an alternative approach which enables us to obtain the
systems 2.3, and 4 from 1 via well defined limiting processes. These are
discussed elsewhere, e.g. [16, 17], but we content ourselves with an example
of how to obtain [211] from [1111]. If we make the transformations

1 1
S1— ==Y 32—>$(y1+6y2), a — —\/ 526, *g—ﬂ

then we deduce the relations

2 _ _(U —e)(v—er)(w—er)
e (e1 —ea)(er —e3)

0
. 251y = 0761?/%

The coordinates on the sphere can be represented using the identifications
y1 = (s1+152)/ V2,52 = (51— i82)/V2, Y3 = s3, ya = 54 where 2y1y2 + 3 +
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y? = s? + 52+ 52+ s2 = 1. We then transform the potential according to
afst+B/s3+v/s5+0/s7 = afyi + Bya/yi +v/y3 +0/yi.

An exactly similar approach leads to the coordinates, constants of the
motion and nondegenerate potential for the system [22]. Here the limit is
taken in the form e; = e; +€ ,e4 = e3+¢ where ¢,/ — 0. For the system [31]
we set eg = e1+¢€ , e3 = e;+€ and allow €, € — 0, whereas for system [4] we set
ea =e1+e€e,e3 =e1+€e1,e4 = e;+ey and allow €, €1, e — 0. In all cases except
[4] the requirement that we have separation for all values of the parameters
e; yields a set of 6 linearly independent second-order constants of the motion
that can be verified to correspond to a nondegenerate superintegrable system.
In the case [4] the constants of the motion don’t depend on e; and we have
only 3 independent symmetries. However, there is a unique potential that
is obtained as the limit of the nondegenerate potential for case [1111]. By
writing down the Bertrand-Darboux equations for this limit potential we
can directly verify that it admits 6 linearly independent symmetries and is
nondegenerate.

Theorem 8 Fach of the 5 “generic” 3-sphere separable systems determines
a unique nondegenerate superintegrable system that permits separation simul-
taneously for all values of the parameters e;. For each of these systems there
is a basis of 5 (strongly) functionally independent and 6 linearly independent
second order symmetries. In addition to system [VIII] above there are the fol-
lowing superintegrable systems (nondegenerate potential, followed by a basis
of constants of the motion):

I’ [211] (Stéckel equivalent to the Euclidean superintegrable system [I])

o as(s1 — i82) as N Qg
(81 + i82)2 (81 + iSQ)g S% 8?1 .

V= (43)

So = —7122 + fo, S1= §4+f1> Sy = 1123 +1223 + fa,
Sy =1}, +13,+f3, Si= Ls(lis+ilos)+fr, Ss=Lu(liy+ilay)+fs.

I’ [22] (Stéckel equivalent to the Euclidean superintegrable system [I1])

o an(s) — i89) o3 ay(s3 — i8y)
(s1+182)2  (s1+1is2)%  (s3+1is4)?  (s3+isy)

V= (44)

So = Ity + fo, 81:I§4+f17 3221123+1124+1223+1224+an
S3 = 1123+1124+i(113]23+l14124)+f3, Sy = 1123+]223+i(—713]14+]23]24)+f4,
S5 = 1123 +]224+i(113[14+[13]23 — Iyloy — In3loy) — 2113104 — I1o 134 + f5.
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IV’ [31] (Stéckel equivalent to the Euclidean superintegrable system [IV])

a1 (983 az(s? +s5—3s3)  ay

V= : : ; .
(s141is9)?  (s1+is9)? (s1+is9)* s

(45)

So=IHh+ I+ 135+ fo, Sy =L+15+5,+f1, S = (Iss—iliz)*+fs,
Sz = Lia(las —ilh3) + f3, Sy = Isa(I14 + ilog) + fu,
Ss = Lalsy — Liolos +i(Ioglss + L1iol13) + f5.

VI’ [4] (Stéckel equivalent to the Euclidean superintegrable system [VI])

a; ao(s3 +is1)  asl(s1+is2)(s3 —isa) — 2(s3+ 154)7

V= : 4 :
(s1+1is2)? (s1+1is9)3 (s1+1is9)%

+044[(31 +is2)(sT + 53 — 3(s3 4 s7) + (s5+ 1'54)3]. 1o
(51 +is2)°
SO:Il22+1123+1124+]223+]224+]324+‘/7
Sy = (Iis — oy + ilys +il14)* + f1,

Sy = A(loz 34 + Lialzs + Lizlas) + 4i(Loalzy — L13134)

+2i(I13023 — Tiadoa — LisTa + IngIog) — 2Do sy + Iy + I3, — I3, — I35+ fo,
S3 = 2(Naloz + Inzl3q — Dioliy — T14l34)
—2i(Iy3loy + Lizliy + Diglsy + Doalzg + Lioloy + Lialh3)
L+ Ly + Iy — I+ f,
Sy = (3 — log +ilpz +il1y)(L13 + Iog +ilp3 — il14) + f4.
Ss = (13 — Tog +ily3 + il14)(I34 — L12) + f5.

We also mention that the nongeneric superintegrable system on the 3-sphere
with potential

a Bs3 Y84 6(1 — 4s3 — 4s7)

00" V= — + —— + — + :
(s14+159)%  (s1+152)% (51 +1s2)3 (s1+isg)4

is Stéckel equivalent to the Euclidean superintegrable system [00].
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4.6 Interbasis expansions for 3-sphere systems

In analogy with our treatment of Euclidean systems, to proceed with the
classification of nondegenerate superintegrable systems on the 3-sphere we
need to look more closely at the relationship between a standard basis of
symmetries and the “natural” basis written in terms of the angular mo-
mentum generators Jy, K, { = 1,---,3. Then, near the regular point T,
ie., (r,y,2), we have a basis of “natural symmetries” J; = Ypyz — Zpy,
JQ = ZpX — sz, Jg = Xpy - pr, K1 = KX,KQ = Ky,Kg = Kz. At the
point itself we have (1+7%/4)p, = px, (1+72/4)p, = py, (1+7%/4)py = pz.
Now suppose we have a 3-sphere superintegrable system with nondegenerate
potential. Then there will exist 15 rational functions A¥|[x, vy, 2|, BY|[x,y, 2],
C¥lx,y, 2], (with respect to the (X,Y,Z) coordinates and restricted to the
point (X,Y, Z) = (0,0,0), that completely characterize the superintegrable
system. In particular, only 10 of these, (23), are linearly independent, see re-
lations (52), and they are subject to the five quadratic conditions (53) with
G(X,Y,Z) = InA = —2In(1 + R%/4). These functions are related to the
symmetries S = Y- a’p;p; + W via the conditions (51). The second order
basis symmetries at the regular point S{™(X) = 3 aé]ém) (X)pip; + fem)(X)
take the form S{™(0,0,0) = p;p;+ fim)(0, 0,0) when evaluated at the point.
Thus we can expand each standard basis symmetry in a neighborhood of the
point (z,y, z) in terms of the natural basis at the point via

S¢m = KK, + o™ 2 4 ol g2 4 aéem)(]g

™K T+ ™K Ty + ™K Ty + o™ K Ty + AT KT
M Ko Jy + AT+ A G Ty + oA T Ty 4+ a8 g
o™ Jy J5 + W (X), (47)

+ + +

where the a,(fm) are constants in X, Y, Z but rational functions of the param-

eters x, y, z of the regular point. Here we are taking into account the identity
S8 _ KinJ, = 0 and the fact that K, = pj, at the point (X,Y, Z) = (0,0,0).
Again, nondegenerate superintegrable system is uniquely determined by the
10 numbers (23), and these numbers themselves are subject to 5 quadratic
identities (53). (Note that G and all of its first and second derivatives vanish
when X =Y = Z =0, except that G;; = —1, ¢ = 1,2,3. Furthermore, we
can use relations (40) to express the derivatives of V' at the regular point
with respect to the (XY, Z) coordinates in terms of derivatives with respect
to (u,v,w). Thus the numbers (23) can be expressed as linear combinations
of the corresponding numbers with respect to the (u,v,w) coordinates.)

Although all of the expansion constants a,(fm) can be expressed in terms of
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these 10 numbers, we shall restrict ourselves to expanding the two symmetries

S12)

X0

K\ Ky +a3J? +agJ; + asJ;

oK1 g, + ar Koy Js + ag K Jy + ag Ky Js + a0 KsJq (48)
a1 KoJs + aia K3 Jy + a3 KsJy + angJ1Ja + asJiJ3

g JaJs + W2 (X)),

+ o+ o+

S — K\ Ks+ ayJ? 4 ol J2 + ol J?

K1y + o Ko dy + oKy Jy + ay K1 Js + oy Ko Jy (49)
o Ko ds + o Ky + oy K3 Jy + oy JiJy + o 1 s

+ g Jads + WD (X)),

— -

(Here, a, = o{!?| o/, = a{!®).) Since the 6 Bertrand-Darboux equations for
these two symmetries have rank 5, the symmetries completely determine the
AY_ BY_(C% hence the superintegrable system.

From (39) - (41) we have (with J,, = up, — vp, and cyclic permutations)

Ji = 1jrj((1+gj—Zf—Z:)JuﬂLZ;Jva?/;Jv—waszKv),

Jo = L 2((1—xz+yQ—ZQ)JU+$yJu+ZyJw—Z}(u+wa>,
14 474 4 2 2

Js = 11322((1—:”:—y:+ZZ)JWLy;JmLx;Ju—IKeryl(u),

K, = ! 2((1-1-932—y2—Zz)Ku—I—WKU—i—mKw—yJw—I—ZJu),
1+ 2 4 4 4 2 2

K, = 1 2((1_I2+y2_ZQ)Kv_|_wKu+Zwa—zJu+wa>,
1+ 2 474 4 2 2

Ky = 1 2((1_1:2_y2+Z2)Kw+mKu+ysz—va+yJu>-
1+ 2 4 44 2 2

The inverse of these relations takes almost exactly the same form. Now,
suppose we have a nondegenerate 3-sphere superintegrable system with po-
tential V', that is separable with respect to some orthogonal coordinates.
(Since every superintegrable system is multiseparable, we know that such
coordinates exist.) By performing an Euclidean transformation, if necessary,
we can assume that the separable coordinates are in some standard form de-
termined by two constants of the motion in involution, L; = 3 a“p;p; + fi,
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Ly = Y bp;p; + fa. Clearly, Ly and Ly lie in the 6-dimensional space of sec-
ond order symmetries for the superintegrable system. Thus, the quadratic
form @', for example, satisfies the three Bertrand-Darboux equations for po-
tential V. Since V is nondegenerate we can express the second derivatives
Vii — Vg and Vj, with j # k in the Bertrand-Darboux equations as linear
combinations of the first derivatives V}. Equating coefficients of Vi, Vs, V3
separately in each of the three equations, we end up with nine linear condi-
tions for the 10 constants A?% ..., B* at each regular point. If we choose
the Cartesian-like coordinates X, Y, Z that vanish at the regular point, then
we obtain the same 18 conditions as in the Euclidean case. Indeed, the first
derivatives G; all vanish at the regular point.

For the second symmetry there will be nine more such linear conditions
with @ replaced by b”. Thus we will have 18 linear equations (not linearly
independent) for the 10 quantities A%, ... B,

The 5 fundamental quadratic identities (53) are identical to those for the
Euclidean case. This is because the only nonzero terms in the metric for the
3-sphere are G;; = —1 and all such terms occur in the form G;; — G;; = 0 in
the 5 quadratic conditions.

Another source of conditions is obtained by writing the symmetry L; in
terms of the standard basis: a"(x) = Y ,<,, a"™(x0) E]Km) (x), where Az,m)
is the quadratic form associated with the standard basis symmetry S at
xo. Expanding both sides of this equation in terms of the natural basis we
obtain linear and quadratic conditions on the 10 basic quantities. In this
case there is a difference between the Euclidean and 3-sphere expressions.
For example if we equate coefficients of the natural basis element J;.Jy, we
find the quadratic conditions for L; and Lo

—afy(x0) = > a"™(x o)l b3 (xo) = > b (xo)al 7. (50)

<m <m

It is no longer true that —a$s = 2al} as in the Euclidean case. The expressions

for the terms o{§™ can be computed from the basic formulas (51). They

involve the terms G;; and differ from the Euclidean case. For example, from

(51) and formulas for the derivatives 9; A%, 9; B 9;C7* we can calculate

—a33(xg) corresponding to the basis symmetry S(?) and obtain

1 . 2 2 .. 1 1 7
(12) 22 23 1342 13 422 2312 33 23 22
-3 = ——B*“C*” - -(C —=C"A —(A —C? (=B =2C

A1y 3 3( ) 3 + 6( ) + 3 (2 )
5 5

§_ 1 6<B12)2+A33B12

- B33 2 *B33B22
—|-2 2( )° + 6 +

1 1 1 1 1 1

- B23 2 - A12 2 7333‘412 . *A22A33 - A33 2 70331413.

5(B7) 4 (A7) — 3 5 + (A -
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Though there are many other quadratic conditions for L, Ly to belong to
the symmetry algebra, we shall use only these 2.

4.7 Significance of “generic” 3-sphere systems

Suppose we have a nondegenerate superintegrable system that admits sep-
aration for some special choice of ellipsoidal coordinates [1111]. (Here we
do not assume that the system separates for all values of the parameters
¢, €1, €3, €3, €4, but only for one value.) By performing an Euclidean transfor-
mation and a change of scale we can assume that the coordinates are in the
standard form [1111] in our table and that e; =0, e; =1, e3 =a, and ey = b
where a, b are any fixed complex numbers such that ab(a—1)(b—1)(b—a) # 0.
We follow the same method given before in the Euclidean case. We evaluate
the a/, b at any regular point with coordinates (x,vy, z). Substituting these
expressions into the 18 linear conditions, with the help of Maple, we find
that there are exactly 7 independent linear conditions. Thus the 10 quanti-
ties A%2, ..., B? can be expressed linearly in terms of 3 of these quantities.
Substituting this result into the 5 fundamental quadratic identities (53) we
find that these identities yield exactly two solutions. Finally we substitute
each of these solutions into (50) and find conditions that rule out one of
these solutions. Thus only one solution exists and it must be the one that
we already knew: system [VIII] that separates simultaneously for all choices
of the parameters ey, - - -, e4. What was far from obvious is the fact that no
other mnondegenerate superintegrable system separates for any special case
of ellipsoidal coordinates on the 3-sphere.

Theorem 9 A 3-sphere nondegenerate superintegrable system admits sepa-
ration in a special case of the generic coordinates [1111], [211], [22], [31]
or [4], respectively, if and only if it is equivalent via a complex rotation to

system [VII], [I’], [IT], [IV’], or [VI’], respectively.
We have indicated the proof for coordinates [1111]. The other generic coor-

dinates are Stéckel transforms of generic coordinates in Euclidean space so
the proof for them follows immediately from Theorem 7.

5 Appendix

This is a list of some important results from reference [3]. Using the non-
degenerate potential condition and the Bertrand-Darboux equations we can
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solve for all of the first partial derivatives a{k of a quadratic symmetry to
obtain the defining conditions (with A = exp(G))

all

22
Qg

33
as

3a;?
3ay'
3a3’
3a%?
3a3
3a3”
3a7®
3ay"
3ay’
3a3’
3a3’
3a}?
3a3®
12

3as

13
3a,

—Gia" — Gya'? — Gya®®
—Gha'? — Gya® — Gya®,

—Gha®® — Gya® — Gad®,

A2AZ2 (a2 — qM) A2 B AL | 13 A%

+Goatt — 2G1a!? — Gya®? — G4a®,

“2a'2A% 4 2(a? — a'V) A2 4 2423 A — 213 A
—2Gsa™ + G1a*? — Goa?? — G4a®,

a0 4 (4% — g0 4 aBC12 — qBO®

—Gra't — Gya'? — 2G50 + G1a®,

201207 — 2(a® — a0 — 2aBC12 4 2,190

—Gha't — Gya'® + Gga®® — 2G1a™?,

a®(B¥ — B2) — (a® — oa2)B® — o*B2 1 121
—G1a"? — 2G5a* — G5a® 4+ G5a®,

24 (B% — B2) + 2(a® — ®)B® + 243 B2 — 2412BY
—G1a"? + Goa® — G5a® — 2G5a%,

CaB A 4 (g1 YA B AB 124

—2G1a" — Gya® — G50 4+ Gya't,

202 A2 4 2(a% — g1 AL — 241343 _ 2412423

+G1a"? — Gya® — G5a® — 2G5a™,

23012 1 2(a® — ®)C® + 2120% — 2aB(C22 — )
—G1a'? — G20 + G5a* — 2G2a™,

aBO2 (02— PO q201 —  B(OB — O2)
—G1a'? — Gya*? — 2G5a* 4+ Goa™,

—aBBB 4 (a2 — a')B2 — a2B? 4 o®BY

—Gratt — 2G5a'? — G5a'? 4+ G1a®,

201 B% — 2(a® — aV) B2 4 2412 B% — 24 B3

—Gratt + Gya'? — Gsa'® — 2G1a®,

a2(B® + O2) + o' (B 4 012) — 42012 — ¥ BY

—|—a13(333 + 023) - a23(013 + Bl2) - 2G1a23 4 G2a13 + G3a12.

CL12(—2B23 4 022) + CLH(012 . 2313) o a22012 + 2a33BIS

(51)

—|—a13(—2B33 4 023) 4 a23(_C13 + 2312) — 2G3a" + Gya®® + Gya®.

a12(B23 - 2022) + a11(313 - 2012) + 2(1,22012 - a33313
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+a'?(B* — 20%%) + a®*(2C" — B'?) — 2Ga™® + G1a® + G3a'?,
plus the linear relations
A — BB _ (12 B2 _ 431 _ 22 _ (52)
B2 A2 4 AB _ (B (0 BB L A2 _ 0B,

Using the linear relations we can express C'2, C13, C?2,C* and B'? in terms
of the remaining 10 functions. Finally, requiring that the integrability con-
ditions for (51) hold identically, we obtain exactly 5 quadratic identities for
the 10 independent functions:

a) _A2B33 _ A12 423 4 A13pI12 | pB22 23 | B23 433
+1A2G, — 1A%G, — 1B2G; — 161Gy

—%AlSGl + %Glg _ %AQSGQ _ AQQBQS — O,
b) (A33)2 + B12A33 _ 433422 _ B33 g12 _ (033 13 | R22 A12
—B12422 | A13p23 _ (A12)2 +
8Ga — 1G% — 3Gy + LABG, + 1B¥Gy +

—1ARG + JABG, — §BPG3 — ;B2Gy + 303G + §(Gs)? =0,
c) _ (333)2 — B3 A2 | B33R22 | pI2 433 | 2383 _ (323)2
+(B'2) + 1(Gh)? — $G + 3G

—3B¥BGy — $ABG, — 1(G3)? — 0BG =0,

d) —812A23 _ A33A23 + A13B33 + A12B23
+3Gy — JABGy — ARG,

—1B%Gy — 1G2G5 — 1B®G; =0,
6) A2 p12 + CS3A23 — A23RB23 + B33 422 _ B33 433
+3G1y — 5G1Gy — 5 AVG,

_%BIQGQ _ %A23G3 =0
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