1.

5.

Assignment 4

The maxflat Daubechies filter with= 2 is h(n) = {0.489,0.836,0.2241, —0.129} (see the figure
below). The definition of symmetry of four types is given on page 55 of our textbook. Also, see
the example on pp. 169. For maxflat Daubechies filter, there is no symmetry. There is a theorem
stating that: Supposg and, the scaling function and wavelet associated with a multiresolution
analysis, are botheal andcompactlysupported. If) has either a symmetry or an antisymmetry
axis, theny is the Haar function. Orthogonality and symmetry BI®T compatible for compact
support filters, except for Haar wavelets.

Forp = 5 (use equation 2.31 on page 60 of our textbook):
1+ cosw 5t 4+ k 1—cosw\”
= (252) 2 (1) () ®

The coefficients of the corresponding filter can be easily obtained from-titsasform; therefore
to obtain a polynomial in we use: =52« — 1(2 — z — z7!), and ==« = 1(2 + 2 4 27 1). So,

P(z) = ¥ — 40527 + 22682" — 88202
(2) = {37075 (357" — 4052" + 22682" — 88202" + 39690z +

65536 + 35272 — 405277 4 22682 7° — 882022 4 396902 1) 2)
This factors intoP(z) = C(2)C(z7!), andH(z) = \/%C(z). Half of 2p zeros of P(z) atz = —1
gotoC(z), and thep — 1 zeros inside the unit circle also goddz). See page 173 for more the
coefficients ofh(n). The Daubechies filter response is a halfband filter. Unlike the truncated ideal
response and the equiripple filter it is maximally flat on the passband and stopband (it does not
exhibit any ripple) and its firgt — 1 derivatives are zero at = 0 andw = 7 (See section 2.3 for
comparison between different filters).

Use,Py(z) = Fo(2)Ho(2), Fi(2) = —Ho(—2), andH;(z) = Fo(—=2).

The ON basis fob; is given byoq,(t) = 2¢(4t — k), wherek = 0,£1, 42, ---. The givenf(t)
is of special form, and we can conclude thdt) = SFga(t) + 2021 (t) + 5P2(t) + L das(t).
Note thatwg(t) = w(t) = ¢(2t) — (2t — 1). wio = V2w(2t). wi; = V2w(2t —1). Vo =
Vo @ W,y @ W,. We can show thatyo = 1/2, boo = 1, bip = —5v/2/4, andby; = 5v/2/4.

o ay = [To(t)dt = fol (1) Aok = kkﬂ ¢(t)dt. S0,y = >, aoxdor(t)- Forj >0, ajo =
JTI($)2972¢(20t)dt = 279/ [ ¢(t)dt. Also, we can derive thaty, = 279/ [* 7" ¢(t)dt.



e Suppose that the supportofies in [~ N, N]. Then the support ab; ;. (t) = 2//2¢(2/t — k)
lies in [=55tk 24k = Iy ... If this interval is completely insid), 1] then(IL, ¢ ;) = 0. If
this interval,/ ;. is completely outsidé, 1], then(II, ¢,,) = 0, also. Nonzero coefficients
occur when there is an overlap betweln;, and [0, 1]. This happens iff and only i =
~N+1,---,0,1,--- ,N—1,0rk=2"—N+1,--- ,27+ N —1 (You can derive this easily
from constraint on the end points). L& = max ¢. Thus,

el = 272 [ o(2t ~ ke < M) ©)

So,aj, < MN/2/*fork=-N+1,--- N—1,0rk=2 —N+1,--- 27 + N — 1;
otherwiseu;;, = 0. Hence,

I =) adm (4)
and
M?N?
||HJ||2 = Zaik < 972 (5)
k

Since the projection is orthogondlT;||* + ||II; — II||* = 1, we can choosg large enough
such that|TL;||* < 0.5. Q.E.D.

e From the previous result, we can conclude tfiatloes not converge td. This contradicts
with the fact that J*_V; = L?*[—o0, 0o, andIl € L2
As a special case, recall from a previous homework that if a scaling function satisfies the
dilation equation and the cascade algorithm converges, then its mean value can not equal
zero; otherwise its frequency response is zero for all frequencies.



Heed=["Warelets Wareletz "]

d2? = DauhechiesFilter[2]

{0, 482963, 0.836516, 0,224144, -0.12941%, 0}
phili=zt = ScalingFunction[d2?, 5];
Short[philist]

1
{to, 0.}, {E’ 0.20305}, =<94=-, {3, 0}}

ListPlot[phili=st, PlotJoined — True,
AxesLabel — {"t", "phi(t)"}]
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Figure 1: D4 filter.




