
Math 1371 – Lecture 18

Bryan Mosher

Monday, November 5, 2007

1 Nuts and bolts

1. As before, the exams will be returned during workshop on Thursday.

2. Part II of the course materials, “Introduction to Integration”, is available
at Alpha Print in Dinkytown. Pick that up as soon as possible, and read
the following sections before workshop tomorrow:

• 6373 Linearization

• 6379 Introduction to antiderivatives

• 6387 The area problem

3. Office hours this week: MW 11-12, and Friday 2-3 p.m.

2 What’s happening today

1. Finding areas of irregular objects

2. Derivatives in reverse

3. Linear approximation, again!

3 Area

The area of a rectangle is a basic notion.
We know the formulas for the area of a triangle, trapezoid, etc...
We also know that the area of a circle of radius r is πr2.
But how do we know?
The exact answer is related to another use of limits – the study of integrals.

Example 1. Let us think about how we would find the area of the quarter
circle of radius 2 on the next slide, without knowing in advance that its area is
π × 22/4 = π:
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Plan:

• Think of the top edge of the quarter circle as the graph of the function
f(x) =

√
4− x2 on the interval [0, 2].

• Divide the interval [0, 2] into subintervals of equal width.

• On each subinterval, create a rectangle whose base is the subinterval and
whose height is given by the value of the function at the midpoint of the
subinterval.

The idea is that the more we subdivide the interval, the better will be our
approximation to the area of the region.

Let’s use this example to set up notation that describes this procedure gen-
erally.

Let the left endpoint of the interval be a. In this example, a = 0.
Let the right endpoint of the interval be b. In this example, b = 2.
Let the number of subintervals of the interval be n. In our last calculation,

we had n = 4.
Then, the width of each subinterval is b−a

n . In our last calculation, b−a
n =

2−0
4 = 1

2 .
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Now, how can we keep track of the midpoints of each subinterval that de-
termine how tall each rectangle is?

As k ranges from 1 to n (the number of subintervals), the left endpoint of
the kth subinterval is

a+ (k − 1) · b− a
n

and the right endpoint of the kth subinterval is

a+ k · b− a
n

Then the midpoint of the kth subinterval is the average of the left and right
endpoints:

1
2

[a+ (k − 1) · b− a
n

+ a+ k · b− a
n

]

= a+
2k − 1

2
· b− a

n
,

as k ranges from 1 to n.
These are the points where we find the function value to give us the height

of each rectangle:
The area of the rectangle over the kth subinterval is given by

b− a
n
· f(a+

2k − 1
2
· b− a

n
)

Then, using sum notation, the sum of these n rectangles is

b− a
n
·

n∑
k=1

f(a+
2k − 1

2
· b− a

n
)

This is an approximation to the area under the graph of f(x) on the interval
[a, b].

Let’s check that this notation matches up with the approximation that we
calculated before.

Example 2. Now, use this notation to describe an approximation to the
area under the graph of f(x) =

√
x between a = 1 and b = 4 using n = 6

subintervals.

4 Derivatives in reverse

Example 3. For each function f(x), name a function F (x) whose derivative is
equal to f(x):

1. f(x) = cos(x)

2. f(x) = sin(x)
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3. f(x) = cos(5x)

4. f(x) = x3

Using example 3.4, we say that 1
4x

4 is an antiderivative of x3.
And we say that 1

4x
4 + C is the general antiderivative of x3, because it

describes every function whose derivative is equal to x3.
We use the following notation to describe antiderivatives:∫

x3 dx =
1
4
x4 + C,

and generally: ∫
f(x) dx = F (x) + C

means that F ′(x) = f(x); that is, F (x) is an antiderivative of f(x), and
F (x) + C is the general antiderivative of f(x).

5 Linear approximation, again!

[We’ll discuss this example on Wednesday.]
Example 4. What is the cube root of 28?
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