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Standard Young Tableaux and Promotion

Recall that a filling of a Standard Young Tableaux is an assignment from
{1,2,...,n} that is row-increasing and column-increasing.

1/213)/1/2/4)]1/2|5|[1/3|4|/1|3|5
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Standard Young Tableaux and Promotion

Recall that a filling of a Standard Young Tableaux is an assignment from
{1,2,...,n} that is row-increasing and column-increasing.

1/213)/1/2/4)]1/2|5|[1/3|4|/1|3|5
4/5/6[/3|/5/6[3/4/6[/2|5/6/2]/4]|6

One can also study Standard Young Tableaux of skew shapes.
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Standard Young Tableaux and Promotion

There is a certain dynamic one can apply, known as Jeu de taquin or
Promotion.
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Standard Young Tableaux and Promotion

There is a certain dynamic one can apply, known as Jeu de taquin or
Promotion.

112]3
415 e

Step 1: Replace the largest element with an empty square.
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Standard Young Tableaux and Promotion

There is a certain dynamic one can apply, known as Jeu de taquin or
Promotion.

112]3
41e|5

Step 2: Move smaller entries into empty square one at a time.
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Standard Young Tableaux and Promotion

There is a certain dynamic one can apply, known as Jeu de taquin or
Promotion.

112]3
e 4|5

Step 2: Move smaller entries into empty square one at a time.
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Standard Young Tableaux and Promotion

There is a certain dynamic one can apply, known as Jeu de taquin or
Promotion.

(2|3
1(4|5

Step 2: Move smaller entries into empty square one at a time.
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Standard Young Tableaux and Promotion

There is a certain dynamic one can apply, known as Jeu de taquin or
Promotion.

Step 3: Add one to all entries.
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Standard Young Tableaux and Promotion

There is a certain dynamic one can apply, known as Jeu de taquin or
Promotion.

13
2|5

Step 4: Replace empty square with 1.

YES
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Standard Young Tableaux and Promotion

There is a certain dynamic one can apply, known as Jeu de taquin or
Promotion.
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A Related Dynamic on Order Ideals

We can think of these orbits also as a dynamic on order ideals.
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A Related Dynamic on Order Ideals (skew case)
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A Related Dynamic on Order Ideals (skew case)
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Classical rowmotion

Classical rowmotion is the rowmotion studied by Striker-Williams
(arXiv:1108.1172). It has appeared many times before, under different
guises:

@ Brouwer-Schrijver (1974) (as a permutation of the antichains),

o Fon-der-Flaass (1993) (as a permutation of the antichains),

e Cameron-Fon-der-Flaass (1995) (as a permutation of the monotone
Boolean functions),
Panyushev (2008), Armstrong-Stump-Thomas (2011) (as a
permutation of the antichains or “nonnesting partitions”, with relations
to Lie theory).
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Classical rowmotion

Let P be a finite poset. Classical rowmotion is the map r: J(P) — J(P)

sending every order ideal S to a new order ideal r(S) generated by the
minimal elements of P\ S.

Example: Let S be the following order ideal
Let S be the following order ideal (indicated by the @'s):

VAVAN
N\
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Classical rowmotion

Let P be a finite poset. Classical rowmotion is the map r: J(P) — J(P)

sending every order ideal S to a new order ideal r(S) generated by the
minimal elements of P\ S.

Example: Let S be the following order ideal
Mark M (the minimal elements of the complement) in blue.

VAWAN
N\
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Classical rowmotion

Let P be a finite poset. Classical rowmotion is the map r: J(P) — J(P)

sending every order ideal S to a new order ideal r(S) generated by the
minimal elements of P\ S.

Example: Let S be the following order ideal
Remove the old order ideal:

NS\,
NVANVZ
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Classical rowmotion

Let P be a finite poset. Classical rowmotion is the map r: J(P) — J(P)
sending every order ideal S to a new order ideal r(S) generated by the
minimal elements of P\ S.

Example: Let S be the following order ideal
r(S) is the order ideal generated by M ( “everything below M"):

NS\,
N\
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Earlier Examples Revisited

We can think of these orbits also as a dynamic on order ideals.
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Earlier Examples Revisited
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Classical rowmotion: properties

Classical rowmotion is a permutation of J(P), hence has finite order. This
order can be fairly large.
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Classical rowmotion: properties

Classical rowmotion is a permutation of J(P), hence has finite order. This

order can be fairly large.

However, for some types of P, the order can be explicitly computed or

bounded from above.
See Striker-Williams for an exposition of known results.

o If Pis a p x g-rectangle:

(1,2)
SN
(1,1) (0,2)
SN S
(1,0) (0,1)

NS
(0,0)

(shown here for p =2 and g = 3), then ord (r) = p+ q.
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Classical rowmotion: properties

Example:
Let S be the order ideal of the 2 x 3-rectangle [0, 1] x [0, 2] given by:

(1,2)
RN
(1,1) (0,2)
AN
(1,0) (0,1)
NS
(0,0)
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Classical rowmotion: properties

Example:
r(S) is
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Classical rowmotion: properties

Example:
r2(S) is
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Classical rowmotion: properties

Example:
r3(S) is
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Classical rowmotion: properties

Example:
r*(S) is
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Classical rowmotion: properties

Example:
r°(S) is
(1,2)
N
(1,1) (0,2)
N
(1,0) (0,1)
~N S

(0,0)
which is precisely the S we started with.

ord(r)=p+qg=2+3=5.
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Rowmotion: the toggling definitions

There is an alternative definition of rowmotion, which splits it into many
small operations, each an involution.

o Define t, (S) as:

o S A{v} (symmetric difference) if this is an order ideal;
e S otherwise.
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Rowmotion: the toggling definitions

There is an alternative definition of rowmotion, which splits it into many
small operations, each an involution.

o Define t, (S) as:

o S A{v} (symmetric difference) if this is an order ideal;
e S otherwise.

("“Try to add or remove v from S, as long as the result remains an
order ideal, i.e. within J(P); otherwise, leave S fixed.")
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Rowmotion: the toggling definitions

There is an alternative definition of rowmotion, which splits it into many
small operations, each an involution.

o Define t, (S) as:
o S A{v} (symmetric difference) if this is an order ideal;
e S otherwise.
("“Try to add or remove v from S, as long as the result remains an
order ideal, i.e. within J(P); otherwise, leave S fixed.")
@ More formally, if P is a poset and v € P, then the v-toggle is the
map t, : J(P) — J(P) which takes every order ideal S to:

o SU{v}, if visnotin S but all elements of P covered by v are in S
already;

o S\ {v}, if visin S but none of the elements of P covering v is in S;

o S otherwise.

e Note that t2 = id.
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Classical rowmotion: the toggling definition

o Let (vq, v, ..., v,) be a linear extension of P; this means a list of all
elements of P (each only once) such that i < j whenever v; < v;.

@ Cameron and Fon-der-Flaass showed that
r=t,ot,o..ot,.

Example:
Start with this order ideal S:

(1.1)
N
(1,0) (0,1)
\ /
(0.0)
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Classical rowmotion: the toggling definition

o Let (vq, v, ..., v,) be a linear extension of P; this means a list of all

elements of P (each only once) such that i < j whenever v; < v;.

@ Cameron and Fon-der-Flaass showed that
r=t,ot,o..ot,.

Example:
First apply t(; 1), which changes nothing:

(1.1)
N
(1,0) (0,1)
\ /
(0.0)

Musiker-Roby (UMN and UCONN) Combinatorics of Birational Rowmotion October 24 2017

15 / 48



Classical rowmotion: the toggling definition

o Let (vq, v, ..., v,) be a linear extension of P; this means a list of all

elements of P (each only once) such that i < j whenever v; < v;.

@ Cameron and Fon-der-Flaass showed that
r=t,ot,o..ot,.

Example:
Then apply t(; gy, which removes (1,0) from the order ideal:

(1.1)
N
(1,0) (0,1)
\ /
(0.0)
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Classical rowmotion: the toggling definition

o Let (vq, v, ..., v,) be a linear extension of P; this means a list of all
elements of P (each only once) such that i < j whenever v; < v;.

@ Cameron and Fon-der-Flaass showed that
r=t,ot,o..ot,.

Example:
Then apply t(o 1), which adds (0,1) to the order ideal:

(1.1)
N
(1,0) (0,1)
\ /
(0.0)
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Classical rowmotion: the toggling definition

o Let (vq, v, ..., v,) be a linear extension of P; this means a list of all

elements of P (each only once) such that i < j whenever v; < v;.

@ Cameron and Fon-der-Flaass showed that
r=t,ot,o..ot,.

Example:
Finally apply t(o,0), which changes nothing:

(1.1)
N
(1,0) (0,1)
\ /
(0.0)
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Classical rowmotion: the toggling definition

o Let (vq, v, ..., v,) be a linear extension of P; this means a list of all
elements of P (each only once) such that i < j whenever v; < v;.

@ Cameron and Fon-der-Flaass showed that
r=t,ot,o..ot,.

Example:
So thisis S — r(S):

/\0

Do o>/
\ / N

)

N
0.1

)/
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Generalizing to the piece-wise linear setting

The decomposition of classical rowmotion into toggles allows us to define a
piecewise-linear (PL) version of rowmotion acting on functions on a poset

Let P be a poset, with an extra minimal element 0 and an extra maximal
element 1 adjoined.
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Generalizing to the piece-wise linear setting

The decomposition of classical rowmotion into toggles allows us to define a
piecewise-linear (PL) version of rowmotion acting on functions on a poset.

Let P be a poset, with an extra minimal element 0 and an extra maximal
element 1 adjoined.

The order polytope O(P) (introduced by R. Stanley) is the set of functions
f: P —[0,1] with f(0) =0, f(1) =1, and f(x) < f(y) whenever x <p y.
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Generalizing to the piece-wise linear setting

The decomposition of classical rowmotion into toggles allows us to define a
piecewise-linear (PL) version of rowmotion acting on functions on a poset.
Let P be a poset, with an extra minimal element 0 and an extra maximal
element 1 adjoined.

The order polytope O(P) (introduced by R. Stanley) is the set of functions
f: P —[0,1] with f(0) =0, f(1) =1, and f(x) < f(y) whenever x <p y.

For each x € P, define the flip-map o : O(P) — O(P) sending f to the
unique f’ satisfying

/ . f(y) if y #x,
Fly)= { ming >y f(2) + maxy<.x f(w) — f(x) if y = x,

where z->x means z covers x and w <-Xx means x COVers w.
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Generalizing to the piece-wise linear setting
For each x € P, define the flip-map o : O(P) — O(P) sending f to the
unique f’ satisfying

oy | fly) if y # x,
Fly)= { min, .~x f(z) + maxy<.x f(w) — f(x) if y =x,

where z->x means z covers x and w <-x means x covers w.

Note that the interval [min, .~ f(z), maxy<.x f(w)] is precisely the set of
values that f/(x) could have so as to satisfy the order-preserving condition.

if f'(y) = f(y) for all y # x, the map that sends
f(x) to min f(z) + max f(w) — f(x)

is just the affine involution that swaps the endpoints.
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Example of flipping at a node

21 Z2 @ 8 @ .8

w1 w2 1

min f(z) + max flw)=7+.2=.9

Z->X

f(x)+f(x)=4+.5=.
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Composing flips

Just as we can apply toggle-maps from top to bottom, we can apply
flip-maps from top to bottom, to get piecewise-linear rowmotion:

/\ o /\ o 3/'6\3
\/ \/ N/

.6 .6
v /N s /N
- .3 4 = 3 4
AN 1/ AN 2/
(We successively flip at N = (1,1), W =(1,0), E =(0,1), and S = (0,0)

in order.)
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How PL rowmotion generalizes classical rowmotion

For each x € P, define the flip-map oy : O(P) — O(P) sending f to the
unique f’ satisfying

oy | fly) if y # x,
Fly)= { min,.~x f(z) + maxy<.x f(w) — f(x) if y =x,

where z->x means z covers x and w <-x means x covers w.
Example:

Start with this order ideal S:
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How PL rowmotion generalizes classical rowmotion

For each x € P, define the flip-map o : O(P) — O(P) sending f to the
unique f’ satisfying

/ _ f(y) if y # x,
Fly)= { min,.~x f(z) + maxy<.x f(w) — f(x) if y =x,

where z->x means z covers x and w <-x means x covers w.
Example:

Translated to the PL setting:
/ 1 \
0 \ / 1
0
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How PL rowmotion generalizes classical rowmotion

For each x € P, define the flip-map o : O(P) — O(P) sending f to the
unique f’ satisfying

/ _ f(y) if y # x,
Fly)= { min,.~x f(z) + maxy<.x f(w) — f(x) if y =x,

where z->x means z covers x and w <-x means x covers w.
Example:

First apply t(1 1), which changes nothing:
1
RN
0 1
AN
0
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How PL rowmotion generalizes classical rowmotion

For each x € P, define the flip-map o : O(P) — O(P) sending f to the
unique f’ satisfying

/ _ f(y) if y # x,
Fly)= { min,.~x f(z) + maxy<.x f(w) — f(x) if y =x,

where z->x means z covers x and w <-x means x covers w.
Example:

Then apply t(1 ), which removes (1,0) from the order ideal:
1
RN
1 1
N
0
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How PL rowmotion generalizes classical rowmotion

For each x € P, define the flip-map o : O(P) — O(P) sending f to the
unique f’ satisfying

/ _ f(y) if y # x,
Fly)= { min,.~x f(z) + maxy<.x f(w) — f(x) if y =x,

where z->x means z covers x and w <-x means x covers w.
Example:

Then apply t(g 1), which adds (0,1) to the order ideal:
1
N\
1 0
AN
0
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How PL rowmotion generalizes classical rowmotion

For each x € P, define the flip-map o : O(P) — O(P) sending f to the
unique f’ satisfying

/ _ f(y) if y # x,
Fly)= { min,.~x f(z) + maxy<.x f(w) — f(x) if y =x,

where z->x means z covers x and w <-x means x covers w.
Example:

Finally apply t(o,0), which changes nothing:
1
RN
1 0
AN
0
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How PL rowmotion generalizes classical rowmotion

For each x € P, define the flip-map oy : O(P) — O(P) sending f to the
unique f’ satisfying

oy | fly) if y # x,
Fly)= { min,.~x f(z) + maxy<.x f(w) — f(x) if y =x,

where z->x means z covers x and w <-x means x covers w.
Example:

So this is S — r(S):

N TN
N N
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De-tropicalizing to birational maps

In the so-called tropical semiring, one replaces the standard binary ring
operations (+, -) with the tropical operations (max,+). In the
piecewise-linear (PL) category of the order polytope studied above, our
flipping-map at x replaced the value of a function f : P — [0, 1] at a point
x € P with f’, where

f'(x) :== min f(z) + max f(w) — f(x)

zZ->X w<- X

We can “detropicalize” this flip map and apply it to an assignment

f : P — R(x) of rational functions to the nodes of the poset, using that
min(z;) = — max(—z;), to get

/ Zw<~xf(W)
f'(x) =
-
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Generalizing to the birational setting

@ The rowmotion map r is a map of 0-1 labelings of P. It has a natural
generalization to labelings of P by real numbers in [0, 1], i.e., the order
polytope of P. Toggles get replaced by piecewise-linear toggling
operations that involve max, min, and +.

@ Detropicalizing these toggles leads to the definition below of birational
toggling. Results at the birational level imply those at the order
polytope and combinatorial level.

@ This is originally due to Einstein and Propp [EiPr13, EiPr14]. Another
exposition of these ideas can be found in [Rob16], from the IMA
volume Recent Trends in Combinatorics.
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Birational rowmotion

@ Let P be a finite poset. We define P to be the poset obtained by
adjoining two new elements 0 and 1 to P and forcing

@ 0 to be less than every other element, and
o 1 to be greater than every other element.

Let K be a field.
A K-labelling of P will mean a function P — K.

The values of such a function will be called the labels of the labelling.

e 6 o6 o

We will represent labellings by drawing the labels on the vertices of the
Hasse diagram of P.
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Birational rowmotion

e For any v € P, define the birational v-toggle as the rational map
T, - KP ——5 KP defined by

f(w), if w# v,
5 f(u)
o ueP;
(va)(W)— 1 . u<v ’ ifW:V
f(v) z 1
uefs; f(u)
u>v
for all w € P.
@ That is,

e invert the label at v,
o multiply by the sum of the labels at vertices covered by v,
o multiply by the parallel sum of the labels at vertices covering v.
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Birational rowmotion

e For any v € P, define the birational v-toggle as the rational map

T, - KP ——5 KP defined by

(Tuf) (w) = 1

f(w),

if w#v;
>, f(u)

ueP;

u<v .
if w=v

for all w € P.

1 b
0y

ueP;
u>v

@ Notice that this is a local change to the label at v; all other labels

stay the same.
e We have T2 =

Musiker-Roby (UMN and UCONN)

Combinatorics of Birational Rowmotion

id (on the range of T,), and T, is a birational map.
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Birational rowmotion: definition

@ We define birational rowmotion as the rational map
pp:=T,0T,0..0T,: KP --» KP,

where (v1, va, ..., v,) is a linear extension of P.
@ This is indeed independent of the linear extension, because:
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Birational rowmotion: definition

@ We define birational rowmotion as the rational map

pp:=T,0T,0..0T,, : KP --» Kﬁ,

where (v1, va, ..., v,) is a linear extension of P.
@ This is indeed independent of the linear extension, because:
e T, and T, commute whenever v and w are incomparable (even

whenever they are not adjacent in the Hasse diagram of P);

e we can get from any linear extension to any other by switching
incomparable adjacent elements.
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Birational rowmotion: example

Example:
Let us “rowmote” a (generic) K-labelling of the 2 x 2-rectangle:

poset labelling
1 b

N /\
(1,0) (0,1) \/
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Birational rowmotion: example

Example:
Let us “rowmote” a (generic) K-labelling of the 2 x 2-rectangle:

poset labelling
T ’f
1,1
PN Ay
(1,0) (0,1)
" \ ;'
(0,0) ‘\3
;

We have pg = T(0,0)© T(0,1) © T(1,0)°© T(1,1)
using the linear extension ((1,1),(1,0),(0,1),(0,0)).
That is, toggle in the order “top, left, right, bottom".
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Birational rowmotion: example

Example:
Let us “rowmote” a (generic) K-labelling of the 2 x 2-rectangle:

original labelling f | labelling T(; 1)f
j f
b(x+y)
/ \ 2RN
\ ; X y
i N S
w

a |
a

We are using pg = T(0,0) © T(0,1)© T(1,0)© T(1,1)-
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Birational rowmotion: example

Example:
Let us “rowmote” a (generic) K-labelling of the 2 x 2-rectangle:

original labelling f | labelling T(y0) T(1,1)f
b b

| |
/ N\ ?

x S
\ /y bw(x+y) \y
1 ~
’ i
a

We are using pg = T(g,0) © T(0,1)© T(1,0)° T(1,1):
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Birational rowmotion: example

Example:

Let us “rowmote” a (generic) K-labelling of the 2 x 2-rectangle:

original labelling f

labelling T(o71) T(l,o) 7_(1,1)"—

b

|
VAN
Xy
\/
\

a

b
|

b(x+y)
RN
bw(x-+y) bw(x-+y)
xz yz
.
w
|

a

We are using pg = T(0,0)° T(0,1)© T(1,0)° T(1,1):

Musiker-Roby (UMN and UCONN)

Combinatorics of Birational Rowmotion

October 24 2017

27 / 48



Birational rowmotion: example

Example:

Let us “rowmote” a (generic) K-labelling of the 2 x 2-rectangle:

original labelling

Iabelling T(O,O) T(O,l) T(l,O) T(l,l)f = pr

b

|
/ \

\ ;'
\

a

b
|
b(x+y)
RN
b (X+y) bW(x+y)

\ ib

|

a

We are using pg = T(00)© T(o,1)© T(1,0)° T(1,1)-
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Birational rowmotion orbit on a product of chains

Example:

Iteratively apply pg to a labelling of the 2 x 2-rectangle.
0
ppf =

b

|
aN

Xy
\ /

w

a
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Birational rowmotion orbit on a product of chains

Example:

Iteratively apply pg to a labelling of the 2 x 2-rectangle.
1
ppf =
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Birational rowmotion orbit on a product of chains

Example:

Iteratively apply pg to a labelling of the 2 x 2-rectangle.
2
ppf =

b

bw(x+y)
xy
/ \\
ab ab
y X
\ ; /

x+y
|

a

Musiker-Roby (UMN and UCONN) Combinatorics of Birational Rowmotion October 24 2017 28 / 48



Birational rowmotion orbit on a product of chains

Example:

Iteratively apply pg to a labelling of the 2 x 2-rectangle.
3
ppf =

w(x+y) w(x+y)

Xy
aw(x+y)

a
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Birational rowmotion orbit on a product of chains

Example:

Iteratively apply pg to a labelling of the 2 x 2-rectangle.
4
ppf =

b

|
aN

Xy
\ /

w

a
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Birational rowmotion orbit on a product of chains

Example:

Iteratively apply pg to a labelling of the 2 x 2-rectangle.
4
ppf =

b

V4

/N
Xy
\ /

w

a
So we are back where we started.

ord(pg) = 4.

Generalizes p?sﬂf = f for [0, r] x [0, s], from [Grinberg-Roby 2015].
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Birational Rowmotion on the Rectangular Poset

We now give a rational function formula for the values of iterated birational
rowmotion p™(i, j) for (i,j) € [0,r] x [0,s] and k € [0, r + s + 1].
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Birational Rowmotion on the Rectangular Poset

We now give a rational function formula for the values of iterated birational
rowmotion p™(i, j) for (i,j) € [0,r] x [0,s] and k € [0, r + s + 1].

1) Let \/ m ny = {(u,v) : (u,v) = (m, n)} be the principal order filter at
(m, n), O(m n)be the rank-selected subposet, of elements in V (m,n) Whose
rank (within \/(,,, y) is at least k — 1 and whose corank is at most k — 1.

(2,2)
VRN
(2,1) (1,2)
NN
(2,0) (1,1) (0,2)
N SN S
(1,0) (0,1)
NS
(0,0)
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Birational Rowmotion on the Rectangular Poset

2) Let s1,5p, ...,k be the k minimal elements and let t, to, ..., tx be the
k maximal elements of Oé‘m n)
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Birational Rowmotion on the Rectangular Poset

2) Let s1,5p, ...,k be the k minimal elements and let t, to, ..., tx be the

k maximal elements of Oé(m,n)'

Let AU — Zz<(i,j) Xz _ XiJ—l‘f"‘Xifl.j_ We set XI’./ =0 fOr (I7J) g P and

X(i.j) Xij

Ago = L (working in P).

X00

Given a triple (k, m, n) € N3, we define a polynomial ¢y(m,n) in terms of
the Aji's as follows.
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Birational Rowmotion on the Rectangular Poset

We define a lattice path of length k within P = [0, r] x [0, s] to be a
sequence vi, v, ..., vk of elements of P such that each difference of
successive elements v; — v;_1 is either (1,0) or (0,1) for each i € [k]. We

call a collection of lattice paths non-intersecting if no two of them share a
common vertex.

(2,2)
VRN
eyl [0
NN
(2,0) (0,2)
N SN S
o) [0

NS
(0,0)
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Birational Rowmotion on the Rectangular Poset

3) Let Sx(m, n) be the set of non-intersecting lattice paths in Oé‘m X from

{51,52, ce ,Sk} to {tl, tr,..., tk}. Let £ = (Ll, Lo,... Lk) S S,f(m, n)
denote a k-tuple of such lattice paths.

2.2)
SN
[@.2)]
SN SN
(2,0) (0,2)
NN
[©1)]
N
(0.0)
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Birational Rowmotion on the Rectangular Poset

4) Define

plmnyi= Y I

LeS(m.n) (DO )
(iJ)€L1UL2U~“ULk
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Birational Rowmotion on the Rectangular Poset

4) Define

plmnyi= Y I

LeS(m.n) (DO )
(iJ)€L1UL2U~“ULk

5) Finally, set [a]; := max{a,0} and let ;(*?) be the operator that takes a
rational function in {A(, )} and simply shifts each index in each factor of
each term: A(u,v) — A(u—a,v—b)
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Main Theorem (M-Roby 2017+)

Fix k € [0,r +s+1], and let p’é“(i,j) denote the rational function
associated to the poset element (i, ) after (k + 1) applications of the

birational rowmotion map to the generic initial labeling of P = [0, r] x [0, s].

Musiker-Roby (UMN and UCONN) Combinatorics of Birational Rowmotion October 24 2017 34 / 48



Main Theorem (M-Roby 2017+)

Fix k € [0,r +s+1], and let pkH( J) denote the rational function
associated to the poset element (7, /) after (k 4 1) applications of the
birational rowmotion map to the generic initial labeling of P = [0, r] x [0, s].
Set M = [k — il + [k — j]+. We obtain the following formula for p5™ (i, j):

(al) When M =0, i.e. (i —k,j— k) is still in the poset [0, r] x [0, s]:

Pk I — k7./ —k
sr2(i.) = U kT k)

prr1(i = k,j— k)
where @(v, w) is as defined in 4) above.
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Main Theorem (M-Roby 2017+)

Fix k € [0,r +s+1], and let pkH( J) denote the rational function
associated to the poset element (7, /) after (k 4 1) applications of the
birational rowmotion map to the generic initial labeling of P = [0, r] x [0, s].
Set M = [k — il + [k — j]+. We obtain the following formula for p5™ (i, j):

(al) When M =0, i.e. (i —k,j— k) is still in the poset [0, r] x [0, s]:

on(l _ k?./ - k)
Sok-l—l(i - k7./ - k)

where @(v, w) is as defined in 4) above.

ps L)) =

(a2) When 0 < M < k:

(i) = pllele =il ok-m(i —k+M,j—k+ M)
Ok—m+1(i — k+M,j —k+ M)

where 1(2:0) is as defined in 5) above.
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Main Theorem (M-Roby 2017+)

Fix k € [0,r +s+1], and let pkH( J) denote the rational function
associated to the poset element (7, ) after (k 4 1) applications of the
birational rowmotion map to the generic initial labeling of P = [0, r] x [0, s].
Set M = [k — i]+ + [k — j]+. We obtain the following formula for p5™ (i, j):

(@) When 0 < M < k:

pk+1(, ) = [k =il lk=il+) ( ok-m(i —k+ M, j—k+ M) )
’ Ok—m+1(i — k+M,j —k+ M)

where ©;(v, w) and u(®P) are as defined in 4) and 5) above.
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Main Theorem (M-Roby 2017+)

Fix k € [0,r +s+1], and let pkH( J) denote the rational function
associated to the poset element (7, ) after (k 4 1) applications of the
birational rowmotion map to the generic initial labeling of P = [0, r] x [0, s].
Set M = [k — i]+ + [k — j]+. We obtain the following formula for p5™ (i, j):

(@) When 0 < M < k:

pk+1(/ j) = [k N P ok-m(i —k+M,j —k+ M)
B Ck—my1(i — k+M,j — k+ M)

where ©;(v, w) and u(®P) are as defined in 4) and 5) above.

(b) When M > k: pHL(i,j) = 1/p " (r — i,s — ), which is well-defined
by part (a).

Remark: Note that our formulae in (a) and (b) agree when M = k. Also,
we have pr+s+2+d = p% by periodicity on [0, r] x [0, s] so this gives a
formula for all iterations of the birational rowmotion map.
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Examples

Example 1: If k = 0, we recover the images after a single rowmotion are
pLf(i, ) = 249) where

1(iy)
wolii/)= ] Apqand gi(ij) = >, IT Aee
i<p<r Lattice Path L:(ij)—(r,s) (p,q)¢L
(p,q):i<q<s
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Examples

Example 1: If k = 0, we recover the images after a single rowmotion are
pLf(i, ) = 249) where

1(iy)
wolii/)= ] Apqand gi(ij) = >, IT Aee
i<p<r Lattice Path L:(ij)—(r,s) (p,q)¢L
(p,q):i<q<s

Example 2: If kK = 1, we recover the images after two rowmotion a

p%f(ijj):m7 pr(i=1,j-1) = > II Aea

a(i — 1, L(i-1j-1)(r,s) (pq)¢L

pa(i —=1,j—1)= Z H Apq
Li&Lo:{(ij—1),(i—1j)—={(r—1,5),(r,s—1)} (p,q)ZL1UL

where {L1, Ly} is a family of non-intersecting lattice paths.
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Example in Further Depth

In the “generic” case where shifting (i,) — (i — k,j — k) (straight down by
2k ranks) still gives a point in P, we get the following simpler formula

Corollary: For k < min{i,j}, PkH( J)= %
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Example in Further Depth

In the “generic” case where shifting (i,/) — (i — k,j — k) (straight down by
2k ranks) still gives a point in P, we get the following simpler formula

Corollary: For k < min{i,j}, p5™(i,j) = %

Example 3: We use our main theorem to compute pk+1(2 1) for

=[0,3] x [0,2] for k=0,1,2,3,4,5,6. Here r =3,5s =2,/ =2, and
j: 1 throughout.

N 7
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Example in Further Depth

In the “generic” case where shifting (i,) — (i — k,j — k) (straight down by
2k ranks) still gives a point in P, we get the following simpler formula

pr(i—k.j—k)

k+1
(i,)) = @k+1( —k.j—k)

Corollary: For k < min{i,j}, pj

Example 3: We use our main theorem to compute pis™*(2,1) for
=[0,3] x [0,2] for k =0,1,2,3,4,5,6. Here r =3,5s =2,i =2, and
j = 1 throughout.

When k =0, M = 0 and we get

vo(2,1) _ AnAnAsnAsn
©1(2,1) A + Az1

plB(27 1) =
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Example in Further Depth

In the “generic” case where shifting (i,/) — (i — k,j — k) (straight down by
2k ranks) still gives a point in P, we get the following simpler formula

K k
Corollary: For k < min{i,j}, p&™(i,j) = %
Example 3: We use our main theorem to compute pk+1(2 1) for
=[0,3] x [0,2] for k=0,1,2,3,4,5,6. Here r =3,5s =2,/ =2, and
j = 1 throughout.

When k = 1, we still have M = 0, and p%(2,1) = 528333 =

A11A12A21 A2 + A11A12A22A30 + A11A12A30A31 + A12A20A2A30 + A12A20A30A31 + A2pA21 A30 A3t
A12 + Az + Ao

For the numerator, s; = (1,0), t1 = (3,2), and there are six lattice paths
from s; to t1, each of which covers 5 elements and leaves 4 uncovered.

For the denominator, s; = (2,0), s, = (1,1), t; = (3,1), and t» = (2, 2),
and each pair of lattice paths leaves exactly one element uncovered.
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Example in Further Depth

Musiker-Roby (UMN and UCONN)

31

20

Combinatorics of Birational Rowmotion

21

10

21

N
00

12
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11

01
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20
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Example in Further Depth

32 32 32
VAN
31 22 31 22 31 22
N N
30 21 30 12 21 12
N N
20 11 02 20 11 02 20 11 02
N N
10 01 10 01 10 01
00 00 00
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Example in Further Depth

In the “generic” case where shifting (i,/) — (i — k,j — k) (straight down by
2k ranks) still gives a point in P, we get the following simpler formula

k
Corollary: For k < min{i,j}, p5™(i,j) = %
Example 3: We use our main theorem to compute pis™*(2,1) for
=[0,3] x [0,2] for k =0,1,2,3,4,5,6. Here r =3,s =2,i =2, and
j = 1 throughout.

When k =2, weget M =[2—-2]; +[2—1]4 =1 <2 = k. So by part (a)
of the main theorem we have

1
p3(2,1) = p0 [?El’g;] = (just shifting indices in the k = 1 formula)
2\

Ao1Ao2A11A12 + Ap1Ap2A12A20 + Ao1A02A20421 + Ag2A10A12A20 + Ag2A10A20A21 + A10A11A20A21
Aoz + A1 + Ao
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Example in Further Depth

In the “generic” case where shifting (i,/) — (i — k,j — k) (straight down by
2k ranks) still gives a point in P, we get the following simpler formula

Corollary: For k < min{i,j}, p5™(i,j) = %

Example 3: We use our main theorem to compute pk+1(2 1) for
=[0,3] x [0,2] for k=0,1,2,3,4,5,6. Here r =3,5s =2,/ =2, and
j = 1 throughout.

When k = 3, we get M = [3 — 2], + [3 — 1]+ = 3 = k. Therefore,
¢o(2,1 AnA2A31Az | AcnAniAoAr

pB(2,1) = ) [ ( )] = pY [ = :
¢1(2,1) Az + Az Ao1 + Aro

In this situation, we can also use part (b) of the main theorem to get

pp(2,1) =1/p5 21 (3-2,2-1) =1/p}(1,1) = -

The equality between these two expressions is easily checked.
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Example in Further Depth

In the “generic” case where shifting (i,/) — (i — k,j — k) (straight down by
2k ranks) still gives a point in P, we get the following simpler formula

k+1 (i—kj—k)
Corollary: For k < min{i,j}, p5(i,j) = m
Example 3: We use our main theorem to compute pis™(2,1) for
=[0,3] x [0,2] for k =0,1,2,3,4,5,6. Here r=3,s =2,i =2, and
j = 1 throughout.

When k = 4, we get M = [4 — 2] + [4 — 1]+ = 5 > k. Therefore, by part
(b) of the main theorem, then part (a),

5(2,1) =1/ 271 (3-2,2—1) = 1/p4(1,1) = ¥1(1,1) _ A12A2 + A1pAz +A21A31.

P5(21) /P ( ) /P51 1) wo(1,1) A11A12A21 A2 A31 A3z
Each term in the numerator is associated with one of the three lattice
paths from (1,1) to (3,2) in P, while the denominator is just the product of
all A-variables in the principal order filter \/ (1, 1).
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Example in Further Depth

In the “generic” case where shifting (i,/) — (i — k,j — k) (straight down by
2k ranks) still gives a point in P, we get the following simpler formula

on( 7./ k)

k+1
(1)) = Gont=id=h)

Corollary: For k < min{i,j}, pg

Example 3: We use our main theorem to compute pk+1(2 1) for
=[0,3] x [0,2] for k=0,1,2,3,4,5,6. Here r =3,5s =2,/ =2, and
j = 1 throughout.

When k =5, we get M =[5 — 2], + [6 — 1]4 =7 > k. Therefore, by part
(b) of the main theorem, then part (a),

w2(1,1) 1

p%(2,1) =1/p5 271 (3-2,2-1) =1/p%(1,1 )
5(2:1) = 1/rg ( )=1/rp(1,1) = ©1(1,1)  ApAx + ApAsy + AxAsg

The numerator here represents the empty product, since the unique
(unordered) pair of lattice paths from s; = (2,1) and s, = (1,2) to

t1 = (3,1) and tp = (2, 2) covers all elements of O%l,l)' The denominator
here is the same as the numerator of the previous case.
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Example in Further Depth

In the “generic” case where shifting (i,/) — (i — k,j — k) (straight down by
2k ranks) still gives a point in P, we get the following simpler formula

on( 7./ k)

k+1
(1)) = Gont=id=h)

Corollary: For k < min{i,j}, pg

Example 3: We use our main theorem to compute pk+1(2 1) for
=[0,3] x [0,2] for k=0,1,2,3,4,5,6. Here r =3,5s =2,/ =2, and
j = 1 throughout.

When k =6, we get M = [6 — 2] + [6 — 1] =9 > k. Therefore, by part
(b) of the main theorem, then part (a),

1,1)
2,1)=1/p5213-2,2-1)=1/p%(1,1) = u*V [‘Pl(}
PR, 1) = 1/ )= 1/b(13) = ) | 210
_ oy | A2An + AAst + AnAsi | AoAu + AotAz + AoAzo
A11A11A21A2A31 A3 AooAo1A10A11A20A21
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Example in Further Depth

When k = 6, we get M = [6 — 2] + [6 — 1]+ =9 > k. Therefore, by part
(b) of the main theorem, then part (a),

pB(2,1) =1/p% 2 (3-2,2— 1) = 1/p3(1,1) = p0D [‘Pl(“)}

300(17 1)
= ) A12A22 + A1aAs1 + AoiAst | _ AorAun + AorAzo + AroAxn o1
A11A11A21A2A31 A3 Ao0Ao1A10A11A20A01

The lattice paths involved here are the same as for the k = 4 computation.

We can deduce this by Aoo = ]./X()o7 A10 = XOO/X107 A01 = XOO/XOL
A11 = (x10 + Xo1)/x11, A20 = X10/X20, and Az1 = (x20 + x11)/21.

Periodicity also kicks in: p5(2,1) = p%(2,1) = xo1 using (r +s+2) =7.
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Sketch of Proof

By the definition of birational rowmotion,

(sbod =)+ 0= 10) - (7G4 1) 1 705 1))

k+1lp: o _
pg (i,J) = —
B pk(i,J)
where
1
AllB=—1—1.
ATE
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Sketch of Proof

By the definition of birational rowmotion,

(pkB(i,j — 1)+ pk(i — u)) : ( S+ 1)) | pg (i + 1))
(ivj) =

k+1
p —
5 pk(i.Jj)
where
1
All B= T
A B

By induction on k, and the fact that we apply birational rowmotion from
top to bottom, we can rewrite this formula as

P K , (i—k+1,j—k) (i—kj—k+1)
(pB(”J — 1)+ (i - 17”) ' <«p<fill(ik+iij) | wfill(ilijkﬂ))

P (i.J)
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Sketch of Proof

By the definition of birational rowmotion,

(sbod =)+ 0= 10) - (7G4 1) 1 705 1))

K410 -
pg (i,J) = —
. AW
where
1
AllB=11
A B

By induction on k, and the fact that we apply birational rowmotion from
top to bottom, we can rewrite this formula as

k(: - k(- . i—k+1,j—k (i—kj—k+1
(PB(/J — 1)+ ps(i — 17])) ' («Pfer(fk+ile)<) | %fil(i/ijk+i)>
Pi(iJ)
Lemma Given the definition of A || B given above,
PN = s
B" D CB+AD
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Sketch of Proof

Lemma Given the definition of A || B given above,

2SS = s
B'" D CB+AD’

Using the Lemma, we can further rewrite the above as

Ph—1(i—kt1j—k)  pr_1(i—kj—kt1)\ puli—k+1,j—k) @y(i—k.j—k+1)
Pp(i—k+1,j—k) Pi—koj—k+1) Prli—koj—kt1)pp g (i—k+1,j—k) + @y (i—k+1,j—k)pp i1 (i—k,j—k+1)
pp_1(i—k+1,j—k+1)
P i—k+1,j—k+1)
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Sketch of Proof

Lemma Given the definition of A || B given above,

2SS = s
B'" D CB+AD’

Using the Lemma, we can further rewrite the above as

@ (i—k+1,j—k) i (i—k,j—k+1) Ppli—kj—kt1) @y ((—k+1,j—k) + @y (i—k+1j—kK)@p 1 (i—k.j—k+1)
Pk_1(—kt1,j—kt1)
P i—k+1,j—k+1)

(apkfl(i—kﬂwjfk) wfl(ffk,j—ul)) ) ( ppli—kt1,j—k) @p(i—k,j—k+1) )

Which equals, after cross-multiplication:

rli—k k1) pr 1 (i—k+1j— K +i (i~ kLK) @k 1(i—koj—k+1)
A=k =k Dprs1 (—FFLJ—F) T ok =k FLT—R ek (—kJ— k1)
Pr—1(i—k+1,j—k+1)
or(i—kFL,j—k+1)

Musiker-Roby (UMN and UCONN) Combinatorics of Birational Rowmotion October 24 2017 39 / 48



Sketch of Proof

Which equals, after cross-multiplication:

Pili—kj—k+1)pp 1 (i—k+1,j— k)t (i—kt1i—k)p_1(i—kj—k+1)
ek ki Dkt~ k1K) + ok~ ki1 K pir1(—kj—ki1)

Pr—1(i—k+1,j—k+1)
or(i—ki1j—kT1)

Letting au(i,j) =

. . or_1(i—k+1j—k) . . or_1(i—kj—k+1)
ki =k j =k + 1) e oy ekl =k 1) = k) S ey

we can rewrite the above expression as

Oék(i,j)
CVk-%—l(iaj)

Claim It is sufficient to prove a(i,j) = @k(i — k,j — k) for all k >0 to
prove our main theorem.
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Sketch of Proof

Letting a(i,j) =
. . or1(i—k+1,j—k) . . or1(i—kj—k+1)
prli =k j =kt 1) oy ekl — k1) = k) S e ey
we can rewrite the above expression as
Oék(/',j)
ak+1(1,f)

Claim It is sufficient to prove a(i,j) = pk(i — k,j — k) for all k >0 to
prove our main theorem.
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Sketch of Proof

Letting a(i,j) =

i = h.j = k1) 2 uli— k1 — k) G2 S

Ok—1(i—k+1j—k+I)
we can rewrite the above expression as
Oék(/',j)
ak+1(1,f)

Okt (i—k+1j—k+I)’

Claim It is sufficient to prove a(i,j) = pk(i — k,j — k) for all k >0 to

prove our main theorem.

Symbolically, we can rewrite the expression

(8+5)-(218) (8+5) (oc2om)

E E
F F
as
ADF + BCF A2 +BE
DEG + BEH D& +BH'
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Sketch of Proof

We wish to prove a(i,j) = k(i — k,j — k), hence it is sufficient to verify
the following Pliicker-like identity:

or(i =k j—K)pk—1(i —k+1,j—k+1) =
k(i =k j—k+Dpi—1(i—k+1,j— k) + (i —k+1,j— K)pr—1(i — k,j— k+1).
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Sketch of Proof

We wish to prove ax(i,j) = pk(i — k,j — k), hence it is sufficient to verify
the following Pliicker-like identity:

Orli—kj=K)ph—1(i—k+1,j= k1) = oy (i =k, j= kD)1 (= k1, = k) s (i = k+1, = k) pg 1 (i— k, j— k+1)
Example (k=4):

X X X X
/ \

/ \ \ \
@]

VANVARVAN O\. \

/ /\ \/ \./\.
NV A NENVANE

NN NN S
\ \ // // /
\ / / / /

Musiker-Roby (UMN and UCONN) Combinatorics of Birational Rowmotion October 24 2017 42 / 48



Sketch of Proof

We build bounce paths and twigs (paths of length one from o to x)
starting from the bottom row of o's.

Example (k=4):

/ NN
/ NI A
AN A

\ \\* X X X 0/
NS S
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Sketch of Proof

We then reverse the colors along the (k — 2) twigs and the one bounce
path from o to x (rather than o to o).

Example (k=4):

/’\ /’\.
R N VA NN
TN NN
\\ /
X X X )
O/ O/ O/ O/
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Sketch of Proof

Swap in the new colors and shift the o's and x's in the bottom two rows.

Example (k=4):

./0\./0 ./O\ \ \,
SN\ WS
ANV ARVAN \/ NN

NN N AN A
NN S
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Sketch of Proof

S‘ok(i - k./ - k)@k—l(i —k+ Lj— k + 1) =
i — koj = k+ L)pr1(i— k+1,j — k)
+ok(i —k+1,j — k)pk—1(i — k,j — k+1).
Example (k=4):

/ \ \ \
/ \ \ \

VANVARVAN \ \,
SN\ VAN
VANVARVAN \./ AN
NI NG N ANV
NN S

[ X X X X
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