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Abstract. We consider the semilinear parabolic equation ut = ∆u +
up on RN , where the power nonlinearity is subcritical. We first address
the question of existence of entire solutions, that is, solutions defined
for all x ∈ RN and t ∈ R. Our main result asserts that there are
no positive radially symmetric bounded entire solutions. Then we
consider radial solutions of the Cauchy problem. We show that if such
a solution is global, that is, defined for all t ≥ 0, then it necessarily
converges to 0, as t →∞, uniformly with respect to x ∈ RN .

Key words: Subcritical semilinear heat equation, entire solutions, Liouville
theorem, decay of global solutions.

1 Introduction

In this paper we study nonnegative solutions of parabolic equations of the
form

ut = ∆u+ up, x ∈ RN , t ∈ R, (1.1)
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where p > 1. We are particularly interested in classical solutions defined for
all t ∈ R, that is, solutions contained in C2,1(RN × R). Below we refer to
such solutions as entire solutions. We address the question of existence of
positive bounded entire solutions. In case p ≥ pS, where pS is the Sobolev
critical exponent,

pS :=


N + 2

N − 2
, if N ≥ 3,

∞, if N ∈ {1, 2},
(1.2)

such solutions exist. In fact, there are positive bounded steady states, or
time-independent solutions. On the other hand, it has been known for some
time that no positive bounded steady states exist for p < pS (see [8, 4]).
The question of existence of more general entire positive solutions has not
been settled yet in the entire subcritical range. The following partial re-
sults are available. For p ≤ 1 + 2/N , classical Fujita-type results rule out
positive bounded solutions even on (0,∞). A result of Bidaut-Véron [2] im-
plies nonexistence of positive bounded entire solutions in the larger range
p < N(N + 2)/(N − 1)2. As consequence of a result of Merle and Zaag
[12], one obtains that for any p < pS there are no positive entire solutions
satisfying the extra condition

lim sup
t→−∞

|t|
1

p−1‖u(·, t)‖L∞(RN ) <∞. (1.3)

More specifically, they proved that any such solution is necessarily constant
in space, thus, being a positive solution of ut = up, it blows up in finite
time. For dimensions N ≤ 3 (and any p < pS), the nonexistence of positive
entire solutions which are radial and radially decreasing has been proved by
Matos and Souplet [11]. In this paper we prove the nonexistence in the radial
case without any monotonicity assumption and without restrictions on the
dimension.

Theorem 1.1. Let p < pS. If u = u(|x|, t) is a nonnegative radial entire
solution of (1.1) such that u is bounded in RN × (−∞, T ] for some T ∈ R
then u ≡ 0.

Our proof is based on intersection comparison arguments (therefore the
restriction to the radial case) and on properties of (sign changing) steady
states of (1.1). Whenever we consider sign changing solutions the nonlinear-
ity up is interpreted as |u|p−1u.
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Liouville-type results for elliptic and parabolic equations have proved very
useful in many applications. For example, combined with scaling arguments
they yield a priori bounds on positive steady states or time-dependent solu-
tions of the problem

ut −∆u = λu+ a(x)up, x ∈ Ω, t > 0,

u = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x) ≥ 0, x ∈ Ω,

on bounded domains Ω. Such bounds play a crucial role in the study of
equilibria, heteroclinic orbits and blow-up. See [6, 11, 13] and the references
therein for a discussion of these and more general results.

As another application, let us now derive the following result on asymp-
totic behavior of global positive radial solutions of the Cauchy problem

ut = ∆u+ up, x ∈ RN , t > 0, (1.4)

u(x, 0) = u0(|x|). (1.5)

A global solution refers to a (classical) solution defined for all t ∈ (0,∞).

Theorem 1.2. Let p < pS and let u0 ∈ L∞(0,∞) be nonnegative. If the
solution u of (1.4), (1.5) is global, then u(·, t) → 0 as t → ∞ uniformly in
RN .

Theorem 1.2 significantly improves a result by Souplet [16] concerning the
radial case. Its proof consists of three steps in which we prove the following.

Step 1. u(·, t) is bounded, uniformly with respect to t.

Step 2. u(·, t) → 0 as t→∞ in Cloc(RN).

Step 3. u(·, t) → 0 as t→∞ uniformly in RN .

The last two steps are based, respectively, on Theorem 1.1 and a result
on nonexistence of positive bounded entire solution of (1.1) (without the
symmetry restriction) for N = 1 . This one-dimensional nonexistence result
follows from [2], but we provide an independent, more elementary proof using
similar arguments as in the proof of Theorem 1.1 (see Proposition 3.1). As
for Step 1, we give two independent proofs of the boundedness of u. The first
one is based on a result by Galaktionov and Lacey [7] which says that u(x, t)
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becomes increasing in t at any point x where it attains a sufficiently large
value. The second proof relies on the nonexistence results in Theorem 1.1 and
Proposition 3.1, and certain rescaling arguments. These rescaling arguments
have broader applicability. In particular, we use them in Proposition 3.3 to
show that Theorem 1.2 remains valid for non-radial solutions, provided (1.1)
does not possess positive bounded entire (radial or non-radial) solutions. This
more general Liouville-type result is already known, as remarked above, for
p < N(N + 2)/(N − 1)2. It is most likely valid for the remaining subcritical
values of p as well, but this for now remains open.

2 Preliminaries

From now on we assume that p < pS. As we deal with radial solutions only,
they can be viewed as functions of x ∈ RN or of r = |x| ∈ R. It should cause
no confusion that we shall indifferently write u(x, t) or u(r, t) for the same
solution.

2.1 Radial steady states

Let ϕ1 be the solution of the equation

ϕ′′ +
N − 1

r
ϕ′ + |ϕ|p−1ϕ = 0, r > 0, (2.1)

satisfying ϕ(0) = 1, ϕ′(0) = 0. Obviously ϕ′′1(0) < 0. It is well known that
the solution is defined on some interval and it changes sign due to p < pS. We
denote by r1 > 0 its first zero. By uniqueness for the initial-value problem,
ϕ′1(r1) < 0. We thus have

ϕ1(r) > 0 in [0, r1) and ϕ1(r1) = 0 > ϕ′1(r1). (2.2)

Clearly, ϕα(r) := αϕ1(α
p−1
2 r) is the solution of (2.1) with ϕ(0) = α,

ϕ′(0) = 0, and with the first positive zero rα = α−
p−1
2 r1. As an elementary

consequence of the properties of ϕ1 we obtain the following (cf. Figure 1).

Lemma 2.1. Given any m > 0, we have

lim
α→∞

(sup{ϕ′α(r) : r ∈ [0, rα] is such that ϕα(r) ≤ m}) = −∞. (2.3)
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m

rα

ϕα

Figure 1: Graph of ϕα

2.2 Zero number

We use the notation ϕα, rα introduced above.
Let u = u(r, t), r = |x|, be a radial solution of (1.1) on a time interval

(s, T ). For α > 0 we denote by z[0,rα](u(·, t) − ϕα) the number of zeros of
the function u(·, t)− ϕα in [0, rα]. If u is a positive solution, then u(rα, t)−
ϕα(rα) 6= 0 for all t and in this case we have the following (see [5]).

Lemma 2.2. Let u = u(r, t) be a positive radial solution of (1.1) on a time
interval (s, T ). Then

1. t 7→ z[0,rα](u(·, t)− ϕα) takes finite values and it is nonincreasing,

2. if t0 ∈ (s, T ) is such that u(·, t0) − ϕα has a multiple zero in [0, rα),
then z[0,rα](u(·, t)− ϕα) drops at t = t0:

z[0,rα](u(·, t1)− ϕα) > z[0,rα](u(·, t2)− ϕα) (s < t1 < t0 < t2 < T ).

In particular, u(·, t) − ϕα can have a multiple zero only for isolated
values of t.

Note that since ur(0, t) − ϕ′α(0) = 0, by symmetry, u(·, t) − ϕα has a
multiple zero (hence its zero muber drops) whenever u(0, t)− ϕα(0) = 0.

Below we also consider non-symmetric solutions of (1.1) with N = 1. In
the one-dimensional case it is more convenient to view ϕα as an even function
of x with zero points ±xα, where xα = α−

p−1
2 r1 is the first positive zero. For

any (not necessarily symmetric) solution u(x, t) of (1.1) on a time interval
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(s, T ), the zero number z[−xα,xα](u(·, t) − ϕα) has the properties stated in
Lemma 2.2, with natural replacements of r by x and [0, rα] by [−xα, xα] (see
[1]).

2.3 Compactness and limit sets

If u is a bounded solution of (1.1) on the interval (−∞, T ), for some T ≤ ∞,
then standard parabolic estimates [9] imply that u is bounded in C2+θ,1+θ/2(Ω×
[T1, T2]) for any ball Ω ⊂ RN , T1 < T2 < T , θ ∈ (0, 1) and the bound does not
depend on Ω, T1, T2. It follows, by compactness of suitable imbeddings and
a standard diagonalization, that each sequence t̃k → −∞ has a subsequence
tk such that for some v one has

u(x, tk + t) → v(x, t) (x ∈ RN , t ∈ R), (2.4)

and the convergence takes place in C2+θ,1+θ/2(Ω × [−T0, T0]) for each ball
Ω ⊂ RN , T0 ∈ R and θ ∈ [0, 1). Consequently, v is a bounded entire solution
of (1.1). Clearly, v is nonnegative or radial if u is such. Denoting by α(u)
the α-limit set of u,

α(u) = {ψ ∈ C(RN) : u(·, tk) → ψ in Cloc(RN) for some tk → −∞},

the above remarks imply that α(u) is nonempty and for each ψ ∈ α(u) there
is an entire bounded solution v of (1.1) such that v(·, 0) = ψ.

Similar remarks apply to any bounded solution defined on (T,∞) and its
ω-limit set,

ω(u) = {ψ ∈ C(RN) : u(·, tk) → ψ in Cloc(RN) for some tk →∞}.

3 Proofs of the theorems

Proof of Theorem 1.1. Let u = u(r, t) satisfy the hypotheses. The proof is
by contradiction. Assume u 6≡ 0. Then u > 0 everywhere by the maximum
principle. By the boundedness assumption and parabolic estimates, u and ur

are bounded on [0,∞)× (−∞, T ] for some T ∈ R. Without loss of generality
we may assume T = 0. It follows from Lemma 2.1 that if α is sufficiently
large and t ≤ 0, then u(·, t)−ϕα has exactly one zero and the zero is simple.

We next claim that

z[0,rα](u(·, t)− ϕα) ≥ 1 (t ≤ 0, α > 0). (3.1)
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Indeed, if not then u(·, t0) > ϕα in [0, rα] for some t0. It is well known (see
for example [10, 3]) that each solution of the Dirichlet problem

ut = ∆u+ up, |x| < rα, t > 0,

u = 0, |x| = rα, t > 0,

u(x, t0) = u0(x), |x| < rα,

blows up in finite time provided u0 > ϕα in [0, rα]. Choosing the initial func-
tion u0 between ϕα and u(·, t0) we conclude, by comparison, that u and u
both blow up in finite time, in contradiction to the global existence assump-
tion on u. This proves the claim.

Set

α0 := inf{β > 0 : z[0,rα](u(·, t)− ϕα) = 1 for all t ≤ 0 and α ≥ β}.

In view of the above remark on large α, we have α0 < ∞. Also α0 > 0.
Indeed, for small α > 0 we have ϕα(0) < u(0, t) for t = 0 and for t ≈ 0.
We can choose t ≈ 0, t < 0, such that ϕα(0) − u(·, t) has only simple zeros
(cf. Lemma 2.2(ii)) and then, by (3.1), z[0,rα](u(·, t)− ϕα) ≥ 2.

By definition of α0 (and (3.1)), there are sequences αk ↗ α0 and tk ≤ 0
such that

z[0,rαk
](u(·, tk)− ϕαk

) ≥ 2 (k = 1, 2, . . . ).

By the nonincrease of the zero number, we have

z[0,rαk
](u(·, tk + t)− ϕαk

) ≥ 2 (t ≤ 0, k = 1, 2, . . . ). (3.2)

This in particular allows us to assume, choosing different tk if necessary, that
tk → −∞. Passing to a subsequence, we may further assume that (2.4) holds
with convergence in C2,1

loc (Rn ×R). Clearly then, there is δ > 0 such that for
each fixed t,

u(·, tk + t)− ϕαk
→ v(·, t)− ϕα0

in C1[0, rα0 + δ]. This and (3.2) imply that for each t ≤ 0, v(·, t)−ϕα0 has at
least two zeros or a multiple zero in [0, rα0). Referring to Lemma 2.2(ii), we
choose t < 0 so that v(·, t) − ϕα0 has only simple zeros (and, hence at least
two of them). Since u(·, tk + t)− ϕα0 is close to v(·, t)− ϕα0 in C1[0, rα0 ], if
k is large, it has at least two simple zeros in [0, rα0) as well. But then, for
α > α0, α ≈ α0, the function u(·, tk + t)−ϕα has at least two zeros in [0, rα),
contradicting the definition of α0.

We have thus shown that the assumption u 6≡ 0 leads to a contradiction,
which proves the theorem.
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In the proof of Theorem 1.2 we shall need the following result.

Proposition 3.1. Let N = 1. If u is a nonnegative entire solution of (1.1)
such that lim supt→−∞ ‖u(·, t)‖L∞(R) <∞ then u ≡ 0.

Proof. The proof is similar to the proof of Theorem 1.1, with some modifi-
cations that we now indicate.

Assuming u(x, t) is an entire positive solution satisfying

lim sup
t→−∞

‖u(·, t)‖L∞(R) <∞,

we consider the zero number z[−xα,xα](u(·, t) − ϕα) for various values of α.
First we observe, using Lemma 2.1, that for large α

z[−xα,xα](u(·+ b, t)− ϕα) = 2 (t ≤ 0, b ∈ R).

Further, by the same argument as in the previous proof, we have

z[−xα,xα](u(·+ b, t)− ϕα) ≥ 2 (t ≤ 0, b ∈ R, α > 0). (3.3)

Next we claim that for some b ∈ R,

z[−xα,xα](u(·+ b, 0)− ϕα) > 2 (3.4)

if α is sufficiently small. Indeed, choose α such that u(0, 0) > ϕα(0). In view
of (3.3) and the fact that u(x, 0) ≥ ϕα(x) (x ∈ [−xα, xα]) cannot hold, we
either have (3.4) for b = 0 or else u(·, 0) − ϕα has no zeros in [−xα, 0] or
no zeros in [0, xα], cf. Figure 2. Assuming that u(·, 0) − ϕα has no zeros in

u(·, 0)

Figure 2: Graphs of u(·, 0) and ϕα

[−xα, 0] (the latter possibility is analogous), we start shifting the graph of
u(·, 0) to the right. It is clear that one of the following holds
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(i) for some b < 0, u(· + b, 0) − ϕα has at least two positive zeros and at
least one negative zero,

(ii) u(·+ b, x) ≥ ϕα(x) (x ∈ [−xα, xα]).

As noted in the previous proof, (ii) is impossible. Hence (i) holds which
proves (3.4).

Now replacing u(x, t) by u(x+ b, t), we can proceed analogously as in the
radial case. Define

α0 = inf{β > 0 : z[−xα,xα](u(·, t)− ϕα) = 2 for all t ≤ 0, α ≥ β}.

We have α0 ∈ (0,∞) and a contradiction is derived similarly as in the proof
of Theorem 1.1.

The first proof of Theorem 1.2. Let the hypotheses of the theorem be sat-
isfied. We first prove that the solution u is bounded. Since there exists
ε > 0 such that u is bounded for t ∈ [0, ε] and the spatial derivative of u(·, ε)
is bounded as well, we may assume that u0 is differentiable with bounded
derivative. Arguing by contradiction, we distinguish two cases:

Case 1. u(0, t) is unbounded.

Case 2. u is unbounded, but there is a constant c0 such that

u(0, t) ≤ c0 (t ≥ 0). (3.5)

To find a contradiction in Case 1, we use an argument of [7]. Since u0 is
bounded together with its derivative, by Lemma 2.1, we can choose α so large
that u(0, 0) < ϕα(0) and z[0,rα](u(·, 0)− ϕα) = 1. Since u(0, t) is unbounded,
we have u(0, t1) > ϕα(0) for some t1 > 0. Then there exists t0 ∈ (0, t1) such
that u(0, t0) = ϕα(0), hence z[0,rα](u(·, t)−ϕα) drops at t0. This implies that
u(r, t) > ϕα(r) for each r ∈ [0, rα) and hence u blows up in finite time (see
the argument following (3.1)), a contradiction.

Consider Case 2. We use the following result of [7]. There exists M0 > 0
(depending on ‖u0‖L∞(0,∞) + ‖u′0‖L∞(0,∞)) such that for each M ≥ M0 and
ρ > 0, the relation u(ρ, t0) > M implies u(ρ, t) > M (and ut(ρ, t) > 0) for all
t > t0.
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Choose M > max{c0,M0}. Since u is unbounded, there is ρ > 0 such
that u(ρ, t) > M for some t = t0 and consequently for all t > t0. Hence u
satisfies

ut = ∆u+ up, |x| < ρ, t > t0, (3.6)

u(x, t) > M, |x| = ρ, t > t0, (3.7)

u(x, t0) > 0, |x| ≤ ρ. (3.8)

Let ξ be the solution of

ξ̇ = ξp, ξ(t0) = ε0 := min
|x|≤ρ

u(x, t0),

and let T > t0 be such that ξ(T ) = M (note that 0 < ε0 ≤ c0 < M). Then,
by comparison, u(x, t) ≥ ξ(t) for |x| < ρ and t0 ≤ t ≤ T . In particular,
u(0, T ) ≥M > c0, contradicting the assumption in Case 2.

We have thus proved that u is bounded. Next we prove that u(·, t) → 0
in Cloc(RN). By standard parabolic estimates, {u(·, t) : t ≥ 1} is relatively
compact in Cloc(RN). We denote by ω(u) the ω-limit set of u in this space:

ω(u) = {ψ ∈ C(RN) : u(·, tk) → ψ in Cloc(RN) for some tk →∞}.

Consider any function ψ in ω(u). By the invariance principle (see Sec-
tion 2.1), there is an entire bounded solution v of (1.1) such that v(·, 0) = ψ
and v(·, t) ∈ ω(u) for all t. Now, being in ω(u), the solution v is nonnegative
radial and bounded, therefore, by Theorem 1.1, v ≡ 0. This shows that
ω(u) = {0} and thus, by compactness, u(·, t) → 0 in Cloc(RN).

Finally we prove that u(·, t) → 0 uniformly in RN . Assume on the con-
trary that there exist c1 > 0, tk →∞ and rk →∞ such that

u((rk, 0, 0, . . . , 0), tk) ≥ c1.

Set
vk(r, t) := u((r + rk, 0, 0, . . . , 0), t+ tk),

where (r, t) ∈ Dk := {(r, t) : r > −rk, t > −tk + 1}. Notice that vk are
uniformly bounded in C2+θ,1+θ/2(Dk) for any θ ∈ [0, 1) and satisfy

∂tvk = ∂rrvk +
N − 1

r + rk

∂rvk + vp
k in Dk, vk(0, 0) ≥ c1.

Passing to a suitable subsequence we obtain vk → v in C2,1
loc (R×R), where v

is a global positive solution of (1.1) with N = 1, which contradicts Proposi-
tion 3.1.
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The following lemma is a variant of [15, Lemma 2.2] and will be used in
the second proof of Theorem 1.2.

Lemma 3.2. Let the hypotheses of Theorem 1.2 be satisfied and K > 0. Let
r, t ≥ 0 and u(r, t) > 0. Set

Q(r, t,K) := {(ρ, τ) ∈ [0,∞)2 : ρ ≤ r +Ku(r, t)−(p−1)/2,

τ ≤ t+Ku(r, t)−(p−1)}.

Then there exist r̃, t̃ ≥ 0 such that u(r̃, t̃) ≥ u(r, t) and u(ρ, τ) ≤ 2u(r̃, t̃) for
any (ρ, τ) ∈ Q(r̃, t̃, K).

Proof. Set r0 := r, t0 := t and M0 := u(r, t). If u ≤ 2M0 on Q(r0, t0, K) then
we may choose r̃ := r0, t̃ := t0. Otherwise there exists (r1, t1) ∈ Q(r0, t0, K)
such that M1 := u(r1, t1) > 2M0. If u ≤ 2M1 on Q(r1, t1, K) then we
choose r̃ := r1, t̃ := t1. Otherwise we find (r2, t2) ∈ Q(r1, t1, K) such that
M2 := u(r2, t2) > 2M1, etc. Notice that

rj+1 − rj ≤ KM
−(p−1)/2
j ≤ K(2jM0)

−(p−1)/2,

tj+1 − tj ≤ KM
−(p−1)
j ≤ K(2jM0)

−(p−1),

so that the sequence {(rj, tj)} is bounded. Since u is bounded on bounded
sets and u(rj, tj) ≥ 2jM0, the inequality u ≤ 2Mj on Q(rj, tj, K) has to be
satisfied for some j and we may set r̃ := rj, t̃ := tj.

The second proof of Theorem 1.2. Let the hypotheses of the theorem be sat-
isfied and |u0| ≤ M . We will prove that u is bounded; the rest of the proof
is the same as in the first proof of Theorem 1.2. Assume on the contrary
that there exist rk, tk ≥ 0 such that Mk := u(rk, tk) → ∞. We may assume
Mk ≥ 2M , hence tk ≥ t0 for some t0 > 0. Due to Lemma 3.2 we may also
assume that u ≤ 2Mk on

Qk := {(r, t) ∈ [0,∞)2 : r ≤ rk + kM
−(p−1)/2
k , t ≤ tk + kM

−(p−1)
k }.

Set λk := M
−(p−1)/2
k . We distinguish two cases:

(i) the sequence {rk/λk} is bounded;

(ii) the sequence {rk/λk} is unbounded.
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First assume (i). Set vk(ρ, s) := 1
Mk
u(r, t), where ρ := r/λk and s := (t −

tk)/λ
2
k. Then vk solves the equation vs − vρρ − N−1

ρ
vρ = vp in

Dk := {(ρ, s) : 0 ≤ ρ ≤ rk/λk + k, −t0/λ2
k ≤ s ≤ k},

vk(rk/λk, 0) = 1, 0 ≤ vk ≤ 2 in Dk. Passing to a subsequence we may assume
rk/λk → ρ∞ ≥ 0 and vk → v in C2,1

loc ([0,∞)×R), where v is a positive radial
bounded entire solution of (1.1) which contradicts Theorem 1.1.

Next consider case (ii). Without loss of generality we may assume rk/λk →
∞. Set vk(y, s) := 1

Mk
u(r, t), where y := (r − rk)/λk, s := (t− tk)/λ

2
k. Then

vk solves the equation

vs − vyy −
N − 1

y + rk/λk

vy = vp

in
Dk := {(y, s) : −rk/λk ≤ y ≤ k, −t0/λ2

k ≤ s ≤ k},

vk(0, 0) = 1, 0 ≤ vk ≤ 2 in Dk. Passing to a subsequence we may assume
vk → v in C2,1

loc (R×R), where v is a positive bounded entire solution of (1.1)
with N = 1, which contradicts Proposition 3.1.

In the following proposition we state a non-radial analogue to Theo-
rem 1.2.

Proposition 3.3. Let p be such that the equation (1.1) does not possess
positive bounded entire solutions. Let u0 ∈ L∞(RN) be nonnegative. If the
solution u of (1.4) satisfying the initial condition u(·, 0) = u0 is global, then
u(·, t) → 0 as t→∞ uniformly in RN .

Sketch of the proof. The proof follows the lines of the second proof of The-
orem 1.2. To prove the boundedness by contradiction, choose (xk, tk) such
that Mk := u(xk, tk) →∞ and u ≤ 2Mk on

Qk := {(x, t) : |x| ≤ |xk|+ kM
−(p−1)/2
k , t ≤ tk + kM

−(p−1)
k }.

Then use the rescaling vk(y, s) := 1
Mk
u(r, t), where y := (x−xk)/λk, s := (t−

tk)/λ
2
k. The rest of the proof is a straightforward modification of arguments

in the proofs of Theorem 1.2.
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