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Overlapclasses
5705 Enumeration
5707 Graph theory

c 53
combinatorial optimization

5248
g 25

We'llskip this stuff on

cryptology codingTheory
in chop 6 15

Chapter 1 Let's Count
Enumeration

Somebasiccountingprinciples

Productprincipt if one can choose

an elementof a set A bymaking r
Sequentialchoices with d choices

for1ststep

dachoices for
2nd

d choices
fourth

then IAI A Dda dr



EXAMPLES
Howmany

subsets ofannelementset
are there

n subsetsof 11,2 in ofsubsets

1
2
0

i
3 0 113,122,132

11,23 11,33
12,33 8 23

142,3316 24
4

Guessi 2
Pickthe subset SE 4,2 on

M h stages artist stage ask is a ins
yestro

d 2 possibility

at2nd ask is 2ms
Cdgs

possibilities

A Ia f.netnsis
aththstage ask is nins

so LAI A D da du 2 2 2142
2



How many ways
to paint n posts

labeled 1,2 in with k choices
org

A Ma SM Fl
didftp.t dEIEeaf ldEk

A k colorings of n posts
2mn31

At A di di dn
k k

How many ways
topickyour

1st2nd3rd

favorite ice cream flavors fromthe

31 flavors offered by
Baskin Robbins

I d3rd



How many ways
topickyour

1st2nd3rd

favorite ice cream flavors fromthe

31 flavors offered by
Baskin Robbins

31 30 29
y 1 3rdflavor

hasdz 29
2ndflavor choices

1stchoice hag fro repeats
dF31 dj 30

choices
no repeats

More generally how many ways
tochoose

an ordered list of K distinct
elements

from n choices

12 3 n 3 above

d ds.dz da

n ftp.fn z en ChD

n Recall n
n n c u 2 3 2 I

Think yabout T Ch K
this



Howmanyrearrangements
are there

of the letters in SNAKE

5 4 3 2 I f 5

d da dy da ds

KAEN S

Sin A K E
Howmanypermutations

n 5 of n objects
J

n n n DCh 2 3 2 I

d dz dz oh In

How many ways topair
off

2h Campers 1,2 2h 1,2N

as buddy pairs for
swimming



Howmanyways topairoff
2h Campers 1,2 2n 1,2N

as buddypairs for swimming
buddy pairings

n pairings
7 n 2 1

2 i z 3 4 3 3 I

I 2 3 4 I

I

I 2 3 4

3
5 615 5.3 1

n mI 234 56

f 6

125776

4
5 75 3.1



Howmanyways topairoff

7 88 Ii'm.mnng f
i

A allpairings of 142
2h3

In an

A 2h a Gn 3 7 5 3 I
1111k

d dz du da dn
2n I
dell choices jar 5

n 6 choices

I 2 3 4 56 789 10 11 12

2h I 2n 3

DF choices1h23 7 567 89 10 11 12

dz 7
choices

za 5



svMPRlNaP If a set A A W Az

disjoint union
A Au Az
and A NAE 0

then 1 At IA It IAI
More generally if

A A W Ano A W w Ar

then IAI IAH Aah t IAr l

F l

EXAMPLE How many rearrangements
of SNAKE have S N adjacent

e g
AKSNE a there are 4 ofthese

rearranging A K SN E

AKNSE Er there are 4 ofthese
rearranging A K NS E



EXILE How many rearrangements

e s
of SNAKE have S N adjacent

AKSNE a there are 4 ofthese
rearranging A K SN E

AKNstar there are 41 ofthese
rearranging A K NS E

A A w Az
all n U

thosesuch those withNSrearrangements withSN
sasupametter

Frenette

IAI Aft IAI
u U

24 24 48



SOMENOTATIONREVIEW

Forall F

Thereexists F

and AFB

E C E T Z

y
A thAEBAisasubsetotB

xEA L Emphamsiag B

an
element ACB
d A AisasubsetotB



Ao B An B

Fahri

Bf B w CBA
ymmeditrifterence

BE S B complementof B

within the universe
S



Math4707 Sept 14,2020

Wait until questions in lecture
are antten

down before writing answers in the chat

TedSept 23 lecture will be

pre recorded and posted
notsynchronous

Thur Sept 24 may also
be canceled

we've been counting IAI A

for various sets A

2pnnu.pl
PRODUCT PRINCIPLE

AI d da dr

STM PRINCIPLE
A Aw Aaw u Ar

inpFes At Hit



DIFFERENCEPRINUPLE
sometimes A B C

B C

f bEB b C

for some C E B so I Ak IBI ICI

and sometimes its easier
tocompute

B and Icl and subtract

EXAMPLES
Howmany ways topaint

on different

posts 11,3 us with k
colors so

that at least
2 colors are used

K K Is
I all colorings I I fifth

onn9s

I Bl Icf
74



Howmany
subsetsof 91,2 too

contain at least one oddnumber

2100 250
thosewith

allsubsets I Youmodbders I
thosewithonly
evennumbers
2 4 98 too

lBl
SHEPHERD'S PRINCIPLE
VERCOUNTING

COUNTING IN TWO WAYS

sometimes its easier to
count a

different set B than A
but you

know every element
of A corresponds

to in different elements of B

Then I Al IBI
m



SHEPHERD'SPRINCIPLE
VERCOUNTING
COUNTING IN TWOWAYS

sometimes its easier to count a

different set B than A butyou
knoweveryelement of A

corresponds

to indifferentelementsof B
Then I Al 113mL

Tray 5F
Ht

Howmany
handshakes occur

when n peoplemeet
each other

handghaekagees
handshakes

To
1

I



Howmany
handshakes occur

chenn peoplemeet
eachother

handghaekagees
handshakes

70 5 2 5511
44

4 NB fistperson
mini IBI 2ndperson

A I 2 in

Handshakes
inIdshake

Lhalfedges



Let'sgeneralizeabittog and

vertexes Str

DEFINITION A Csimple graphs

G V E is a set of verticesV

vertices edges
pairs
ofvertices

and a setof pairs C of
vertices

7e g y z 01

His
deg 3 3

1,213,4 14123

20 02 98 spits 3S
2 3 34

Each vertex veV has a II
fweV ywfEE 67

degree degga 78
Valente total of vertex degrees _HI 124213 3133

18 2 9,9 1El



TH M 7 I 2 on p130

PROPISITION In anygraph G Yt

degga 2 I El

proofi Count half edges
in 2 ways

7 B
Y 3 001

Ef o

28 2 98
2 3

Everyedge e Ii.j3 in E contributes

to two half edges
so I B l 2 If I
1hIf edges

Also every vertex
cV contributes

degga
elements to B
halfedges

Hence IBI If deggag
So jdeg4 Hel

B



COROLLARY At a partywith an oddnumber

ofguests some guestwillknow an even

numberof other guests

i.e if G CV E has W beingodd

potpie eydeseedeen

peopleuho
knoweachother

then some reV has degga even

proofi j deg ID
21 El is ere

If all degga are odd then

r
degga is a some of odd ly

many odd
numbers which

is always

odd e g r t 7 5 5 1 7 7 7

Fda
Thatwould be a contradiction



In fact this shows more strongly that

FHM7 I 1coronary Ineverygraph
the

number of odddegree
vertices must

be ever
Think about it

More modelingwithgraphs
and

degrees
and counting in 2 ways

A bipartite graph f
V E

haseveryedge Iii is
Yuk

going between V
andVz meaningin

EVy

V V and izfVz
I n lo G s 2

2
6 LeftismofIEEE tdhegerees

31 07 on the two sides

43 48
Vi Va

52 9
TOTAL

TOTAL 1 21493 2 501242



PROPOSITION In any
biategraph
G W E

Il
TOTAL 14512 57092TOTAL V wVz

one has ydegdvD Efforts

COROLLARY

Etalon their averagedegrees

havethis ratio d Ey

wgggegedegje.eenY
same

Esteem
WI

WHTpoof
Ifggdvi IEIITIdegc.ua Dag

W
ASSIGNMENT Read TheMyth

theMaththeSex

linked on syllabus
Relateto COROLLARY



MORE EXAMPLES OF

SHEPHERD'S PRINCIPLE

How many ways to pick
3 flavors

of the 31 ice cream flavors to

bring home
but don't care which

is 1st or 2nd
or 3rd 7.7

31 30 29 1B I
m

3

A EksoidEFired 13 294491954
specified

m 3

3 binomial coefficient

L ofways to pick
a k element

subset of an n element
set

n n 1Cu2
Cn ka

m 31 flavors
b 3 ones

brought
home K Cn k



Howmany rearrangements are
there

of the letters in BANANA
If

I 7 2 22 3

e g AAANNB 6 IBI
AAA NBN Il m

3 2

B rearrangement
11

of

IA AaAzNi NaB
362 1

multinomial
1131 6 ent

More generally

ways to arrange
k k ke n lettersthat

have

k copies
of 1stletter

Kitkat then by
n 2nd

s

n
ke copies

of theethletter

Tika



k k ke waystoarrange
in lettersthat have
k copiesof 1st

letter

Kitkat tke h by u 2nd

copiesofthe l letter

ki ka ke

Binomial coefficient

I k element subset
of n element

set

Ink K Cn H

words with k Ab
n k B's

e g k 3
I 2 3 4 56 7

LEI BAB ABBA



GROUP WORK on poker hand probabilities

A standarddeck has 52 cards
A 2 3 45 6 7 8 9 10 J Q K of 88

A pokerhand is a choice of
5 of the cards

as an unordered set e g

4 JG 6 104 288

Howmanypoker hands
are there

What is theprobability
that it is a

ROYALFLUSH e g flop JD QB KR AR

STRAIGHTFLUSH e g 74,849 104,74
notROYAL faces low or high

STRAIGHT
Chotastraightfensh

e od f 74,88 94,108gJoJo

FLUSH
not astraightflushe.g 59 64,94QD Ka

4 OF A KIND e g 50,588,5 58 JoJo

FULLHOUSE e g f59,588,5 JD J
3 of A KIND e g f 54 588,50 54,688
not4 notfyffuse

2 PAIR e g 54 588 100 DQ3D

1 PAIR e g 54 588,104,8Q KR


