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ge
0 9 E graph

X G milk G has

chromatic a proper

XG 3 number vertex
of G h coloring

A feweasy observations
about X G

G has ne proper colorings
if it has

any loops fTo
So assume G is loopless from

now on

Multipleparalleledges dont
affect

properness
of

vertex colorings
so we can assume when we

want that there are

no parallel edges in G



X G El ie G is l adorable

G has no edges i.e

PROPOSITION X G Ez 3 Gis bipartite
allcycles in
G have

pref XGk2 G x II
OY ring3 ionised

0

G bipartite
all cycles in Ghare

Z
even length



Why does Gharing only
even cycles

imply G is bipartite ie

f spy
0 2

q
y

O XY x Y x

x red blue

Let's 2 color the vertices
V X WY

by first picking
a root vertex xi in

each connected component
of G

Then we claim
that all other

vertices veV

have the
following coking

forced

X Ix EV
fadhuafoasnomeremnotatsthetexxi

Y yell y
has an odd length

path to
some rootvertex

Xi

CLAIM This partition XWY makes

G a bipartite graph



WhydoesGharingonlyevencycles Mustcheck
imply G is bipartite i.e

f x Mfa V X UY
X Y X y

III x4 sinceeveryvortex
VEV

Y x as x has some path to some
Lees 2 colorIievertices V roof vertex Xi in its

byfirstpicking aroot
vertex xi in

eachconnectedcomponentof G connected component
Thenweclaimthatall

otherverticeswell

havethefollowing
colfingforced

X ExeV faehnafoasnomeremwktsthehexx.it

X MY Of
4 yet gafnasfsoomdedtffvthrtexx.is

CLAIMThispartitionV XWYmakes spree if E XRY
G abipartitegraph

then has an even length path and
an

oddlengthpath
to some root vertex x

even

0hfxi
odd

This creates at least one
odd cycle in G

Lasky we must check there
is no edge X x

from some XEX
to some HEX or y y

withyeg

X o x om even

I had Xi creates an odd

Xa X wow cycle in G
even



EXAMPLE THEOREM
13 l 1

One can always properly
2 color the regions

formed by an arrangement
of circles

in the plane

anti
graph

unWederwsaEmtdt0why4OlsO

yq.i

i
it hasonlyevencycles 12

This holdsbecauseregions here on
corresponding to circle intersectionpoints

Moignab

and if m circlesmeetthere theregion is
a 2M cycle



Hence thecycles boundingregions
are

all even so any cycle

big
is

even

Deadingblity
X G E 2 Es G bipartite

y G contains
no oddcycles

X G E3 P X G E 4

Not so simpleto characterize
or compute algorithmically



THEOREM 1970 s

Garga Johnson
If one had a fest

polynomial
time algorith to

decide

K colorability
whether X G Ek

then there
would alsobefastalgorithms

for BP
Hamilton cycle problem

and

others

Certainly X G e k G contains
no

completegraph Kk

as an edgesubgraph

but the converse
is false

e g odd cycles of size
5 7,9 11

f
O g

his Thosa w
contain no K ff

but X G 3



EXAMPLE

HtG

for
regyzesstayt

improper
colors

XG 3
and XCG7 4

but G contains no Ky

Tinting vertexdegrees in G does limitXCG

THEOREM BYE G connected topless
no multiple edges

Let SCG max degga rev

may vertex degree
a

Then X G E 80th leaf iproveit

If XLGI 861 1 then
either

AI
G oddcycle off so Yf

I g La f In



THEOREM BY0449 G connected topless
no multiple edges

Let SCG max degga rev
may vertexdegree

a

Then X G E HGH

proofott Lets use induction
on Wku

and give an inductive
algorithm toproperly

color G with 8 G ti colors

BASECASEI If IVl n
E SIGH1 just

colorevery
vertex a different color

INDUCTNESTERL If G has
Ntn vertices

pick any VoEV and
consider

G ro c V Luol E froif V

a
T5nsdEIE.to a

snda

No properwbfjnefniethnsilgfl.ISof
colors

Vouse E SIG colors
some color

is left for ro to use Bk



REMARK Note that Brooks's Thin does
not

imply XCG 28
G e.g

X Kum L but 8 Knin n

Kiri
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13.4 Coloringplanargraphs
and maps

coqzII.veRises
The 4 color

wnjeptf.fm

The regions ofeveryplanar map
can be properly 4 colored

D

aeyisoooeae.fm

has X G S4
i.e its vertices can beproperly 4 d



REMIRK you have to insist the regions

in the map are connected simply
connected no holes

e g

in
HS

xYE eine

Lem
is FASCINATING

read
some in thebook

Wikipedia

partly because of
controversiesthat it raised



How doesplanarity off

bound X G at all

It certainly doesn't
bound deggal

e

i
Let's see how Euler's formula

and its consequences

let us easily prove
the 6 color theorem

and prove
the 5 colortheorem

then discuss
the 4 colortheorem

Therein Galoopless planargraph

X G EG

proofiWithout
loss ofgenerally let's

assume G has no parallel edges



Then Galooplessplanargraph

X G EG Io
proofiWithoutloss ofgenerally let's

o o

assume G has no paralleledges

Also assume G has at least
2 edges

Hence IeT where III
This inequalityimplies G

has at least one

vertex Vo with deggCvo E 5

otherwise 2e Ideggh Z 6 V

vEV W
7 6

deby2

e Z 3V

which contradicts
eE3V 6

We now use this
toshow X G E 6 via

induction on V BASE CASE
whereWE6

one can colorthem
with 6 different

colors

and in the inductive
step find somevoeV

with degauss
inductively 6 colorG Ivo



We now use this toshow X G E 6 via
induction on V BASE CASE whereWE6

one can colorthem with 6 different
colors

and in theinductivestep findsomevoeV
with degauss inductively 6

colorG Ivo

Now let's use Kempe's
list 9 idea toprove

Iolor heorein G loopless planar
X G E5

Proof Again prove it by
induction on IVI v

BASE CASE
If lVI E5 colorevery

vertex
differently

INDUCTIVE STEP Again
use theexistence

ofat least one vertex Vo
with deggk.ES



EASEL deggko
E 4

Do the Brooks argument
Estor G fro

properly

and there is a color left over to use

on Vo since its neighbors
use atmost

4

CASEI deggco 5

Every pair
u v ofneighbors

of ro has an edge
in G

impossible g
is

nonplanar
inside G

planar 17



EASEL deggko
E 4

CASEI deggco 5

Every pair
u v ofneighbors

of ro has an edge
in G

Some pair
an ofneighbors

CASE 2lb n

ofVo has hedge
m G g

i i

Consider G
G Evo with UN contraggetaeder

which is stillplainar
and loopts because u v wasnot an edge

of G

Since hasfewer vertices
it has aproperS coloring
byinduction



o O

o

O O O O o
0

Given any proper
5 coloring of E that is

the same thing
as a proper 5 coloring

of G Ivo

m which u u were assigned
the savior

This let us
complete a proper

5 coloringforG

since theneighbors
ofvouse E 4 colors Dg

Eventually the
4 colortheorem

was

proven
in 1976 by Appel

Haken but

using a
computer to

check many
cases

called unavoidable
configuration



Thechromaticpolynomial not inbook

Birkhoff Lewis 1946

In an attempt to prove
the 4 colortheorem

they defined

DEEN XCG k of proper
thechromatic vertex k colorings

p
of G of G

so XCG b to XC Sk

EXAMPLESI
Completegraphs

kn

X Kun k
K

X K2 k kik D
Kono rt

choices v vz choices



EXAMPLES.ie
Completegraphs

kn

D k

i.ot.FI
aa.i Xkffi.ikt

ka xa

00

X kn k
talk ikk 2 Ck enD

es X Ks
k k k Dae 2 k

3 Ck u

evaluate at k't 2,34

7
evaluate it at

ten

rn 7

G has no edges has X Gk k
u vertices
ok

Sook



Xfinity Des 5

G
3

y

fk i X.KZ
k

5

Itofchoices Gen

EEE'x7Y Hakka Xff7
D

psifffIFoung IF
G his office'wng

vertex 2

givenany

Fu.is

kick 2 Ck 277158,4

k 1 Ck 2
k 2 k D k

Kfk 1 4k 2
2



ME be IEEIEEI7gIt I
k I k

anka
qstFolks Lfk a

get

Hk Hk
212 Kk Nk D

Let 48 66 3 k

a polynomial ink


